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ANALYSIS OF TWOPHASE FLOW MODEL

EQUATIONS

Hyeonseong Jin

Abstract. In this paper, we propose closures for multi-phase flow
models, which satisfy boundary conditions and conservation con-
straints. The models governing the evolution of the fluid mixing are
derived by applying an ensemble averaging procedure to the micro-
physical equations characterized by distinct phases. We consider
compressible multi species multi-phase flow with surface tension
and transport.

1. Introduction

We discuss compressible multi-phase flow equations obtained by av-
eraging microphysical equations characterized by distinct phases. The
models we consider have distinct phase pressures and lead to hyperbolic
models, eliminating mathematical difficulties of complex characteristics
associated with single pressure flow models having distinct velocities.
In this sense they are an outgrowth of earlier studies by Stewart and
Wendroff [23], Ransom and Hicks [20], Chen et al. [4, 12], Saltz et
al. [12] and Saurel et al. [22, 1, 8]. Multiphase flow has been studied
for many decades, with the basic physics and equations developed in
the classical treateses of Wallis [24] and Drew [9]. The derivation of
averaged equations leads to undefined averages of nonlinear functions of
the primitive variables. These quantities must be modeled to close the
system of averaged equations.

The main result, achieved in part here, is to identify a closure which
satisfies all the conservation and boundary constraints for the continuity
and momentum equations. In a second paper, we will close the energy
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equation and satisfy all constraints for this equation as well. Based on
the exact expressions for the interfacial terms, integral identities are
proposed to define closures. The model proposed here is a modification
of [17, 4, 12, 21, 6]; it is based on an assumed absence of internal length
scales within the mixing zone; it assumes a mixing zone homogeneity. It
allows common and important scale breaking phenomena in the equa-
tions of motion. Here we consider compressible multi species multi-phase
flow with surface tension and transport. Based on exact expressions for
the interfacial terms, integral identities are proposed to define closures.
The proposed closure model is based on the representation of interfacial
quantities in terms of convex sums of the quantities corresponding to the
individual phases [3, 4] and in these convex sums, the use of fractional
linear forms to represent the convex coefficients.

The applicability of the model includes acceleration driven mixing
processes. Acceleration driven mixing (e.g., the steady body force driven
Rayleigh-Taylor and the shock accelerated Richtmyer-Meshkov mixing)
is characterized by well defined coherent structures which occupy the
outer portions of the mixing layer. These are the bubbles of light fluid
and the spikes of heavy fluid each penetrating into the opposite fluid
type. The central portion of the mixing layer is typically broken up into
smaller structures. The phenomenology usually associated with multi-
phase flow, i.e., added mass and drag, is here taken from an assumed
motion of the mixing zone edges, which are themselves governed by
buoyancy drag equations, see [12, 13, 14]. With this phenomenological
input, we propose, in a nearly unique manner, equations which govern
the statistical averages of the coherent structures dominating the mixing
zone. Implicit in this closure are the buoyancy, drag and added mass
effects normally treated phenomenologically [9], but in the present clo-
sure, a consequence of other terms, such as the pressure difference term
in the equations [3, 11, 16].

1.1. The Primitive Equations

We consider multiple species, labeled i = 1, · · · , n. We include effects
of surface tension, viscosity, thermal conductivity and mass diffusion.
We write the microscopic continuity, momentum and energy equations
of a single phase of a miscible material phase in an inertial frame,

∂ρi
∂t

+∇ · ρiv = −∇ · ji ,(1.1)

∂ρv

∂t
+∇ · ρvv = ∇ · τ + ρg ,(1.2)
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∂ρE

∂t
+∇ · ρvE = ∇ · τv + ρv · g −∇ ·

∑
i

hiji +∇ · κ∇T .(1.3)

The dependent variables ρi, v, ρ =
∑

i ρi, p, E, and g denote, respec-
tively, the species i mass density, the velocity, total density, pressure,
total energy with E = e + v2/2 and e the internal energy and gravity.
We assume that an equation of state (EOS) is defined for each of the
species, and we give below our assumptions that serve to define the EOS
of the mixture. Also

