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AN OVERVIEW OF MAX-PLUS LINEAR SYSTEMS

Yonggu Kim and Hyun-Hee Shin

Abstract. Let a⊕ b = max(a, b), a⊗ b = a+ b, a, b ∈ Rε := R ∪
{−∞}. In max-plus algebra we work on the linear algebra structure
for the pair of operations (⊕,⊗) extended to matrices and vectors
over Rε. In this paper our main aim is to reproduce the work of
R. A. Cuninghame-Green [3] on the linear systems over a max-plus
semi-field Rε.

1. Introduction

In the ordinary linear algebra we know that it is very simple to de-
scribe the solvability of a system of linear equations over R. However
it is not so simple over the max-plus algebra, which is described by P.
Butkovic [2], and is also interesting because the solvability of a max-plus
linear system is related to the combinatorics problem, the set covering
problem, Theorem 3.10. He did not give a proof, but rather referred
to R. A. Cuninghame-Green [3]. However we found that reading the
referred book [3] is not quite so simple due to the unfamiliar abstract
terminologies used in the book. So we intend to reproduce his results
over the max-plus semi-field Rε instead of the abstract settings. On
the other hand, max-plus algebra is the basic algebra for the tropical
geometry, which is one of newly emerging mathematics research fields
[5].

In Section 2, we introduce the structure of max-plus algebra and
expose ourselves briefly Chapter 1 through Chapter 13 of [3], those ma-
terials needed for max-plus linear systems over Rε := R ∪ {−∞}. Here
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we encounter rather unexpected phenomena in the world of max-plus
algebra, for instance Lemma 2.2, 2.3 and Proposition 2.4.

In Section 3, we describe the solvability of a system of max-plus linear
equations over Rε and the uniqueness criterion thereafter, which are
refined versions of Chapter 14 of [3]. In doing so we first extend the max-
plus semi-field Rε to the extended max-plus semi-field Rε = Rε ∪ {∞},
allowing the max-plus multiplication of −∞ and ∞. We search for
solutions of a system of max-plus linear equations over Rε using results
developed in Section 2. Then we distinguish well-defined solutions of
the system where the max-plus multiplication of −∞ and ∞ does not
occur in the computation.

We introduce a system of max-plus linear equations over a 3-element
sub semi-field. We find solutions over this finite semi-filed, and from this
data, induce solutions of the original system of max-plus linear equations
over the max-plus semi-field Rε.

2. Max-Plus Algebra

Two basic max-plus algebra operations are defined as follows:

a⊕ b = max(a, b)

a⊗ b = a+ b,

where a, b ∈ Rε. Many concepts and properties from conventional linear
algebra can be translated into the max-plus algebra by replacing + by ⊕
and × by ⊗. Therefore, we call ⊕ the max-plus addition and ⊗ the max-
plus multiplication. The resulting algebraic structure Rmax = (Rε,⊕,⊗)
is called a max-plus semi-field or simply a max-plus algebra. Rmax is also
called a commutative idempotent semiring or a dioid. We introduce the
notation of ε = −∞ following [1], [4].

We define an = a⊗ a⊗ · · · ⊗ a (n times). Notice that a−1 = −a. The
max-plus algebraic division operation is defined as follows: if a, b ∈ Rε

and b ̸= ε, then a
b = a ⊗ b−1 = a ⊗ (−b). If b is equal to ε then the

max-plus algebraic division is not defined.
Similarly to max-plus algebra, the min-plus algebraic operations are

defined as follows

a⊕′ b = min(a, b), a⊗′ b = a+ b,

where a, b ∈ R∪{+∞}, which are called a min-plus semi-field. We note
that there is a relation between two operations ⊕ and ⊕′ as follows:
a⊕′ b = (a−1 ⊕ b−1)−1.
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We define a system Rε, constructed by adjoining a universal bound
+∞ to Rε, that is, Rε := Rε ∪{+∞}. And we extend the operations ⊗,
⊕, ⊗′ and ⊕′ on Rε as in the following Table 1.1.

a b a⊕ b a⊕′ b a⊗ b a⊗′ b
−∞ −∞ −∞ −∞ −∞ −∞
−∞ b ∈ R b −∞ −∞ −∞
−∞ +∞ +∞ −∞ −∞ +∞

a ∈ R −∞ a −∞ −∞ −∞
a ∈ R b ∈ R a⊕ b (a−1 ⊕ b−1)−1 a⊗ b a⊗ b
a ∈ R +∞ +∞ a +∞ +∞
+∞ −∞ +∞ −∞ −∞ +∞
+∞ b ∈ R +∞ b +∞ +∞
+∞ +∞ +∞ +∞ +∞ +∞

Table 1.1

R. A. Cuninghame-Green [3] calls the system Rε = (Rε,⊕,⊗,⊕′,⊗′)
constructed in this way a blog (bounded lattice-ordered group). How-
ever we will call the system an extended max-plus semi-field.

The elements of R will be called finite. We say that for two elements
a, b ∈ Rε, the max-plus and min-plus products, a ⊗ b and a ⊗′ b are
undefined if one of a, b is −∞ and the other is +∞. Otherwise we say
that the products exist or are well-defined.

Max- or min-plus algebra operations over Rε (or Rε) can be naturally

extended to the max-plus vector space Rn
ε (or Rn

ε ), and to matrices over
Rε (or Rε). As for elements of the extended max-plus semi-field Rε,
we say that the max- or min-plus products of two matrices over Rε

exist or are well-defined if all max- or min-plus products in the matrix
multiplication exist or are well-defined. We note that max- or min-plus
products of two matrices involves max- or min-plus additions and max-
or min-plus multiplications respectively.

