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REMARK ON GENERALIZED UNIVERSAL COVERING
SPACE IN DIGITAL COVERING THEORY

Sang-Eon Han

Abstract. As a survey-type article, the paper reviews the recent
results on a (generalized) universal covering space in digital cover-
ing theory. The recent paper [19] established the generalized uni-
versal (2, k)-covering property which improves the universal (2, k)-
covering property of [3]. In algebraic topology it is well-known that
a simply connected and locally path connected covering space is a
universal covering space. Unlike this property, in digital covering
theory we can propose that a generalized universal covering space
has its intrinsic feature. This property can be useful in classifying
digital covering spaces and in studying a shortest k-path problem
in data structure.

1. Introduction

Useful tools from algebraic topology related to the study of digital
topological properties of a digital space include a digital covering space,
a digital k-fundamental group, the (generalized) universal covering prop-
erty, an existence problem of a universal covering space in digital cov-
ering theory, and so forth. These have been studied in papers including
[2, 3, 6, 7, 8, 9, 10, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. Recently, moti-
vated by a universal covering in algebraic topology in [30], the paper [3]
studied the universal (2, k)-covering property of a digital covering space
with some hypothesis. The recent paper [19] established the general-
ized universal (2, k)-covering property which improves the the univer-
sal (2, k)-covering property of [3]. Furthermore, the paper [18] studied
product property of the generalized (2, k)-covering property. These play
important roles in classifying digital covering spaces. In algebraic topol-
ogy while a simply connected and locally path connected covering space
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is a universal covering space, in digital covering theory the property need
not hold (see Theorem 4.5). Precisely, the paper demonstrates that a
generalized universal (k0, k1)-covering space has some intrinsic feature.
This property can be often used in classifying digital products of digital
covering spaces.

The paper is organized as follows: Section 2 provides some basic no-
tions. Section 3 reviews the recent progress on an axiom of a digital
(k0, k1)-covering space. Section 4 studies some properties of a gener-
alized universal (k0, k1)-covering space. Section 5 concludes the paper
with a summary.

2. Preliminaries

Let Zn denote the set of points in the Euclidean n-dimensional space
with integer coordinates and N the set of natural numbers. Since a
digital image in Zn can be considered to be a set with k-adjacency
relations of Zn, a digital k-graph [29], or a cell complex [27], in this
paper we use the terminology digital space instead of digital image.

Motivated by k-adjacency relations of 2D and 3D digital space in
[26, 29], we have often used k-adjacency relations of Zn for studying a
multi-dimensional digital space induced from the following criterion [4]
(see also [7, 10]):
For a natural number m with 1 ≤ m ≤ n, two distinct points

p = (p1, p2, · · · , pn), q = (q1, q2, · · · , qn) ∈ Zn,

are k- (or k(m,n)-) adjacent if
• there are at most m indices i such that |pi − qi| = 1 and

• for all other indices i such that |pi − qi| 6= 1, pi = qi.
In this operator, we often use the notation k := km or k(m, n), where

k := km := k(m, n) is the number of points q which are k-adjacent to a
given point p according to the numbers m and n in N. Consequently,
we established the k-adjacency relations of Zn, as follows.

Proposition 2.1. [17]

k := k(m,n) =
n−1∑

i=n−m

2n−iCn
i , (2.1)

where Cn
i = n!

(n−i)! i! .
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By using the current k-adjacency relations of Zn, we can study digital
topological properties of a multi-dimensional digital space in Zn, n ∈ N.

A pair (X, k) is usually assumed to be a (binary) digital space with
k-adjacency in a quadruple (Zn, k, k̄,X), where k 6= k̄ except X ⊂ Z
[29] and the pair (k, k̄) depends on the situation. But the paper is
not concerned with the k̄-adjacency of X. For {a, b} ⊂ Z with a � b,
[a, b]Z = {a ≤ n ≤ b|n ∈ Z} is considered in (Z, 2, 2, [a, b]Z) [2]. For
a digital space (X, k), two points x, y ∈ X are k-connected in [26] if
there is a k-path from x to y in X, and if any two points in X are k-
connected, then X is called k-connected [26]. For an adjacency relation
k of Zn, a simple k-path with l elements in Zn is assumed to be a k-
sequence (xi)i∈[0,l−1]Z ⊂ Zn such that xi and xj are k-adjacent if and
only if either j = i + 1 or i = j + 1 [26]. Besides, the length of a simple
k-path is the number l. Furthermore, a simple closed k-curve with l
elements in Zn is a sequence (xi)i∈[0,l−1]Z derived from a simple k-curve
(xi)i∈[0,l]Z with x0 = xl, where xi and xj are k-adjacent if and only if
j = i + 1(mod l) or i = j + 1(mod l) [2]. Let SCn,l

k denote a simple
closed k-curve with l elements in Zn [7].

