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COMMON FIXED POINT THEOREMS WITHOUT

CONTINUITY AND COMPATIBILITY IN

INTUITIONISTIC FUZZY METRIC SPACE

Jong Seo Park*

Abstract. In this paper, we prove some common fixed point theo-
rems for finite number of discontinuous, non-compatible mappings
on non-complete intuitionistic fuzzy metric spaces and obtain the
example. Our research improve, extend and generalize several known
results in intuitionistic fuzzy metric spaces.

1. Introduction

Sessa[12] generalized this content and introduced weakly commuting
maps. Also, Jungck and Rhoades[1] introduced the notion of weakly
compatible maps and proved that compatible maps are weakly com-
patible but converse need not true. Many authors have been proved
fixed point theorems with conditions of continuity and compatibility
in Menger spaces. But Sharma et.al.[13] proved fixed point theorems
for non-compatible discontinuous maps in non-complete Menger spaces.
Also, Kaleva et.al.[2], Kramosil et.al.[3] have introduced the concept of
fuzzy metric space for each different methods, and some authors have
been improved generalized and extended several properties in this space.

Recently, Park et.al.[9] defined the intuitionistic fuzzy metric space.
Also, Park[6], Park et.al.[10] introduced the notion of compatible maps,
and obtained common fixed point theorems in intuitionistic fuzzy metric
space.

In this paper, we prove some common fixed point theorems for finite
number of discontinuous, non-compatible mappings on noncomplete in-
tuitionistic fuzzy metric spaces and obtain the example. Our research
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improve, extend and generalize several known results in intuitionistic
fuzzy metric spaces.

2. Preliminaries

We recall some definitions, properties and known results in the intu-
itionistic fuzzy metric space as following :

Let us recall(see [11]) that a continuous t−norm is a operation ∗ :
[0, 1] × [0, 1] → [0, 1] which satisfies the following conditions: (a)∗ is
commutative and associative, (b)∗ is continuous, (c)a ∗ 1 = a for all
a ∈ [0, 1], (d)a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d (a, b, c, d ∈ [0, 1]).
Also, a continuous t−conorm is a operation � : [0, 1]×[0, 1]→ [0, 1] which
satisfies the following conditions: (a)� is commutative and associative,
(b)� is continuous, (c)a�0 = a for all a ∈ [0, 1], (d)a� b ≥ c�d whenever
a ≤ c and b ≤ d (a, b, c, d ∈ [0, 1]).

Definition 2.1. ([4])The 5−tuple (X,M,N, ∗, �) is said to be an
intuitionistic fuzzy metric space if X is an arbitrary set, ∗ is a continuous
t−norm, � is a continuous t−conorm and M,N are fuzzy sets on X2 ×
(0,∞) satisfying the following conditions; for all x, y, z ∈ X, such that

(a)M(x, y, t) > 0,

(b)M(x, y, t) = 1⇐⇒ x = y,

(c)M(x, y, t) = M(y, x, t),

(d)M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s),

(e)M(x, y, ·) : (0,∞)→ (0, 1] is continuous,

(f)N(x, y, t) > 0,

(g)N(x, y, t) = 0⇐⇒ x = y,

(h)N(x, y, t) = N(y, x, t),

(i)N(x, y, t) �N(y, z, s) ≥ N(x, z, t+ s),

(j)N(x, y, ·) : (0,∞)→ (0, 1] is continuous.

Note that (M,N) is called an intuitionistic fuzzy metric on X. The
functions M(x, y, t) and N(x, y, t) denote the degree of nearness and the
degree of non-nearness between x and y with respect to t, respectively.

Definition 2.2. ([8]) Let X be an intuitionistic fuzzy metric space.

(a) {xn} is said to be convergent to a point x ∈ X(written xn → x)
if and only if for every ε > 0 and λ ∈ (0, 1), there exists an integer
n0 = n0(ε, λ) such that M(xn, x, ε) > 1 − λ, N(xn, x, ε) < λ for all
n ≥ n0.
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(b) {xn} is called a Cauchy sequence if for every ε > 0 and λ ∈ (0, 1),
there exists an integer n0 = n0(ε, λ) such that M(xn, xn+p, ε) > 1 − λ,
N(xn, xm, ε) < λ for all n,m ≥ n0.

(c) X is complete if every Cauchy sequence converges in X.