Definition 2.1. Let (Rε,⊕,⊗,⊕′,⊗′) be an extended max-plus semi-
field. For each a ∈ Rε, we define a∗ ∈ Rε, called a conjugate of a, as
follows:

a∗ =


a−1 if a is finite, that is, a ∈ R,
+∞ if a = −∞,

−∞ if a = +∞.

We note that a ≥ b if and only if a∗ ≤ b∗.



96 Yonggu Kim and Hyun-Hee Shin

We extend the conjugate operation to matrices over Rε as follows.
For a given m× n matrix A over Rε, we define the conjugate matrix of
A, denoted by A∗ as a matrix over Rε, where

{A∗}ij = ({A}ji)∗,
with the min-plus operations. That is, matrix operations between con-
jugate matrices are min-plus algebraic operations.

Notation 1. The notation {A}ij denotes an (i, j) entry of the matrix
A, and introduce the inequality between matrices; A ≤ B if and only if
{A}ij ≤ {B}ij for all i, j. For max-plus and min-plus summations, we

use the notations
∑

⊕
and

∑
⊕′

respectively.

Lemma 2.2. The following inequalities hold for the matrices over
Rε:

A⊗ (B ⊗′ C) ≤ (A⊗B)⊗′ C
A⊗′ (B ⊗ C) ≥ (A⊗′ B)⊗ C.

Proof. To prove the first associative inequality, consider (i, j)-entry
of the left-hand side,

{A⊗ (B ⊗′ C)}ij =
∑

⊕
r

(
{A}ir ⊗ {B ⊗′ C}rj

)
=

∑
⊕

r

(
{A}ir ⊗

∑
⊕′

s

({B}rs ⊗′ {C}sj)
)
.

Since
∑

⊕′s
({B}rs ⊗′ {C}sj)

)
≤ {B}rs ⊗′ {C}sj for all s in the above

summation, we get

{A⊗ (B ⊗′ C)}ij ≤
∑

⊕
r

(
{A}ir ⊗ ({B}rs ⊗′ {C}sj)

)
, ∀ s.

For each summand in the above summation, we have the following equal-
ity

∀ i, r, s and j, {A}ir ⊗ ({B}rs ⊗′ {C}sj) = ({A}ir ⊗ {B}rs)⊗′ {C}sj .
Hence we get

∀s, {A⊗ (B ⊗′ C)}ij ≤
∑

⊕
r

({A}ir ⊗ {B}rs)⊗′ {C}sj

= {A⊗B}is ⊗′ {C}sj ,
which in turn gives our desired result,

{A⊗ (B ⊗′ C)}ij ≤
∑

⊕′
s

({A⊗B}is ⊗′ {C}sj) = {(A⊗B)⊗′ C}ij .
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This implies the first inequality, and the second one also follows similarly.

It is easy to check that the extended max-plus semi-field Rε satisfies
the following equalities: for any finite set J ⊂ Rε and for all x ∈ Rε ,

[∑
⊕′

a∈J

(a∗ ⊗′ a)
]
⊗ x = x

x⊗
[∑

⊕′

a∈J

(a⊗′ a∗)
]
= x,

where
∑

⊕′a∈J
(a⊗′ a∗) = 0. Next lemma tells us that we have similar

results for matrices over Rε, but with inequalities.

Lemma 2.3. Let J be a finite set of matrices over Rε. Then∑
⊕′

A∈J

(A∗ ⊗′ A)⊗X ≥ X(2.1)

X ⊗′
∑

⊕
A∈J

(A⊗A∗) ≤ X

∑
⊕

A∈J

(A⊗A∗)⊗′ Y ≤ Y

Y ⊗
∑

⊕′

A∈J

(A∗ ⊗′ A) ≥ Y

where X ∈ Rn×m
ε , Y ∈ Rm×n

ε .

Proof. Here we prove the first inequality, and the rest follows simi-
larly.{∑

⊕′

A∈J

(A∗⊗′A)⊗X
}
ij
=

∑
⊕

s

([∑
⊕′

A∈J

(∑
⊕′

rA

({A∗}irA⊗′{A}rAs)
)]
⊗{X}sj

)
,

where rA and s are row indices for A and X respectively.
After fixing the index s, we have

∀s,
{∑

⊕′

A∈J

(A∗⊗′A)⊗X
}
ij
≥

[∑
⊕′

A∈J

(∑
⊕′

rA

({A∗}irA⊗
′{A}rAs)

)]
⊗{X}sj .



98 Yonggu Kim and Hyun-Hee Shin

Particularly taking s = i,{∑
⊕′

A∈J

(A∗ ⊗′ A)⊗X
}
ij
≥

[∑
⊕′

A∈J

∑
⊕′

rA

({A∗}irA ⊗′ {A}rAi)
]
⊗ {X}ij

=
[∑

⊕′

A∈J

∑
⊕′

rA

(
({A}rAi)

∗ ⊗′ {A}rAi

)]
⊗ {X}ij

≥ {X}ij .

This proves the first inequality.

Proposition 2.4. Let A be an arbitrary matrix over Rε. Then the
products:

A⊗ (A∗ ⊗′ A), A⊗′ (A∗ ⊗A), (A⊗′ A∗)⊗A, (A⊗A∗)⊗′ A

are all equal to A. Similarly the products

A∗ ⊗ (A⊗′ A∗), A∗ ⊗′ (A⊗A∗), (A∗ ⊗′ A)⊗A∗, (A∗ ⊗A)⊗′ A∗

are all equal to A∗.

Proof. By the forth inequality in Lemma 2.3,

A⊗ (A∗ ⊗′ A) ≥ A.

And by Lemma 2.2, and third inequality in Lemma 2.3,

A⊗ (A∗ ⊗′ A) ≤ (A⊗A∗)⊗′ A

≤ A.

