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Abstract 

A few fluid structure interaction analyses have been developed for turbomachinery blades in comparison 
with aircraft wings. Also, the existing aeroelastic analyses for turbomachinery blades have been mostly 
limited to cases with a steady freestream. In reality, however, the inflowing freestream is often pulsating. 
Therefore, this paper presents stability and forced response analyses of an isolated three-dimensional blade 
under pulsating freestream conditions. A new three-dimensional unsteady vortex lattice model under a 
pulsating freestream has been developed in discrete time domain to examine unsteady aerodynamic forces 
acting on a vibrating blade. The blade’s structural behaviors have been analyzed by using a three-dimensional 
plate model. In the aeroelastic analysis, the flutter onset of a blade under pulsating freestream is predicted by 
the Floquet analysis. The new time domain method can predict aeroelastic stability as well as time history. 

NOMENCLATURE 
AR  : aspect ratio 
D  : stiffness matrix 
K  : kernel function; stiffness matrix 
L  : total number of spanwise direction elements; 
   generalized aerodynamic force 
M  : total number of bound vortex elements; 
   mass matrix 
M1  : total number of vortex ring elements in blade 
N  : total number of wake vortex elements 
N1  : total number of vortex ring elements in wake 
q : velocity induced by vortex segment; 
U : freestream velocity 
U∞ : mean freestream velocity 
u  : magnitude of stream pulsations 
w : downwash velocity 
α : weighting factor 

Γ : vortex strength 
γ : mode shape 
ρ : structure density 
φ : chordwise mode shape 
ψ : spanwise mode shape 
Ω : frequency of stream pulsations 

1. Introduction 

An aeroelastic analysis relies on the problem of 
coupling an unsteady aerodynamic model with a 
structural response model. To predict flutter onset and 
forced response of a wing in an aircraft and a blade in 
turbomachinery, its unsteady aerodynamic modeling has 
been developed by Hall [1] and Kim et al [2]. However, 
such analyses have been mostly limited to cases with a 
uniform inflow. In reality, however, the inflowing 
freestream is often nonuniform. 

Dugundji and Bundas [3] have calculated unsteady 
aerodynamic forces on a rotating blade row under 
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nonuniform inflow conditions to investigate a cascade’s 
forced response.  In their case, the flow non-uniformity 
in the absolute frame results in unsteady free-stream 
conditions for rotating blades. They assume a small non-
uniformity and do not account for its influence on 
stability. Cho et al. [4] have developed a new time 
domain model to analyze the aeroelastic stability of an 
isolated two-dimensional airfoil under pulsating 
freestream conditions. In spite of such efforts, the effects 
of arbitrary magnitudes and frequencies of freestream 
pulsations on a single three-dimensional blade flutter still 
remain unknown. 

Therefore, this research presents aeroelastic and forced 
response analysis for a three-dimensional blade under a 
nonuniform inflow. For an individual rotating blade, this 
situation can be simplified to that of a single three-
dimensional blade subject to a pulsating freestream. A 
new unsteady vortex lattice model under a pulsating 
freestream has been developed in discrete time domain to 
examine unsteady aerodynamic forces acting on 
vibrating blades. The blades’ structural behaviors have 
been analyzed by using three-dimensional plate model. 
In the aeroelastic analysis, the flutter onset of a single 
blade under a pulsating freestream is predicted via 
Floquet analysis. The new time domain method can 
predict aeroelastic stability as well as time history. 

2. Model Description 

2.1 Unsteady Aerodynamic Model 
Unsteady aerodynamic forces on a single blade have 

been calculated using a three-dimensional unsteady 
vortex lattice method (Fig. 1). The bound and free 
vortices, representing the blade and the traveling wake 
vortices, respectively, are modeled as vortex ring 
elements. There are M elements in the streamwise (x) 
direction, and L elements in the spanwise (y) direction on 
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Fig. 1 Vortex ring elements for a single three-

dimensional blade [1]. 

the blade. There are (N-M) elements in the streamwise 
direction in the wake. Thus, the total number of vortex 
ring elements is M1 (= M x L) on the blade, and N1 (= N 
x L) for the combined blade and free wake. The blade 
elements are all of equal size. The element at the i, j-th 
locations in the x and y coordinates is assigned a vortex 
strength Γij. 