Lemma 2.3. ([5])Let {xn} be a sequence in an intuitionistic fuzzy
metric space X with t ∗ t ≥ t and t � t ≤ t. If there exist a number
k ∈ (0, 1) such that

M(xn+2, xn+1, kt) ≥M(xn+1, xn, t),

N(xn+2, xn+1, kt) ≤ N(xn+1, xn, t)(2.1)

for all x, y ∈ X, t > 0 and n = 1, 2, · · · , then {xn} is a Cauchy sequence
in X.

Lemma 2.4. ([7])Let X be an intuitionistic fuzzy metric space. If
there exists a number k ∈ (0, 1) such that for all x, y ∈ X and t > 0,

M(x, y, kt) ≥M(x, y, t), N(x, y, kt) ≤ N(x, y, t),

then x = y.

3. Main Results

In this section, we introduce the concepts of compatible and weakly
compatible maps, and prove the common fixed point theorems for ten
mappings satisfying some conditions.

Definition 3.1. ([6])Let A and B be mappings from intuitionistic
fuzzy metric space X into itself. The mappings are said to be compatible
if

lim
n→∞

M(ABxn, BAxn, t) = 1, lim
n→∞

N(ABxn, BAxn, t) = 0

for all t > 0, whenever {xn} ⊂ X such that limn→∞Axn = limn→∞Bxn =
z for some z ∈ X.

Definition 3.2. Let A and B be mappings from intuitionistic fuzzy
metric space X into itself. The mappings are said to be weakly compat-
ible if they commute at coincidence point.

Theorem 3.3. Let A, ,B, I, J, L, P,Q, S, T and U be self maps on
an intuitionistic fuzzy metric space X with t ∗ t ≥ t, t � t ≤ t for all
t ∈ [0, 1] and satisfy the condition:

(a)P (X) ⊂ ABIL(X), Q(X) ⊂ STJU(X),
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(b)There exist k ∈ (0, 1) such that for all x, y ∈ X, α ∈ (0, 2) and
t > 0,

M(Px,Qy, kt)

≥M(ABILy, STJUx, t) ∗M(Px, STJUx, t) ∗M(Qy,ABILy, t)

∗M(Qy, STJUx, αt) ∗M(Px,ABILy, (2− α)t),

N(Px,Qy, kt)

≤ {N(ABILy, STJUx, t) �N(Px, STJUx, t) �N(Qy,ABILy, t)

�N(Qy, STJUx, αt) �N(Px,ABILy, (2− α)t),

(c)If one of P (X), ABIL(X), STJU(X), Q(X) is a complete sub-
space of X.

Then (i)P and STJU have a coincidence point and (ii)Q and ABIL
have a coincidence point.

Further if

(d)AB = BA, AI = IA, AL = LA, BI = IB, BL = LB, IL = LI,
QL = LQ, QI = IQ, QB = BQ, ST = TS, SJ = JS, SU = US,
TJ = JT , TU = UT , JU = UJ , PU = UP , PJ = JP and PT = TP ,

(e)The pairs (P, STJU) and (Q,ABIL) are weakly compatible.

Then (iii)A,B, I, J, L, P,Q, S, T and U have a unique common fixed
point in X.

Proof. From (a), for any x0 ∈ X, there exists x1 ∈ X such that
Px0 = ABILx1. For such point x1, we can choose a point x2 ∈ X such
thatQx1 = STJUx2 and so on. Inductively, we can construct a sequence
{yn} in X such that for n = 0, 1, 2, · · · , y2n = Px2n = ABILx2n+1 and
y2n+1 = Qx2n+1 = STJUx2n+2.

By (b), for all t > 0 and α = 1− q with q ∈ (0, 1), we have

M(y2n+2, y2n+1, kt) = M(Px2n+2, Qx2n+1, kt)

≥M(y2n, y2n+1, t) ∗M(y2n+2, y2n+1, t) ∗M(y2n+1, y2n, t)

∗M(y2n+1, y2n+1, (1− q)t) ∗M(y2n+2, y2n, (1 + q)t)

≥M(y2n, y2n+1, t) ∗M(y2n+2, y2n+1, t) ∗M(y2n+1, y2n+2, qt),

N(y2n+2, y2n+1, kt) = N(Px2n+2, Qx2n+1, kt)

≤ N(y2n, y2n+1, t) �N(y2n+2, y2n+1, t) �N(y2n+1, y2n, t)

�N(y2n+1, y2n+1, (1− q)t) � (y2n+2, y2n, (1 + q)t)

≤ N(y2n, y2n+1, t) �N(y2n+2, y2n+1, t) �N(y2n+1, y2n+2, qt).
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Letting q → 1, we have

M(y2n+1, y2n+2, kt) ≥M(y2n, y2n+1, t) ∗M(y2n+1, y2n+2, t),

N(y2n+1, y2n+2, kt) ≤ N(y2n, y2n+1, t) �N(y2n+1, y2n+2, t).