Hence A⊗ (A∗⊗′A) = A, and the remaining results follow similarly and
dually.

Definition 2.5. (i) A matrix over Rε will be called row-finite (re-
spectively column-finite, or doubly-finite) if the max-plus sum of the
elements in each row (respectively each column, or each row and each
column) is finite, which is identical to saying that each row (respectively
each column, or each row and each column) does not contain +∞ but
does contain some finite elements.
(ii) A matrix over Rε will be called row-dually finite (respectively column-
dually finite, or doubly-dually finite) if the min-plus sum of the elements
in each row (respectively each column, or each row and each column)
is finite, which is identical to saying that each row (respectively each
column, or each row and each column) does not contain −∞ but does
contain some finite elements.
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We note that an m × n matrix A is row-finite (respectively column-
finite, or doubly-finite) if and only if its conjugate A∗ is column-dually
finite (respectively row-dually finite, or doubly-dually finite).

Let Rm×n
ε be the set of all m× n matrices whose entry elements are

all in Rε. The following lemma follows easily from the observation that
for a given max-plus (respectively min-plus) operation to be meaningful,
+∞ and −∞ should not appear together in the max-plus (respectively
min-plus) multiplication.

Lemma 2.6. Let A ∈ Rm×n
ε , B ∈ Rn×p

ε be matrices over Rε. Then
A⊗ B exists if either A ∈ Rm×n or B ∈ Rn×p. Similarly A⊗′ B exists
if either A ∈ Rm×n or B ∈ Rn×p.

The next two lemmas and a proposition are results related with the
row-finiteness of a matrix for the later purposes.

Lemma 2.7. Let A and X be matrices over Rε. If A⊗X exists and
is row-finite, then A is also row-finite.

Proof. Suppose that A⊗X exists and is row-finite. We note that for
all i and j,

{A⊗X}ij =
∑

⊕
r

({A}ir ⊗ {X}rj).

Since the product x⊗y does not exist if one of x, y is −∞ and the other
is +∞,
(i) If {A}ir = +∞ for some i and r, then {X}rj ̸= −∞ for all j, and
{A⊗X}ij = +∞ for all j.
(ii) If {A}ir = −∞ for some i and for all r, then {X}ij ̸= +∞ for all
i, j, and {A⊗X}ij = −∞ for all j.

All of these conclusions contradict the hypothesis that A⊗X is row-
finite. Hence we conclude from (i) and (ii) that Amust be row-finite.

Lemma 2.8. Given matrices A ∈ Rm×n
ε and X ∈ Rn×p

ε over Rε,
then in the following statements, (a) and (c) are equivalent to (b) and
(d).
(a) {A}ij ̸= +∞ for all i, j.
(b) A is row-finite.
(c) A⊗X exists and {A⊗X}ij ̸= −∞ for all i, j.
(d) A⊗X exists and

{A⊗X}ij =

{
+∞ (∀ 1 ≤ i ≤ m ) if {X}rj = +∞ for some r

finite if {X}rj ̸= +∞ for all r.
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Proof. It is simple to check that (b) implies (a) and (d) implies (c).
So it suffices to show that (a) and (c) implies (b) and (d). Suppose that
{A}ij ̸= +∞ for all i, j, and that A ⊗X exists and {A ⊗X}ij ̸= −∞
for all i, j. If {A ⊗ X}ij =

∑
⊕r

({A}ir ⊗ {X}rj) = +∞ for some i

and j, then {X}rj = +∞ for some r since {A}ir ̸= +∞ for all i, r.
Then {A ⊗X}ij = +∞ for all 1 ≤ i ≤ m, which implies a part of (d).
Furthermore, if {X}rj ̸= +∞ for all r, then {A ⊗ X}ij are all finite.
Hence we conclude (d).

If A is not row finite, then for some i, {A}ir = −∞ for all r since
we assumed that {A}ij ̸= +∞, for all i, j. But then {A ⊗ X}ij =∑

⊕r
(−∞⊗ {X}rj) = −∞, which contradicts to the condition (c). So

we get the statement (b).

Proposition 2.9. A ∈ Rm×n
ε is row-finite if and only if there exists

X ∈ Rn×p
ε such that the product A∗ ⊗′ (A⊗X) exists; and then A∗ ⊗′

(A⊗X) exists for every X ∈ Rn×p.

Proof. The sizes of matrices are appropriate for the product A∗ ⊗′

(A ⊗ X). So the existence of the product depends on the presence of
elements −∞ or +∞ in the multiplication.

Suppose first that A ∈ Rm×n
ε is row-finite and X ∈ Rn×p. Then by

Lemma 2.6, the product (A ⊗ X) exists. Next we show that A ⊗ X ∈
Rm×p. Then again by Lemma 2.6, A∗ ⊗′ (A⊗X) also exists.

To show that A⊗X ∈ Rm×p, we introduce the following two elements
of R,

u =

n∑
⊕′

r=1

p∑
⊕′

j=1

{X}rj , v =

n∑
⊕

r=1

p∑
⊕

j=1

{X}rj .

In other word, u and v are the smallest value and the largest value
among {X}rj respectively. Hence we get the following inequalities

u ≤ {X}rj ≤ v, ∀ r, j ,

from which we induce that

n∑
⊕

r=1

{A}ir ⊗ u ≤
n∑

⊕
r=1

{A}ir ⊗ {X}rj ≤
n∑

⊕
r=1

{A}ir ⊗ v, ∀ i, j .
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While

n∑
⊕

r=1

{A}ir is finite since A is assumed to be row-finite. Then

from these inequalities, we get

n∑
⊕

r=1

{A}ir ⊗ {X}rj = {A⊗X}ij ∈ R, ∀ i, j,

that is , A⊗X ∈ Rm×p.