For convenience, a (L x 1) vector iΓ is defined as 
 

[ ]TiLii
i ΓΓΓ=Γ L21    (L x 1) (1) 

 
With this definition, a downwash vector can be 
expressed in the discrete time domain as 
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where n

iw  is a (M1 x 1) vector at time n. The two 

vectors Γ1 (M1 x 1) and Γ2 ((N1-M1) x 1) are defined as 
 

[ ]TM ΓΓΓ=Γ L21
1   (M1 x 1) (3) 

[ ]TNMM ΓΓΓ=Γ ++ L21
2   ((N1-M1) x 1) (4) 

 
where Γ1 and Γ2 represent arrays of vortex strengths for 
the blade and wake, respectively. For a vortex ring 
element in a three-dimensional incompressible flow, the 
kernel function Kij of a unit vortex strength at the j-th 
vortex point influences the velocity at the i-th collocation 
point. The collocation points are at the three-quarter 
chord in the streamwise direction and the central point in 
the spanwise direction of bound vortex elements. The 
vortex points are at the quarter chord point in the 
streamwise direction and the central point in the 
spanwise direction of bound and free vortex elements [5]. 
Given a vortex strength Γ, the velocity induced by a 
vortex segment lm is 
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In a pulsating freestream, the locations of the bound 

vortex segments, rl and rm, remain time-invariant because 
the vortex segments can be assumed to be of equal size 
Δx on the blade. However, the locations of the wake 
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vortices are time-varying because the elemental length in 
the streamwise direction changes according to 
Δx(t)=U(t)Δt. Thus, the location of the wake vortex is 

 

( )
( )∫
Δ

Δ−+
=

tn

tjMnj dttUtr )(    ( j = M +1,…, N ) (6) 

 
where the freestream velocity U(t) is arbitrarily time-
varying. For this investigation, the freestream velocity is 
assumed to be sinusoidal 

 
( ) tuUtU Ω+= ∞ cos   (7) 

 
The kernel function Kij is vertical component of tot

kq  per 

unit vortex strength as follows. 
 

Γ= tot
kij qK   (8) 

 
The conservation of vorticity requires that 
 

nMnM Γ=Γ ++ 11   (9) 
 

and the convection of free wakes is described in discrete 
time domain as follows. 

 
nini Γ=Γ −+ 11    (i = M+2, …, N-1) (10) 

nNnNnN Γ+Γ=Γ −+ 11 α    (0.95<α <1) (11) 
 

With the weighting factor α in Eq. (11) one can cut off 
the infinitely long wake vortex at a finite length. For an 
isolated airfoil under steady flow, Hall has suggested 
0.95<α<1 [1]. 

Combining the equations for the downwash [Eq. (2)], 
conservation of vorticity [Eq. (9)], and free wake 
convection [Eqs. (10) and (11)] leads to 
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2.2 Aeroelastic Model 
Forces and moments acting on a three-dimensional 

plate are derived for the classical three-dimensional plate 
theory. Substituting the strain energy, kinetic energy, and 
work of the blade into the Lagrange’s equation leads to 
the equation of motion as follows. 

 

LKqqM =+&&   (13) 

 
where K and M are the generalized mass and stiffness 
matrices, respectively. They are defined as 
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where D22 and D33 represent spanwise bending and 
torsional stiffnesses, respectively. 

The structural model is given in state space equation at 
continuous-time as follows. 
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Discretizing Eq. (16) in time, a discrete time domain 

form is obtained as follows. 
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where z is a state vector [q q& ]T. 