Similarly, we have

M(y2n+2, y2n+3, kt) ≥M(y2n+1, y2n+2, t) ∗M(y2n+2, y2n+3, t),

N(y2n+2, y2n+3, kt) ≤ N(y2n+1, y2n+2, t) �N(y2n+2, y2n+3, t).

Generally, we have for m = 1, 2, · · · ,

M(ym+1, ym+2, kt) ≥M(ym, ym+1, t) ∗M(ym+1, ym+2, t),

N(ym+1, ym+2, kt) ≤ N(ym, ym+1, t) �N(ym+1, ym+2, t).

Consequently, for m = 1, 2, · · · and p = 1, 2, · · · , it follows that

M(ym+1, ym+2, kt) ≥M(ym, ym+1, t) ∗M(ym+1, ym+2,
t

kp
),

N(ym+1, ym+2, kt) ≤ N(ym, ym+1, t) �N(ym+1, ym+2,
t

kp
).

Letting p→∞, since M(ym+1, ym+2,
t
kp )→ 1 and N(ym+1, ym+2,

t
kp )→

0, we have

M(ym+1, ym+2, kt) ≥M(ym, ym+1, t), N(ym+1, ym+2, kt) ≤ N(ym, ym+1, t).

Hence {yn} is a Cauchy sequence in X. Now, suppose that STJU(X)
is complete, then {y2n+1} ⊂ {yn} has a limit z in STJU(X). Let w ∈
(STJU)−1z. Then STJUw = z.

By (b) with α = 1, we obtain

M(Pw,Qx2n+1, kt) = M(Pw, y2n+1, kt)

≥M(y2n, STJUw, t) ∗M(Pw, STJUw, t) ∗M(y2n+1, y2n, t)

∗M(y2n+1, STJUw, t) ∗M(Pw, y2n, t),

N(Pw,Qx2n+1, kt) = N(Pw, y2n+1, kt)

≤ N(y2n, STJUw, t) �N(Pw, STJUw, t) �N(y2n+1, y2n, t)

�N(y2n+1, STJUw, t) �N(Pw, y2n, t).

Letting n→∞, we have

M(Pw, z, kt) ≥M(Pw, z, t), N(Pw, z, kt) ≤ N(Pw, z, t)

Therefore, Pw = z. Since STJUw = z, Pw = z = STJUw. That
is, w is coincidence point of P and STJU . Also, because P (X) ⊂
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ABIL(X), Pw = z implies that z ∈ ABIL(X). Let v ∈ (ABIL)−1z,
then ABILv = z. By (b) with α = 1, we have

M(Px2n+2, Qv, kt) = M(y2n+2, Qv, kt)

≥M(ABILv, y2n+1, t) ∗M(y2n+2, y2n+1, t) ∗M(Qv, y2n+1, t)

∗M(Qv, y2n+1, t) ∗M(Qx2n+2, ABILv, t),

N(Px2n+2, Qv, kt) = N(y2n+2, Qv, kt)

≤ N(ABILv, y2n+1, t) �N(y2n+2, y2n+1, t) �N(Qv, y2n+1, t)

�N(Qv, y2n+1, t) �N(Qx2n+2, ABILv, t).

Letting n→∞, we have

M(Qv, z, kt) ≥M(Qv, z, t), N(Qv, z, kt) ≤ N(Qv, z, t).

Therefore Qv = z. Hence Qv = z = ABILv. That is, v is coincidence
point of Q and STJU .

If P (X) or Q(X) is complete, then by (a), z ∈ P (X) ⊂ ABIL(X) or
z ∈ Q(X) ⊂ STJU(X). Thus (i) and (ii) are completely established.

From (e), since {P, STJU} is weakly compatible, therefore P (STJUw) =
STJU(Pw) or Pz = STJUz. Also, since {Q,ABIL} is weakly com-
patible, therefore Q(ABILv) = (ABIL)Qv or Qz = ABILz.