To prove the reverse direction, let A ∈ Rm×n
ε and X ∈ Rn×p

ε be
matrices such that A∗ ⊗′ (A⊗X) exists. Then first A⊗X must exist.

Claim: both A and A⊗X can not have +∞ or −∞ in any row i.

Proof of Claim. Contrarily suppose that for some s and t,

{A}is = +∞ and {A⊗X}it = +∞.

Then it follows that for some 1 ≤ i ≤ m,

{A∗}si ⊗′ {A⊗X}it = −{A}is ⊗′ {A⊗X}it = −∞⊗′ +∞,

and then {A∗⊗′ (A⊗X)}st =
m∑

⊕′

k=1

{A∗}sk ⊗′ {A⊗X}kt does not exist,

which contradicts to the fact that A∗ ⊗′ (A⊗X) exists. Thus the claim
follows.

Utilizing this claim, we argue that A has neither +∞ in any row nor
−∞ for all elements in one of its rows: If A has +∞ in some row i, then
i-th row of A ⊗ X would be all +∞. If A has −∞ for all elements of
some row i, then i-th row of A⊗X would be all of −∞. It follows that
both assumptions contradicts to the above Claim.

Hence A has neither +∞ in any row nor −∞ for all elements in one
of its rows, which implies that A is row-finite.

By modifying the above proposition, we get the following table, whose
description is given at the following corollary.
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P α -finite Q ω1 ω2

A∗ ⊗′ (A⊗X) row A⊗X +∞ −∞
A⊗′ (A∗ ⊗X) column dually A∗ ⊗X −∞ −∞
A∗ ⊗ (A⊗′ X) row dually A⊗′ X −∞ +∞
A⊗ (A∗ ⊗′ X) column A∗ ⊗′ X +∞ +∞
(X ⊗A)⊗′ A∗ column X ⊗A +∞ −∞
(X ⊗A∗)⊗′ A row dually X ⊗A∗ −∞ −∞
(X ⊗′ A)⊗A∗ column dually X ⊗′ A −∞ +∞
(X ⊗′ A∗)⊗A row X ⊗′ A∗ +∞ +∞

Table 1.2.

Corollary 2.10. Let A ∈ Rm×n
ε . In the above Table 1.2, product

P exists for some matrix X over Rε if and only if A is α-finite; and
then the product P exists for all matrices X with finite elements, that
is, X ∈ Rm×n

ε .

Proposition 2.11. Let A ∈ Rm×n
ε and X ∈ Rn×p

ε . Then A∗⊗′ (A⊗
X) exists if and only if one of the following two holds:

(i) A ∈ Rm×n

(ii) {A}ij ̸= +∞ for all i, j, and A⊗X exists and {A⊗X}ij ̸= −∞ for
all i, j.

Proof. It is easy to check that if one of two conditions in the above
proposition hold, then the matrix multiplication A∗ ⊗′ (A⊗X) exists.

For the other direction, suppose that A∗ ⊗′ (A⊗X) exists. Then by
Proposition 2.9 A is row-finite and so does not contain +∞. Furthermore
the matrix multiplication (A⊗X) exists since A∗ ⊗′ (A⊗X) exists. If
{A ⊗ X}ij ̸= −∞ for all i, j, then we get the statement (ii). If it is
not the case, then {A⊗X}ij = −∞ for some i and j. By applying the
claim in the proof of Proposition 2.9 it follows that row i of A can not
contain −∞, so row i of A must be all finite. But then the assumption
{A⊗X}ij = −∞ for some i and j implies that all elements of the column
j of X are −∞. This implies that {A⊗X}ij = −∞ for every i and this
special j. For the multiplication A∗⊗′ (A⊗X) to exist, the conjugate of
A, A∗ could not have +∞. So A does not contain −∞. Since we already
showed that A does not contain +∞, we conclude that A ∈ Rm×n, the
statement (i).

Corollary 2.12. Let A ∈ Rm×n
ε and Let X ∈ Rn×p

ε . Then the
following statement is true in the above Table 1.2:
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“The product P exists if and only if either A ∈ Rm×n or A does not
contain any element of ω1 and the product Q exists and does not contain
any element of ω2.”

Proof. Similarly and dually to Proposition 2.11.

P α -finite Q
A⊗ (A∗ ⊗′ (A⊗X)) doubly A⊗X
A∗ ⊗ (A⊗′ (A∗ ⊗X)) doubly dually A∗ ⊗X
A⊗′ (A∗ ⊗ (A⊗′ X)) doubly dually A⊗′ X
A∗ ⊗′ (A⊗ (A∗ ⊗′ X)) doubly A∗ ⊗′ X
((X ⊗A)⊗′ A∗)⊗A doubly X ⊗A
((X ⊗A∗)⊗′ A)⊗A∗ doubly dually X ⊗A∗

((X ⊗′ A)⊗A∗)⊗′ A doubly dually X ⊗′ A
((X ⊗′ A∗)⊗A)⊗′ A∗ doubly X ⊗′ A∗

Table 1.3.

Proposition 2.13. The following statement holds true in the above
Table 1.3:

“The product P exists if and only if either A ∈ Rm×n or A is α-finite,
and then the product Q exists and consists of finite elements.”

Proof. The product A ⊗ (A∗ ⊗′ (A ⊗ X)) exists if and only if the
products A⊗(A∗⊗′Y ) and A∗⊗′(A⊗X) both exists (where Y is A⊗X).
By applying Corollary 2.12 to these two triple products, we see that we
have just two possibilities, if the quadruple product A⊗ (A∗⊗′ (A⊗X))
exists either (i) A contains elements of R only or (ii) A is doubly-finite,
A∗ ⊗′ Y exists and does not contain any element of +∞, A ⊗X exists
and does not contain any element of −∞.