In order to study both digital continuity and various properties of a
digital k-surface in [10], we have used the following digital k-neighborhood.

Definition 1. [4](see also[7]) For a digital space (X, k) in Zn, the
digital k-neighborhood of x0 ∈ X with radius ε is defined in X to be the
following subset of X

Nk(x0, ε) = {x ∈ X|lk(x0, x) ≤ ε} ∪ {x0},
where lk(x0, x) is the length of a shortest simple k-path from x0 to x
and ε ∈ N.

Motivated by both the digital continuity in [29] and the (k0, k1)-
continuity in [2], the following notion of digital continuity has been often
used for the study of digital spaces in Zn, n ∈ N.

Proposition 2.2. [7] Let (X, k0) and (Y, k1) be digital spaces in Zn0

and Zn1 , respectively. A function f : X → Y is (k0, k1)-continuous if
and only if for every x ∈ X, ε ∈ N, and Nk1(f(x), ε) ⊂ Y , there is δ ∈
N such that the corresponding Nk0(x, δ) ⊂ X satisfies f(Nk0(x, δ)) ⊂
Nk1(f(x), ε).

Indeed, this (k0, k1)-continuity of f : (X, k0) → (Y, k1) at a point
x0 ∈ X is equivalent to the following:
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Proposition 2.3. [15] Let (X, k0) and (Y, k1) be digital spaces in
Zn0 and Zn1 , respectively. A function f : X → Y is (k0, k1)-continuous
if and only if for every x ∈ X, ε ∈ N, f(Nk0(x0, 1)) ⊂ Nk1(f(x0), 1).

Unlike the pasting property of classical continuity in topology, (k0, k1)-
continuity has some intrinsic features [23]: Digital (k0, k1)-continuity has
the almost pasting property instead of the pasting property of classical
topology. Besides, a digital space (X, k) can be recognized as a digital
k-graph Gk [29] (see also [8]).

Since a digital space can be considered to be a digital k-graph, we
can use a (k0, k1)-isomorphism instead of a (k0, k1)-homeomorphism in
[2]:

Definition 2. [8] (see also [12]) For two digital spaces (X, k0) in Zn0

and (Y, k1) in Zn1 , a map h : X → Y is called a (k0, k1)-isomorphism if
h is a (k0, k1)-continuous bijection and further, h−1 : Y → X is (k1, k0)-
continuous. Then we use the notation X ≈(k0,k1) Y . If n0 = n1 and
k0 = k1, then we call it a k0-isomorphism and use the notation X ≈k0 Y .

Lemma 2.4. [11] Let h : (X, k0) → (Y, k1) be a (k0, k1)-isomorphism.
Then, for any X0 ⊂ X, the restriction h|X0 : (X0, k0) → (h(X0), k1) is
also a (k0, k1)-isomorphism.

For instance, let h : (X, k0) → (Y, k1) be a (k0, k1)-isomorphism.
For any Nk0(x, ε) ⊂ X the restriction map h on Nk0(x, ε), h|Nk0

(x,ε) :
Nk0(x, ε) → Nk1(h(x), ε), is also a (k0, k1)-isomorphism.

For a digital space (X, k) and A ⊂ X, (X, A) is called a digital space
pair with k-adjacency [10]. Furthermore, if A is a singleton set {x0}, then
(X,x0) is called a pointed digital space [26]. Motivated by the pointed
digital homotopy in [2], the following notion of relative digital homotopy
to a subset A ⊂ X is often used in studying a digital space (X, k) in Zn

in relation to the k-homotopic thinning and the strong k-deformation
retract in [10, 12] (see also [17]).