Now, we prove that Pz = z. By (b) with α = 1, we obtain

M(Pz,Qx2n+1, kt) = M(Pz, y2n+1, kt)

≥M(y2n, STJUz, t) ∗M(Pz, STJUz, t) ∗M(y2n+1, y2n, t)

∗M(y2n+1, STJUz, t) ∗M(Pz, y2n, t),

N(Pz,Qx2n+1, kt) = N(Pz, y2n+1, kt)

≤ N(y2n, STJUz, t) �N(Pz, STJUz, t) �N(y2n+1, y2n, t)

�N(y2n+1, STJUz, t) �N(Pz, y2n, t).

Proceeding limit as n→∞, we get

M(Pz, z, kt) ≥M(Pz, z, t), N(Pz, z, kt) ≤ N(Pz, z, t).

Thus, Pz = z. Since STJUz = Pz, we have Pz = STJUz = z.



Common fixed point theorems without continuity and compatibility 149

By (b) with α = 1, we have

M(Px2n+2, Qz, kt) = M(y2n+2, Qz, kt)

≥M(ABILz, y2n+1, t) ∗M(y2n+2, y2n+1, t) ∗M(Qz,ABILz, t)

∗M(Qz, y2n+1, t) ∗M(y2n+2, ABILz, t),

N(Px2n+2, Qz, kt) = N(y2n+2, Qz, kt)

≤ N(ABILz, y2n+1, t) �N(y2n+2, y2n+1, t) �N(Qz,ABILz, t)

�N(Qz, y2n+1, t) �N(y2n+2, ABILz, t).

Letting n→∞, we have

M(z,Qz, kt) ≥M(z,Qz, t), N(z,Qz, kt) ≤ N(z,Qz, t).

Thus, Qz = z. Hence Qz = ABILz = z.
By (b) with α = 1 and using (d), we get

M(Pz,Q(Lz), kt)

≥M(ABIL(Lz), STJUz, t) ∗M(Pz, STJUz, t) ∗M(Q(Lz), ABIL(Lz), t)

∗M(Q(Lz), STJUz, t) ∗M(Pz,ABIL(Lz), t),

N(Pz,Q(Lz), kt)

≤ N(ABIL(Lz), STJUz, t) �N(Pz, STJUz, t) �N(Q(Lz), ABIL(Lz), t)

�N(Q(Lz), STJUz, t) �N(Pz,ABIL(Lz), t).

From above results, we have

M(Pz,Q(Lz), kt) = M(z, Lz, kt) ≥M(z, Lz, t),

N(Pz,Q(Lz), kt) = N(z, Lz, kt) ≤ N(z, Lz, t).

Therefore Lz = z. Since ABILz = z, we have ABIz = z.
Also, by (b) with α = 1 and using (d), we get

M(Pz,Q(Iz), kt)

≥M(ABIL(Iz), STJU(Iz), t) ∗M(Pz, STJUz, t) ∗M(Q(Iz), ABIL(Iz), t)

∗M(Q(Iz), STJUz, t) ∗M(Pz,ABIL(Iz), t),

N(Pz,Q(Iz), kt)

≤ N(ABIL(Iz), STJU(Iz), t) �N(Pz, STJUz, t) �N(Q(Iz), ABIL(Iz), t)

�N(Q(Iz), STJUz, t) �N(Pz,ABIL(Iz), t).

From above results, we have

M(Iz, z, kt) ≥M(Iz, z, t), N(Iz, z, kt) ≤ N(Iz, z, t).

Thus Iz = z. Since ABIz = z, we have ABz = z.
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Now, we prove that Bz = z. Put x = z, y = Bz in (b) with α = 1
and using (d), we get

M(Pz,Q(Bz), kt)

≥M(ABIL(Bz), STJUz, t) ∗M(Pz, STJUz, t) ∗M(Q(Bz), ABIL(Bz), t)

∗M(Q(Bz), STJUz, t) ∗M(Pz,ABIL(Bz), t),

N(Pz,Q(Bz), kt)

≤ N(ABIL(Bz), STJUz, t) �N(Pz, STJUz, t) �N(Q(Bz), ABIL(Bz), t)

�N(Q(Bz), STJUz, t) �N(Pz,ABIL(Bz), t).