In case (ii), since the conditions (a) and (c) of Lemma 2.8 are satisfied,
the condition (d) of Lemma 2.8 implies that if A ⊗ X contains +∞,
then it contains a complete column of +∞. But this would imply that
A∗⊗′Y, which is A∗⊗′ (A⊗X) would also contain +∞. Since A∗⊗′Y =
A∗ ⊗′ (A ⊗ X) does not contain any element of +∞, A ⊗ X can not
contain +∞. Since A⊗X does not contain −∞, A⊗X consists of finite
elements.

Conversely, if A ∈ Rm×n, then by Lemma 2.6 the product A⊗ (A∗⊗′

(A ⊗X)) exists provided that the sizes of matrices are suitable for the
multiplication, which is obviously true. And if A is doubly-finite, the
matrix multiplication Y = A⊗X exists and consists of finite elements,
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then the multiplication A⊗(A∗⊗′Y ) exists by Corollary 2.10 by putting
Y in place of X.

This proves the corollary for the case of the the first line of Table
1.3 and the proofs for the other lines follow similarly by taking proper
dualities.

3. Systems of Linear Equations over the Max Plus Semi-
Field Rε

In this section our main objective is to explore the following solvabil-
ity problem over the max-plus semi-field Rε,

Given A ∈ Rm×n
ε and b ∈ Rm

ε , find the criterion for the existence of
solution x ∈ Rn

ε such that

(3.1) A⊗ x = b,

and then search for a way to find all solutions of this max-plus linear
system if possible.

To solve the above problem, we first investigate the max-plus linear
system (3.1) over the extended max-plus semi-field Rε. We note that in
the extended max-plus semi-field Rε the multiplication of +∞ and −∞
is defined and hence allowed. The reason for this is that we are going
to use the adjoint operation A∗ for the max-plus matrix A and related
results which we developed in the previous section. A solution x ∈ Rn

ε

of (3.1) will be called well-defined if the multiplication of +∞ and −∞
does not appear in the multiplication of A⊗ x.

We observe that similarly to the case of the ordinary linear systems
over R, the solution set of a max-plus linear systems (3.1), S = {x ∈
Rn
ε ; A ⊗ x = b} is a max-plus additive subspace of Rn

ε , which follows
from the idempotent property of the max-plus addition

∀x1,x2 ∈ S, A⊗ (x1 ⊕ x2) = (A⊗ x1)⊕ (A⊗ x2) = b⊕ b = b.

From this observation we conclude the following proposition.

Proposition 3.1. The set of solutions S is either empty or is a max-
plus additive subspace of Rn

ε .

Hence similarly to the ordinary case, the number of solution vectors of
(3.1) could be either 0, 1 or ∞. Later in this section we will explore the
case where the equation (3.1) has a unique solution. Next proposition
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says that if the max-plus linear system (3.1) has a solution, then it also
has the greatest solution.

Proposition 3.2. The max-plus linear system (3.1) over the ex-
tended max-plus semi-field Rε has at least one solution if and only if
x = A∗ ⊗′ b is a solution; and in this case x = A∗ ⊗′ b is the greatest
solution.

Proof. Let x = A∗ ⊗′ b be a solution of (3.1), then obviously (3.1)
has at least one solution.

Now suppose that the max-plus linear system (3.1) has a solution
u ∈ Rn

ε , that is, A⊗ u = b. From Proposition 2.4,

A⊗ (A∗⊗′ b) = A⊗ (A∗⊗′ (A⊗u)) = (A⊗ (A∗⊗′A))⊗u = A⊗u = b.

Hence x = A∗ ⊗′ b is also a solution of (3.1).
By applying Lemma 2.2 and Lemma 2.3, we get the following inequalities

A∗ ⊗′ (A⊗ u) ≥ (A∗ ⊗′ A)⊗ u

≥ u.

Therefore,
u ≤ A∗ ⊗′ (A⊗ u) = A∗ ⊗′ b = x.

Hence x is the greatest solution of (3.1).

The next theorem provides a criterion when a solution of (3.1), es-
pecially x = A∗ ⊗′ b, over the extended max-plus semi-field Rε is a
well-defined solution.

Theorem 3.3. Let A ∈ Rm×n
ε , b ∈ Rm

ε be such that (3.1) is solvable
over the extended max-plus semi-field Rε, that is, (3.1) has a solution in

Rn
ε . Then the product x = A∗ ⊗′ b exists and is a well-defined solution

of (3.1) if and only if one of the following cases holds true:
(a) A ∈ Rm×n and b = (+∞)m

(b) A ∈ Rm×n and b = (−∞)m

(c) A is doubly-finite and b ∈ Rm

Moreover x = A∗ ⊗′ b is identical to (+∞)n, (−∞)n or is in Rn re-
spectively according to the cases (a), (b) or (c). Here the notation
(+∞)m, (−∞)m are m-vectors whose entry elements are all +∞,−∞
respectively.

Proof. If the case is (a) or (b), then by Lemma 2.6, A∗ ⊗′ b and
hence A⊗ (A∗⊗′b) exists. Since from the hypothesis the system (3.1) is
solvable, Proposition 3.2 tells us that A∗⊗′ b is a solution, hence a well-
defined solution of (3.1). On the other hand, if (c) is true, then A∗ ⊗′ b
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exists because b ∈ Rm and is a solution of (3.1) by Proposition 3.2.
While by Corollary 2.10 and the fact that A is especially column finite,
the multiplication A⊗ (A∗ ⊗′ b) exists. Hence A∗ ⊗′ b is a well-defined
solution of (3.1).