Definition 3. [10] (see also [12, 17]) Let ((X, A), k0) and (Y, k1) be a
digital space pair and a digital space, respectively. Let f, g : X → Y be
(k0, k1)-continuous functions. Suppose there exist m ∈ N and a function
F : X × [0,m]Z → Y such that
• for all x ∈ X, F (x, 0) = f(x) and F (x, m) = g(x);
• for all x ∈ X, the induced function Fx : [0, m]Z → Y given by

Fx(t) = F (x, t) for all t ∈ [0,m]Z is (2, k1)-continuous;
• for all t ∈ [0,m]Z, the induced function Ft : X → Y given by

Ft(x) = F (x, t) for all x ∈ X is (k0, k1)-continuous.
Then we say that F is a (k0, k1)-homotopy between f and g [2].
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• Furthermore, for all t ∈ [0,m]Z, then the induced map Ft on A is a
constant which is the prescribed function from A to Y . In other words,
Ft(x) = f(x) = g(x) for all x ∈ A and for all t ∈ [0,m]Z.

Then we call F a (k0, k1)-homotopy relative to A between f and g,
and we say f and g are (k0, k1)-homotopic relative to A in Y . Then we
use the notation f '(k0,k1)relA g.

In Definition 3, if A = {x0} ⊂ X, then we say that F is a pointed
(k0, k1)-homotopy at {x0} [2]. When f and g are pointed (k0, k1)-
homotopic in Y , we use the notation f '(k0,k1) g. In addition, if k0 = k1

and n0 = n1, then we say that f and g are pointed k0-homotopic in Y
and use the notation f 'k0 g and f ∈ [g] which means the k0-homotopy
class of g. If the identity map 1X is (k, k)-homotopic relative to {x0}
in X to a constant map with space consisting of some x0 ∈ X, then
we say that (X,x0) is pointed k-contractible [2]. Indeed, the notion of
k-contractility is slightly different from the contractility in Euclidean
topology [2].

Unlike the two digital fundamental groups [1, 25], motivated by Khal-
imsky’s digital k-fundamental group in [24], for a digital space (X, x0)
the paper [2] establishes the digital k-fundamental group πk(X,x0) which
is a group [2], where the base point is assumed as a point which is not
deletable by a strong deformation retract [13]. Besides, if X is pointed k-
contractible, then πk(X, x0) is proved trivial [2]. Let ((X, A), k) be a dig-
ital space pair with k-adjacency. A map f : ((X, A), k0) → ((Y, B), k1)
is called (k0, k1)-continuous if f is (k0, k1)-continuous and f(A) ⊂ B
[9]. If A = {a}, B = {b}, we write (X,A) = (X, a), (Y, B) = (Y, b),
and we say that f is a pointed (k0, k1)-continuous map [26]. Besides, a
(k0, k1)-continuous map f : ((X,x0), k0) → ((Y, y0), k1) induces a group
homomorphism f∗ : πk0(X,x0) → πk1(Y, y0) given by f∗([α]) = [f ◦ α],
where [α] ∈ πk0(X,x0) [2]. In addition, a (k0, k1)-isomorphism φ :
((X, x0), k0) → ((Y, y0), k1) induces a group isomorphism φ∗ : πk0(X, x0) →
πk1(Y, y0) [2].

The following notion has been often used in digital k-homotopy theory
and digital covering theory.

Definition 4. [7] A pointed k-connected digital space (X, x0) is
called simply k-connected if πk(X, x0) is a trivial group.

Theorem 2.5. [7](see also [12]) πk(SCn,l
k ) is an infinite cyclic group.

Precisely, πk(SCn,l
k ) ' (lZ,+), where SCn,l

k is not k-contractible and
“ '” means a group isomorphism.
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3. Remark on the Recent Progress on an Axiom of a Digital
Covering Space

The notion of digital covering space has often used in calculating
πk(X, x0) and classifying digital covering spaces [10, 11, 12, 13, 14, 15,
16, 17], proving an existence of a universal covering space [19], studying
the Cartesian product of universal covering property [18]. Let us now
recall the axiom of a digital covering space which is equivalent to the
previous version in [6, 7]. In this section we will refer to a simpler form
of a digital covering space.