The generalized aerodynamic force component for the 
i-th mode shape can be approximated as 
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where the subscripts m and l stand for the location of the 
(m, l)-th vortex of strength Γml. Using the unsteady 
Bernoulli equation leads to Eq. (18) as follows 
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For a wing undergoing out-of-plane motion w(x, y, t), 

the downwash vector is related to the generalized 
coordinates as, 

 
( ) qEqEtUw &21 +=   (20) 

 
An aeroelastic system consists of the unsteady  
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Table 1 Aerodynamic input parameters of three-
dimensional plate [1]. 

Parameters Values
Aspect ratio 5.0
Vortex elements of blade in chordwise direction 8 
Vortex elements of wake in chordwise direction 40 
Vortex elements in spanwise direction 10 
Weighting factor 0.992

 
aerodynamic model [Eq. (12)] and the structural model 
[Eq. (17)]. The generalized aerodynamic force [Eq. (19)] 
and the downwash vector [Eq. (20)] are also needed to 
couple the aerodynamic and structural models. The 
resulting system of (N1-M1+2n) equations is as follows. 
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3. Model Predictions 

3.1 Unsteady Aerodynamic Results 
First, this section presents validation results of the new 

three-dimensional unsteady vortex lattice model under a 
steady freestream. A fan blade is modeled as a flat plate. 
The aerodynamic input parameters for the flat plate 
under a steady freestream are based on Hall’s work [1] 
and are listed in Table 1. Figure 2 shows the indicial 
response of the plate to a rigid-body plunging motion of 
the plate. In the figure, nondimensional lift 

cLU
L

2212
1

∞
ρπ

 is plotted versus nondimensional time  

 
Fig. 2 Indicial lift under steady flow due to a step input 

predicted by the new model and Hall’s model [1]. 

 
Fig. 3 Indicial lift under steady flow due to a step input 

for various aspect ratios. 
 
U∞t/b. For steady flow case, the magnitude of freestream 
pulsations u  has been set to zero in Eq. (7). The new 
three-dimensional vortex lattice method’s prediction 
matches Hall’s result [1]. 

Figure 3 shows the indicial lift under a steady flow for 
three-dimensional plates with varying aspect ratios. For 
comparison, Fig 3 also shows the Wagner’s function 
which is the two-dimensional analytical solution for flat  
plate [6]. The shapes of the lift time history curves are 
similar among all cases. As the aspect ratio of plate 
increases, the lift magnitude approaches the two-
dimensional analytical solution. Also, the slope and final 
value are reduced with decreasing finite aspect ratio due 
to the effects of the tip relief, or the unloading at the 
blade tips. The tip unloading occurs due to a pressure 
equalization from the bottom to the top of the plate, and 
hence no lift is created at these points [7]. 

Figure 4 illustrates the time history of the calculated  
 

 
Fig. 4 Indicial lift under a pulsating flow due to a step 

input for various aspect ratios when ∞Uu =0.4. 
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unsteady lift on a three-dimensional plate in a pulsating 
freestream for various aspect ratios when the plate is 
forced to plunge suddenly in a step change at τ =0. The 
freestream velocity is assumed to be sinusoidal [Eq. (7)], 
and the nondimensional magnitude of freestream 
pulsations ∞Uu  has been set to 0.4, equivalent to the 

value in Isaacs’s work [8]. For the nondimensional time τ 
less than about 10, the transient effects, which can be 
captured only with time domain analysis, are visible. If 
the magnitude of freestream pulsations u  is set to zero, 
the results in Fig. 3 can be recovered. As aspect ratio 
increases, lift pulsation magnitude becomes greater 
because of the influence of the tip unloading. The bound 
vortices increase with increasing the aspect ratio. The 
increased bound vortices are convected into the wake 
with pulsating freestream speed. When the increased 
strength of the wake vortex pulsates, the indicial lift 
highly pulsates. However, the phase of the lift pulsations 
remains the same, because the frequency of stream 
pulsations Ω is fixed. 