Conversely, if x = A∗ ⊗′ b exists and x = A∗ ⊗′ b is a well-defined
solution of (3.1), then A∗⊗′ b ∈ Rn

ε , A⊗ (A∗⊗′ b) exists and A⊗ (A∗⊗′

b) = b. Then the products

A∗ ⊗′ (A⊗ (A∗ ⊗′ b)) = A∗ ⊗′ b

exit, so by Proposition 2.13 A ∈ Rm×n or A is doubly finite.
First, suppose that the vector b = A ⊗ x does not contain −∞ as its

entry. Then since A is doubly finite, the cases (a) and (c) of Lemma 2.8
are true, so (b) and (d) of Lemma 2.8, especially (d) is also true. Hence
either b = A ⊗ x ∈ Rm or b = (+∞)m. In the latter case, elements of
x = A∗ ⊗′ b also must be +∞ and hence A cannot contain any element
of −∞ because the product A⊗x exists. Hence A ∈ Rm×n, and we have
the case (a).

On the other hand, if b contains −∞, then elements of x = A∗ ⊗′ b
and hence b = A⊗x are all −∞, that is b = (−∞)m. Hence A∗ cannot
contain any element of +∞ because the product A∗ ⊗′ b exists. Hence
A does not contain any element of −∞, so A ∈ Rm×n and we have the
case (b).

Finally in cases (a) and (b) every solution u is a well-defined solution,
that is, the multiplication A ⊗ u exists. In case (c) every solution u
satisfies u ≤ x where x = A∗⊗′ b by Proposition 3.2, so u⊕x = x with
x ∈ Rn, hence u ∈ Rn

ε . But all entries of A are in Rε, so the product
A⊗ u exists, that is, the solution u is a well-defined solution of (3.1) in
case (c) too.

Finally, we summarize Proposition 3.2 and Theorem 3.3 as the fol-
lowing solubility criterion:
The max-plus linear system (3.1) is solvable if and only if

A⊗ (A∗ ⊗′ b) = b;

and every solution is a well-defined solution if the product A⊗ (A∗⊗′b)
exists.

Corollary 3.4. Let b = (bi) ∈ Rn
ε be a vector over the extended

max-plus semi-field Rε.
(a) If bi = −∞ for all i, then (3.1) has b as its unique solution.

(b) If bi = +∞ for all i, then solutions to (3.1) are those vectors in Rn
ε

whose at least one of elements are equal to +∞
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All well-defined solutions of (3.1) correspond to one of three cases in
Theorem 3.3. The first two cases in Theorem 3.3 are arranged in the
above corollary, which are obvious from Theorem 3.3. The remaining

case is when an m× n max-plus matrix A ∈ Rm×n
ε is doubly finite and

b ∈ Rn. Therefore from now on we mainly concentrate on the system

of max-plus linear equations (3.1) under the condition that A ∈ Rm×n
ε

is doubly finite and b ∈ Rn.
To find all solutions of (3.1) for this remaining case, we consider a

special finite extended max-plus semi-field. Similarly to the finite field
Z2 under the ordinary algebraic system, we first introduce a 2-element
max-plus semi-field Z0ε = {0,−∞} whose elements are the max-plus
additive identity and the max-plus multiplicative identity. And then let
Z0ε = {0,−∞,∞} be the extended max-plus semi-field of Z0ε together
with operations ⊕,⊕′,⊗,⊗′ restricted to these elements.

Our intension of introducing 3-element extended max-plus semi-field
Z0ε is to find all solutions of (3.1) over Z0ε, and then use these solution
data to get all solutions of (3.1) for the remaining case when A is doubly
finite and b ∈ Rn.

Lemma 3.5. Let Z0ε be the 3-element extended max-plus semi-field,
A a doubly finite m×n matrix over Z0ε. Let b = 0 be a vector whose all
components are the multiplicative identity 0, which is the unique finite
vector in Z0

n
ε . Then the system of max-plus linear equations (3.1) over

Z0ε is solvable, having x = 0 as the greatest solution.

Proof. Since A is doubly finite over Z0ε, clearly A∗ ⊗′ b = b and
A⊗ (A∗ ⊗′ b) = b. Furthermore both products exist.

By Proposition 3.2, b is a well-defined greatest solution of (3.1) over

Z0ε and each solution u ∈ Z0
n
ε of (3.1) satisfies u ≤ b and thus b

does not contain +∞. So the product A ⊗ u exists and hence u is a
well-defined solution of (3.1) over Z0ε.

Now we describe a procedure for deriving all solutions to the max-
plus linear system (3.1) over the extended max-plus semi-field Rε when
A is doubly finite and b is finite, that is, b ∈ Rn. Hence from now on, let
us assume that A is an m×n doubly finite matrix. For our convenience,
we introduce two finite sets

M = {1, 2, · · · ,m}, N = {1, 2, · · · , n}.
We first transform the matrix equation A ⊗ x = b so that the com-

ponents of the right-hand vector are all equal to 0, the multiplica-
tive identity. We do this by multiplying both sides of each equation
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j=1 aij ⊗ xj = bi by b−1

i obtaining an equivalent system of max-plus
linear equations,

(3.2)

n∑
⊕

j=1

αij ⊗ xj = 0, i ∈ M,

where A = (aij), x = (xi), b = (bi) and αij = b−1
i ⊗ aij = aij − bi.

We use the same notation A for this modified matrix (αij), that is,
A = (αij). Using this modified matrix A = (αij), the max-plus linear
system (3.1), under the condition that A is doubly finite and b is finite,
transforms into

(3.3) A⊗ x = 0,

the equivalent system of max-plus linear equations, which we intend to
find all of its solutions.