Definition 5. [15] Let (E, k0) and (B, k1) be digital spaces in Zn0

and Zn1 , respectively. Let p : E → B be a map. Suppose, for any b ∈ B,
there exists ε ∈ N such that

(1) the map p is a (k0, k1)-continuous surjection;
(2) for some index set M , p−1(Nk1(b, ε)) = ∪i∈MNk0(ei, ε) with ei ∈

p−1(b);
(3) if i, j ∈ M and i 6= j, then Nk0(ei, ε)∩Nk0(ej , ε) is an empty set;

and
(4) the restriction map p on Nk0(ei, ε) is a (k0, k1)-isomorphism for

all i ∈ M .
Then, the map p is called a (k0, k1)-covering map and (E, p, B) is said

to be a (k0, k1)-covering. The digital space E is called a (k0, k1)-covering
space of p

Recently, by using the surjection instead of the (k0, k1)-continuous
surjection of Definition 5(1), the paper [22] improves the axiom of a
digital (k0, k1)-covering, as follows. Furthermore, the paper [22] inves-
tigates the difference among a graph covering, digital covering and a
covering in algebraic topology.

Proposition 3.1. [22] Let (E, k0) and (B, k1) be digital spaces in
Zn0 and Zn1 , respectively. Let p : (E, k0) → (B, k1) be a map. Suppose,
for any b ∈ B, there exists ε ∈ N such that

(1) p : E → B is a surjection;
(2) for any b ∈ B, p−1(Nk1(b, 1)) is a union of pairwise disjoint set

Nk0(ei, 1), where Nk0(ei, 1) ∈ p−1(Nk1(b, 1)) and ei ∈ p−1(b); and
(3) the restriction map p on Nk0(ei, 1) is a (k0, k1)-isomorphism for

all i ∈ M .
Then, the map p is a (k0, k1)-covering map and (E, p, B) is said to

be a (k0, k1)-covering.



Remark on Generalized Universal Covering Space in Digital Covering Theory273

Definition 6. [6] For n ∈ N, a (k0, k1)-covering (E, p, B) is a radius
n local isomorphism if the restriction map p|Nk0

(ei,n) : Nk0(ei, n) →
Nk1(b, n) is a (k0, k1)-isomorphism for all i ∈ M .

Definition 7. [6](see also [10]) A (k0, k1)-covering (E, p,B) is called
a radius n-(k0, k1)-covering if ε ≥ n.

In terms of Definitions 6 and 7, we can say that a (k0, k1)-covering sat-
isfying a radius n local isomorphism is equivalent to a radius n-(k0, k1)-
covering. Besides, by Proposition 3.1, we easily observe that a (k0, k1)-
covering of Definition 5 is obviously a radius 1-(k0, k1)-covering. For
three digital spaces (E, k0) in Zn0 , (B, k1) in Zn1 , and (X, k2) in Zn2 ,
let p : E → B be a (k0, k1)-continuous map. For a (k2, k1)-continuous
map f : (X, k2) → (B, k1), as the digital analogue of the lifting in [28],
we say that a digital lifting of f is a (k2, k0)-continuous map f̃ : X → E

such that p ◦ f̃ = f [7]. Thus, the unique digital lifting theorem in [7]
(see also [10, 14]) and digital homotopy lifting theorem was introduced
in [6], which plays an important role in studying digital (k0, k1)-covering
theory.

4. Remark on the Generalized Universal Covering Property

In algebraic topology it is well-known that a simply connected and lo-
cally path connected covering space is a universal covering space. Unlike
this property, in digital covering theory we can propose that a gener-
alized universal covering space has its intrinsic feature. The following
theorem has often use in studying the digital lifting theorem.

Theorem 4.1. [3] (see also [15]) Let ((E, e0), k0) and ((B, b0), k1) be
pointed digital spaces in Zn0 and Zn1 , respectively, and let ((X,x0), k2)
be a pointed k2-connected digital space in Zn2 . Let p : (E, e0) → (B, b0)
be a radius 2-(k0, k1)-covering map. For a (k2, k1)-continuous map f :
(X,x0) → (B, b0), there is a digital lifting f̃ : (X, x0) → (E, e0) if and
only if f∗(πk2(X, x0)) is a subgroup of p∗(πk0(E, e0)).

Theorem 4.1 plays an important role in studying a digital lifting
problem, a digital covering transformation group, a composition of two
digital covering maps, and so forth.