Then we have

M(z,Bz, kt) ≥M(z,Bz, t), N(z,Bz, kt) ≤ N(z,Bz, t).

Thus z = Bz. Since ABz = z, we have Az = z = Bz.
We prove that Uz = z. Put x = Uz, y = z in (b) with α = 1 and

using (d), we have

M(P (Uz), Q(z), kt)

≥M(ABILz, STJU(Uz), t) ∗M(P (Uz), STJU(Uz), t) ∗M(Qz,ABILz, t)

∗M(Qz, STJU(Uz), t) ∗M(P (Uz), ABILz, t),

N(P (Uz), Q(z), kt)

≤ N(ABILz, STJU(Uz), t) �N(P (Uz), STJU(Uz), t) �N(Qz,ABILz, t)

�N(Qz, STJU(Uz), t) �N(P (Uz), ABILz, t).

Then we have

M(Uz, z, kt) ≥M(Uz, z, t), N(Uz, z, kt) ≤ N(Uz, z, t).

Thus Uz = z. Since STJUz = z, we have STJz = z.
In order to prove Jz = z, we put x = Jz, y = z in (b) with α = 1

and using (d), we have

M(P (Jz), Q(z), kt)

≥M(ABILz, STJU(Jz), t) ∗M(P (Jz), STJU(Jz), t) ∗M(Qz,ABILz, t)

∗M(Qz, STJU(Jz), t) ∗M(P (Jz), ABILz, t),

N(P (Jz), Q(z), kt)

≤ N(ABILz, STJU(Jz), t) �N(P (Jz), STJU(Jz), t) �N(Qz,ABILz, t)

�N(Qz, STJU(Jz), t) �N(P (Uz), ABILz, t).

Then we have

M(Jz, z, kt) ≥M(Jz, z, t), N(Jz, z, kt) ≤ N(Jz, z, t).

Thus Jz = z. Since STJz = z, we have STz = z.
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To prove Tz = z put x = Tz, y = z in (b) with α = 1 and using (d),
we have

M(P (Tz), Q(z), kt)

≥M(ABILz, STJU(Tz), t) ∗M(P (Tz), STJU(Tz), t) ∗M(Qz,ABILz, t)

∗M(Qz, STJU(Tz), t) ∗M(P (Tz), ABILz, t),

N(P (Tz), Q(z), kt)

≤ N(ABILz, STJU(Tz), t) �N(P (Tz), STJU(Tz), t) �N(Qz,ABILz, t)

�N(Qz, STJU(Tz), t) �N(P (Uz), ABILz, t).

Then we have

M(Tz, z, kt) ≥M(Tz, z, t), N(Tz, z, kt) ≤ N(Tz, z, t).

Thus Tz = z. Since STz = z, we have Sz = z. Therefore from com-
bining the above results, we get Az = Bz = Iz = Jz = Lz = Pz =
Qz = Sz = Tz = Uz = z. That is, z is a common fixed point of
A,B, I, J, L, P,Q, S, T and U . The uniqueness of common fixed point of
this mappings can prove easily from (b).

Example 3.4. Let (X, d) be the metric space withX = [0, 1]. Denote
a∗ b = min{a, b} and a� b = max{a, b} for all a, b ∈ [0, 1] and let Md, Nd

be fuzzy sets on X2 × (0,∞) defined as follows :

Md(x, y, t) =
t

t+ d(x, y)
, Nd(x, y, t) =

d(x, y)

t+ d(x, y)
.

Then (Md, Nd) is an intuitionistic fuzzy metric on X and X is an intu-
itionistic fuzzy metric space. Let self mappings A,B, I, J, L, P,Q, S, T
and U be maps from X into itself defined as

Ax = x
5 , Bx = x

3 , Ix = x, Jx = x, Lx = x
2

Px = 0, Qx = x
6 , Sx = x, Tx = x

2 , Ux = x
3

for all x ∈ X. Then P (X) = {0} ⊂ [0, 1
30 ] = ABIL(X) and Q(X) =

[0, 16 ] ⊂ [0, 16 ] = STJU(X). Clearly, (b),(c),(d) and (e) of Theorem
3.3 are satisfied. Thus all conditions of Theorem 3.3 are satisfied and
0 is a unique common fixed point of A,B, I, J, L, P,Q, S, T and U on
intuitionistic fuzzy metric space X.
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