In the modified matrix A = (αij), we inspect each column and mark
elements αij which are greatest in its column. We call these elements
marked. At least one element in each column will thus be marked. Let
βj be the value of a marked element in the j-th column of A, then clearly
βj is finite since A is doubly finite and hence the modified matrix A is
also doubly finite.

From the above equation (3.2) we get the inequalities

αij ⊗ xj ≤ 0, i ∈ M, j ∈ N.

Restricting ourselves to finite αij ’s, we obtain

(3.4) xj ≤ α−1
ij ,

where i ∈ M, j ∈ N and αij ∈ R, finite.
We note that the value α−1

ij in the above equation is the max-plus
multiplicative inverse of αij , which is identical to −αij .

For each j ∈ N , by taking min-plus additions for the above inequali-
ties (3.4), we have

xj ≤
∑

⊕′

i∈Ij

α−1
ij

= (
∑

⊕
i∈Ij

αij)
−1

= β−1
j ,

(3.5)

where Ij = { i ∈ M | αij : finite}.
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Relation (3.5) is thus a necessary condition for a vector x = (xi) to be
a solution of the system (3.3) when A is doubly finite over the extended
max-plus semi-field Rε.

Lemma 3.6. Consider a max-plus linear system (3.3) over the ex-
tended max-plus semi-field Rε. Suppose that there is some row i of the
matrix A = (αij) where no element of A is marked. That is to say, for
some i ∈ M ,

(3.6) αij < βj for all j ∈ N.

Then the system of max-plus linear equations (3.3) has no solution.

Proof. Suppose that (3.6) holds for some i and furthermore we can

find a vector x ∈ Rn
ε which is a solution of the system of max-plus linear

equations (3.3). Then

0 =

n∑
⊕

j=1

αij ⊗ xj = αik ⊗ xk for some 1 ≤ k ≤ n.

Then xk and αik must be finite, since their product is 0, and

x−1
k = αik < βk,

while (3.5) implies x−1
k ≥ βk, a contradiction.

Therefore we conclude that for the system of max-plus linear equa-
tions (3.3) to have at least one solution, the coefficient matrix A must
satisfy the condition that in each row and each column of A = (αij),
at least one element must be marked. This is called as a set-covering
condition for the set of row indices of the matrix A by P. Butkovic [2].

Now we transpose the system of max-plus linear equations (3.3) over
Rε into a new system of linear equations over the 2-element semi-field
Z0ε = {−∞, 0} as follows;

Introduce new variables yj for all 1 ≤ j ≤ n and a new matrix B = (γij),

where γij = 0 if αij is marked,

and γij = −∞ otherwise.

We solve the new system of linear equations over Z0ε,

(3.7) B ⊗ y =
n∑

⊕
j=1

γij ⊗ yj = 0 for all 1 ≤ i ≤ m,

where y = (yj).
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Then we claim that

For each solution y = (yj) of (3.7),

there corresponds a set of solutions x = (xj) of (3.3) as follows;
(3.8)

if yj = 0 then set xj to be the value β−1
j and,

if yj = −∞ then set xj to be an arbitrary value satisfying xj < β−1
j .

Before proving that the claim (3.8) actually produces solutions to
(3.3), we define a vector x = (xj) to be admissible for the system of
max-plus linear equations (3.3) when all of its components xj satisfies

xj ≤ β−1
j . Then the equation (3.5) tells us that all solution vectors to

the system of max-plus linear equation (3.3) must be admissible.

Hence the necessary condition for a vector x ∈ Rn
ε to be a solution of

the system (3.3) is admissible. On the other hand, the following lemma
describes the sufficient condition for an admissible vector x ∈ Rn

ε to be a

solution of the system (3.3). Here we note that if x ∈ Rn
ε is admissible,

then x ∈ Rn
ε .

Lemma 3.7. Solutions of the system (3.3) over the extended max-
plus semi-field Rε are exactly those admissible vectors x = (xj) such

that for each i ∈ M , xj = β−1
j for at least one j ∈ N such that αij is

marked.

Proof. Since αij ≤ βj for each i ∈ M and j ∈ N , we have

(3.9) αij ⊗ xj ≤ βj ⊗ xj ≤ 0,

for each i ∈ M, j ∈ N and for each admissible vectors x = (xj).
Now suppose that αij is an unmarked element of the matrix A = (αij)

and that x = (xj) an admissible vector.

Since xj ≤ β−1
j for each j ∈ N , either xj = −∞ or xj is finite. If

xj = −∞, then obviously αij ⊗ xj < 0. Now consider the case, xj
is finite. We claim that the same inequality αij ⊗ xj < 0 holds. If
it is not the case, then αij ⊗ xj = 0 since αij ⊗ xj ≤ 0. From (3.9),
αij ⊗ xj = βj ⊗ xj = 0, hence

αij = βj ,

while αij is unmarked and therefore αij < βj , a contradiction.
Hence for each admissible vector x = (xj), we have:{

αij ⊗ xj < 0 if αij is unmarked

αij ⊗ xj ≤ 0 if αij is marked.
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Hence, if there is at least one unmarked element in a row i of A, then∑
⊕

αij :unmarked

αij ⊗ xj < 0

for every admissible vector x.
So a necessary and sufficient condition for x to be a solution to the

system (3.3) is that it is an admissible assignment such that∑
⊕

αij :marked

αij ⊗ xj = 0 for all i ∈ M.

Hence since each αij ⊗ xj ≤ 0, we infer that the solutions of the system
(3.3) are exactly those admissible vectors x such that for every i ∈ M ,
αij ⊗ xj = 0 for at least one j ∈ N such that αij is marked. But αij is
marked if and only if αij = βj , and therefore the result follows.