Figure 5 shows indicial lift under a pulsating 
freestream for various pulsation magnitudes. The aspect 
ratio AR has been set to 5 because it is commonly 
assumed to be 5 for airplane wings or fan blades [1]. The 
nondimensional magnitude of freestream pulsations 

∞Uu  changes from 0.0 to 0.8. When ∞Uu = 0.0, the 

indicial lift under steady freestream for AR = 5 is 
recovered. As ∞Uu  increases from 0.0 to 0.8, Fig. 5 

shows that the magnitude of lift pulsations also increases. 
Increasing the magnitude of freestream pulsations 
increases the variation of the wake vortex’s location in  

 

 
Fig. 5 Indicial lift under pulsating flow for various 

pulsation magnitudes when AR = 5. 

Eq. (6), the deviation of the bound vortex strength in Eq. 
(2), and the deviation of the unsteady lift in Eq. (19), in 
sequence. The magnitude of freestream pulsations is 
important for determining fatigue loading which is 
related to lift deviation. 

 

3.2 Aeroelastic Stability Results 
This section presents results of the new three-

dimensional unsteady vortex lattice model coupled with 
the conventional structural model. In the current study, 
the structural model using a plate model with the first 
four modes – the first bending mode q1, first torsion 
mode q2, second bending mode q3, and second torsion 
mode q4 has been used. Generally, the lower modes tend 
to become unstable first at the flutter speed, and thus 
modes higher than the third mode can be neglected. 

For the plate with an aspect ratio of 4, the magnitude 
of stream pulsations u  has been assumed to be zero to 
calculate the flutter speed under a steady freestream. Kim 
analyzed a similar plate using a steady vortex lattice 
model, and predicted a flutter speed at 86.3 m/s. The new 
unsteady vortex lattice model predicts a flutter speed at 
85.7 m/s which is almost the same as Kim’s prediction. 
The small difference is due to the difference of the 
structural modes between two models. 

Figure 6 shows the predicted flutter speed under a 
steady freestream plotted versus the blade’s aspect ratio. 
Increasing the aspect ratio decreases the flutter speed 
because the increased aspect ratio increases the unsteady 
aerodynamic forces in Fig. 3, and decreases the structural 
stiffness. Thus, aeroelastic analyses are more important  

 

 
Fig. 6 Flutter speed under a steady flow as a function of 

the aspect ratio. 
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Fig. 7 Flutter boundary of stream pulsations for three 

different mean freestream velocities. 
 
when the aspect ratio becomes large which is the case in 
fan blades. Asymptotically, the predicted flutter speed 
approaches the two-dimensional value as the aspect ratio 
goes to infinity. 

The stability of the aeroelastic system changes as the 
magnitude and the frequency of stream pulsation are 
varied. Figure 7 shows the flutter boundary of stream 
pulsations for three different mean freestream velocities 
U∞. As in the two dimensional case, the regions above 
the boundary lines are unstable while the regions below 
the boundary are stable. At U∞=80m/s, three valleys exist. 
Thus, an aeroelastic system may become unstable at even 
lower pulsation magnitudes at certain frequencies. 
Therefore, phenomena similar to resonance can occur in 
the current system. Asymptotically, the flutter boundaries 
approach their values under a steady flow as the 
frequency of stream pulsations goes to zero. Also, Fig. 7 
shows that even at mean freestream velocities well below 
the steady freestream flutter speed of 85.7 m/s, 
instabilities can still occur depending on the magnitude 
and frequency of stream pulsations. Furthermore, 
instabilities resembling resonances occur at very low 
pulsating magnitudes, leading to potentially dangerous 
flow situations. The locations of valleys change with 
mean freestream velocities because system 
characteristics, including eigenvalues, change as 
functions of the freestream velocity. However, the shapes 
of the flutter boundary curves are similar. 

4. Conclusions 

1. A new three-dimensional vortex lattice model has 

been developed to analyze the unsteady aerodynamic 
forces and the aeroelastic stability of a single blade under 
pulsating freestream conditions. 

2. As aspect ratio increases, unsteady lifts under a 
steady and a pulsating freestreams become greater. 

3. In a steady freestream, the flutter speed decreases as 
the aspect ratio is increased. 

4. Phenomena similar to the resonance occur in the 
three-dimensional single blade under a pulsating 
freestream. 
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