Corollary 4.2. [3](see also [15]) In Theorem 4.1, if (X, x0) is simply
k2-connected, then any (k2, k1)-continuous map f : (X,x0) → (B, b0)
has a pointed digital lifting f̃ : (X, x0) → (E, e0) such that p ◦ f̃ = f .
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As a special case of Corollary 4.2, the universal (2, k)-covering prop-
erty was studied in [3] (see Theorem 4.12 and Example 4.14 of [3]): Let
((Z, 0), p, (SC2,l

k , c0)) be a radius 2-(2, k)-covering, k ∈ {4, 8}. Then for
any radius 2-(k0, k)-covering ((X, x0), q, (SCn,l

k , c0)), there is always a
(2, k0)-continuous map f : (Z, 0) → (X, x0) such that q ◦ f = p. The pa-
per [19] generalizes the universal (2, k)-covering without any restriction
of SCn,l

k . By Theorem 4.1 and Corollary 4.2, we obtain the following.

Definition 8. We say that (Ẽ, p, B) is a universal (k̃, k)-covering

if for any radius 2-(k1, k)-covering map q : X̃ → B, there is always a

(k̃, k1)-continuous map f : (Ẽ, ẽ0) → (X̃, x̃0) such that q ◦ f = p.

In Definition 8, the space (Ẽ, k̃) is called a universal (k̃, k)-covering
space of (B, k) and (Ẽ, p, B) is called a universal (k̃, k)-covering. In
addition, we say that (Ẽ, k̃) has the universal (k̃, k)-covering property.

Unlike the non-2-contractibility of Z, we can observe the simply 2-
connectedness of Z [15], which can be essential to the proof of the gen-
eralized lifting theorem in [3, 15]. While the universal property of a
digital covering in [3] was studied for a radius 2-(k0, k1)-covering with
some hypothesis, the current universal (k0, k1)-covering has no restric-
tion on both the radius 2-(k0, k1)-covering and the adjacency relations
of (E, k0) in Zn0 and (B, k1) in Zn1 related to the (k0, k1)-covering
((E, k0), p, (B, k1)), where ((E, e0), k0) and ((B, b0), k1) are two digital
spaces in Zn0 and Zn1 , respectively. In other words, in view of Defi-
nition 8, if a given (k0, k1)-covering does not satisfy a radius 2-(k1, k)-
isomorphism, then we cannot study further the universal (k̃, k)-covering
property of (Ẽ, p, B) (see Theorem 4.5 and Figure 1). Thus we have the
following:

Definition 9. [19] Let ((E, e0), k̃) and ((B, b0), k) be two digital

spaces in Zn0 and Zn1 , respectively. A (k̃, k)-covering map p : ((E, e0), k̃)
→ ((B, b0), k) is called generalized universal if for any pointed (k′, k)-
covering map q : ((X,x0), k′) → ((B, b0), k), there exists a pointed

(k̃, k′)-continuous map φ : (E, e0) → (X,x0) such that q ◦ φ = p.

Then, ((E, e0), k0) is called a generalized universal (k̃, k)-covering space

(briefly, GU-(k̃, k)-covering space) of ((B, b0), k). Furthermore, we say

that this (k̃, k)-covering map p has the generalized universal (k̃, k)-
covering property (briefly, GU-(k̃, k)-covering property). Besides,

((E, e0), p, (B, b0)) is called a generalized universal (k̃, k)-covering (briefly,

GU-(k̃, k)-covering).
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Theorem 4.3. [19] Consider a (k′, k)-covering (E, p, SCn,l
k ), where

SCn,l
k need not be k-contractible. Then, (E, p, SCn,l

k ) has the GU-(k′, k)-
covering property, where the k-adjacency is assumed in (2.1) and (E, k′)
is (k′, 2)-isomorphic to (Z, 2).

In algebraic topology it is well-known that the existence problem of
a universal covering space, as follows.

Theorem 4.4. [30] A simply connected and locally path connected
covering space is a universal covering space.