Since the 3-element extended max-plus semi-field Z0ε is a sub semi-
field of the extended max-plus semi-field Rε, the same procedure and
reasoning in Lemma 3.7 works for the system (3.7) over Z0ε. So we
obtain the following lemma. Similarly to the remark before Lemma 3.7,
note that if x ∈ Z0

n
ε is admissible, then x ∈ Z0

n
ε , especially xj ≤ 0 for

each j ∈ N .

Lemma 3.8. The solutions of the system (3.7) over Z0ε are exactly
the assignments of the values 0 or −∞ to the variables yj such that for
each i ∈ M , yj = 0 for at least one j ∈ N such that γij is marked in the
matrix B.

Theorem 3.9. The procedure (3.8) yields all solutions to the system
of max-plus linear equations (3.3) without repetition.

Proof. Examining the procedure (3.8), we see that the assignments it
generates are admissible vectors and by Lemma 3.8, it follows that for
each i ∈ M,xj = β−1

j for at least one j ∈ N such that αij is marked.
Hence by Lemma 3.7, every assignment produced by the procedure is a
solution to the system (3.3).

Conversely, if a certain admissible vector x = (xj) is a solution to the

system (3.3), for each j ∈ N , set yj = 0 if xj = β−1
j , and set yj = −∞

if xj < β−1
j .

From Lemma 3.7 and 3.8, we see that the resulting assignment of
values to the yj ’s is a solution to the system (3.7) and it is easy to
confirm that the given solution to the system (3.3) belongs to exactly
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the class of solutions of the system (3.3) which arises by applying the
procedure (3.8) to the solution of the system (3.7) just created.

Hence the class of solutions generated by the procedure (3.8) is ex-
actly the class of solutions to the system (3.3).

Finally, it is clear that the procedure (3.8) involves no duplication of
solutions, since under the solution procedure (3.8), two distinct solutions
to the system (3.7) give rise to different combinations of variables xj
receiving the value β−1

j .

Next theorem summarizes the results on the solvability of the system
(3.3) under the condition that A is a doubly finite matrix over Rε and
b is finite. We give its proof to remind the procedures we have taken.

Theorem 3.10. Let A ∈ Rm×n
ε be doubly finite and b ∈ Rm finite.

Then the necessary and sufficient condition for the system of equations
A ⊗ x = b to have at least one solution is that each row of the matrix
C, where {C}ij = b−1

i ⊗ {A}ij , contains at least one column-maximum,
which is named as a marked element of C.

Proof. The necessity of the condition was proved in Lemma 3.6. Con-
versely, if each row of C contains an element which is greatest in its
column, then the procedure beginning with (3.3) goes through as far as
(3.7), where it defines a system of max-plus linear equations over a finite
semi-field, B ⊗ y = 0 with B doubly finite and 0, finite. But such a
system always has an least one solution, namely by setting all yi = 0,
where y = (yi). Therefore, the original system of equations A ⊗ x = b
has at least one solution, namely x = (xi) with all xj = β−1

j .

We remark that the solution x = (xi) with xj = β−1
j (j = 1, . . . , n)

discussed in the above theorem is exactly the greatest solution discussed
at Proposition 3.2. Next theorem provides the criterion when the system
of equations (3.3) has a unique solution.

Theorem 3.11. Let A ∈ Rm×n
ε be doubly finite and b ∈ Rm, finite.

Then the necessary and sufficient condition for the system A ⊗ x =
b has a uniques solution is that each row of the matrix C, {C}ij =

{b}−1
i ⊗ {A}ij , contains at least one column-maximum and for each

column j ∈ N , there is a row i ∈ M such that {C}ij is the only column-
maximum in the row i.

Proof. In view of Theorem 3.10, we may assume that C has at least
one column-maximum in each row.
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Now in terms of Lemma 3.7, solutions of the equivalent system C ⊗
x = 0 consist of certain admissible assignments, where certain variables
take the value β−1

j and others take an arbitrary value < β−1
j .

Hence if for each column j in C, we can find at least one row i in
which {C}ij is the only marked element, then Lemma 3.7 tells us that

each solution x of the system C ⊗ x = 0 has xj = β−1
j , so the solution

is unique.
Conversely, if for a particular column k in C there is no row i in

which {C}ik is the only marked element, then Lemma 3.7 tells us that
all vectors x = (xi) with

xj = β−1
j (j ̸= k),

xk ≤ β−1
k

are solutions, for arbitrary xk ≤ β−1
k , so there is no unique solution.

References

[1] F.L. Baccelli, G. Cohen, G.-J. Olsder, J.-P. Quadrat, Synchronization and Lin-
earity, John Wiley, Chichester, New York, 1992.

[2] P. Butkovic, Max-algebra: the linear algebra of combinatorics? Linear Algebra
Appl. bf 367 (2003), 313–335.

[3] R. Cuninghame-Green, Minimax-Algebra, Lecture Notes in Economics and Math.
Systems, Vol. 166, Springer-Verlag, New York, Heidelberg, Berlin 1979.

[4] B. De Schutter, Max-Algebraic system theory for discrete event systems, Katho-
liceke Universiteit Press, 1994.

[5] D. Speyer, B. Sturmfels, Tropical Matematics, Preprint
arXiv:math.Co/04080099.

Yonggu Kim
Department of Mathematics Education, Chonnam National University,
Gwangju 500-757, Korea.
E-mail: kimm@chonnam.ac.kr

Hyun-Hee Shin
Department of Mathematics, Chonnam National University,
Gwangju 500-757, Korea.
E-mail: sinojung@hanmail.net