We can observe that the condition of a simply connected and locally
path connected of Theorem 4.4 can be equivalently replaced by sim-
ply k-connected in digital covering . Though, unlike the property, in
digital covering theory a generalized universal (k̃, k)-covering space has
some intrinsic feature. As proposed in Theorem 4.4, for a (k′, k)-covering
(E, p, SCn,l

k ). Then, (E, p, SCn,l
k ) has the universal (k′, k)-covering prop-

erty, where the k-adjacency is assumed in (2.1) and (E, k0) is (k′, 2)-
isomorphic to (Z, 2). Let us now recall a digital wedge in [7] (see also
[12, 19]) The notion of wedge of disjoint digital spaces (Xi, ki) in Zni ,
i ∈ {0, 1}, was introduced in [7] (for more details, see [12, 19]). Let us
now state it in a simpler form which is a special case of the former in [7]
(see also [12, 19]), as follows.

Definition 10. For pointed digital spaces ((X, x0), k0) in Zn0 and
((Y, y0), k1) in Zn1 , the wedge of (X, k0) and (Y, k1), written (X ∨
Y, (x0, y0)), is the digital space in Zn

{(x, y) ∈ X × Y |x = x0 or y = y0}
with the following k(m,n)-(or k-)adjacency and the only one point (x0, y0)
in common such that

(W1) the k(m,n) (or k)-adjacency is determined by the only numbers
m and n with n = max{n0, n1} and m = m0 = m1, where the number
mi is taken from the ki-(or k(mi, ni)-)adjacencies of the given digital
spaces ((X, x0), k0) and ((Y, y0), k1), i ∈ {0, 1}; and

(W2) any two distinct elements x(6= x0) ∈ X ⊂ X ∨Y and y(6= y0) ∈
Y ⊂ X ∨ Y are not k(m,n) (or k)-adjacent to each other.

In Definition 10 (W1) in case m0 6= m1, then in this paper we will
not consider a digital wedge of the given two digital spaces.

Unlike the existence of a universal covering in Theorem 4,4, we can
observe that the simply k-connected of a base space (B, k) need not
guarantee the existence of a GU-(k′, k)-covering, as follows.



276 Sang-Eon Han

Theorem 4.5. Consider a (k, 8)-covering (E, p, SC2,4
8 ∨ SC2,4

8 ) such

that E is simply k-connected. Then, (E, p, SC2,4
8 ∨ SC2,4

8 ) cannot have
the GU-(k, 8)-covering property.

Proof: For a digital wedge SC2,4
8 ∨ SC2,4

8 in Figure 1, as an ex-
ample let us consider two (8, 8)-coverings (E1, p1, SC2,4

8 ∨ SC2,4
8 ) and

(E2, p2, SC2,4
8 ∨ SC2,4

8 ) (see Figure 1). Then we can observe that E1

is simply 8-connected. But E2 is not simply 8-connected. Besides, we
can observe that there is no (8, 8)-continuous map f : E1 → E2 such
that p2 ◦ f = p1. Precisely, suppose a map f : E1 → E2 in such a way
f(qi) = ri, i ∈ [0, 3]Z, · · · , then we can observe that the map f cannot
be an (8, 8)-continuous map f : E1 → E2 such that p2 ◦f = p1 (examine
between the points f(q0) = r0 and f(q3) = r3 from the view point of
the (8, 8)-continuity). Therefore, we can conclude that E1 cannot be a
GU-universal (8, 8)-covering space over SC2,4

8 ∨ SC2,4
8 . ¤
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Figure 1. Non-existence of a generalized (8, 8)-covering
space over SC2,4

8 ∨ SC2,4
8 .

In view of Theorem 4.3 and the proof of Theorem 4.5, we can observe
the following:
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Remark 4.6. In relation to the study of a GU-(k̃, k)-covering (Ẽ, p, B),
the map p need not have the hypothesis of a radius 2-(k1, k)-covering

map q : X̃ → B such that q ◦ f = p, where f : Ẽ → X̃ is a (k̃, k1)-
continuous map. Thus, by comparing with the universal (k̃, k)-covering

property, the GU-(k̃, k)-covering property has some merits of studying
digital covering spaces as shown in Theorem 4.3.

5. Summary

Unlike the property that a simply connected locally path connected
covering space is a universal covering space in algebraic topology, it
turns out that a digital (k, 8)-covering (E, p, SC2,4

8 ∨SC2,4
8 ) such that E

is simply k-connected space cannot be a GU-universal (k, 8)-covering.
As a further work, by using the universal digital covering space, we can
study a shortest path problem in digital covering theory.
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