(1.4) hi = ei +
pi
ρi

is the specific enthalpy of species i, where pi is the partial pressure of
species i; ei is the specific internal energy of species i. τ is the total
stress. We consider Newtonian fluids, so that the constitutive law for
the Cauchy stress takes the form,

τ = −pI + τ ′ ,(1.5)

τ ′ is the viscous stress,

τ ′ = 2µ[D− 1

3
tr(D)I] + ζtr(D)I ,(1.6)

where µ is the first coefficient of viscosity and ζ is the bulk viscosity. D
is the rate of deformation tensor,

(1.7) D =
1

2

[
∇v + (∇v)T

]
.

A more fundamental theory of multifluid viscosity is described in the
book of Williams [25], to which the present theory is an approximation.

Also κ is the heat conductivity; T is temperature. Note that the total
mass density ρ =

∑
i ρi and ωi = ρi/ρ as the mass fraction of the ith

species. ji is the diffusion flux of the form

(1.8) ji = −ρ
∑
k

νi,k∇ωk ,

where νi,j are binary diffusion coefficients which are subject to the con-
straints [2]

νi,i = 0,(1.9) ∑
i(νi,j − νi,k) = 0, j 6= k .(1.10)

In particular for the two species case, ν1,2 = ν2,1. In general, the νi,j ,
as with the other transport coefficients and the surface tension, are
thermodynamic functions, and thus dependent on temperature, pres-
sure and the concentrations ω1, · · · , ωN . For the present problems, we
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assume them to be global constants, in view of the limited thermody-
namic range of the flows. In (1.2), the dot product within the diffusion
term is between the indices of the gradient and the divergence. The
term proportional to ji in (1.3) represents the diffusion of of enthalpy,
and is a consequence of heat flux due to mass diffusion between different
species [25].

To describe the equation of state of the mixture in terms of the
equations of state of the species, we define the Helmholtz free energy
F (V, T, ω1, ω2, · · ·ωN ) as a function of the total specific volume V , the
temperature of the mixture T and the mass fractions of the species ωi.
Since each material occupies the same volume, the specific volume of a
species is given by ωiVi = V . We then assume that the dependence of
the free energy on the mass fraction is linear, so that the Helmholtz free
energy of the mixture is the mass average of the Helmholtz free energies
of the species [10],

(1.11) F (V, T, ω1, ω2, · · · , ωN ) =
∑
i

ωiFi(Vi, T ) =
∑
i

ωiFi(V/ωi, T ) .

The pressure is then given by

(1.12) p =
∑
i

pi ,

where pi is the partial pressure of species i,

(1.13) pi = pi(Vi, T ) = −
(
∂Fi

∂Vi

)
T

.

The entropy is given by

(1.14) S =
∑
i

ωiSi(Vi, T ) ,

where

(1.15) Si(Vi, T ) = −
(
∂Fi

∂T

)
Vi

.

The internal energy is given by

(1.16) e = F + TS =
∑
i

ωiei(Vi, T ) .

This is a complete specification of an equation of state. The temperature
can be solved from (1.16) and formulas for sound speeds and specific
heats can also be obtained, see Menikoff and Plohr [19].
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We sum (1.1) over i to obtain a total mass equation,

(1.17)
∂ρ

∂t
+∇ · ρv = 0 .

Eq.(1.17) may be used to replace one of the equations (1.1).
For simplicity, we formulate the equations in terms of two phases.

See Cheng et al. [7] for extensions of the equations below to the general
multiphase case, in the incompressible limit. Let the function Xk be
the phase indicator for material k (k = 1, 2); i.e., Xk(t,x) equals 1 if
position x is in phase k at time t, zero otherwise. For immiscible fluids,
the presence of a sharp interface ∂Xk between the fluids gives a well
defined meaning to the phase indicator function Xk. For miscible fluids,
Xk is a useful, but approximate notion, only for times which are small
relative to the diffusion process between the fluids. In this case, we
can regard the boundary ∂Xk of Xk as representing the mean location
or 50% level set of the transition function within a narrow diffusive
mixing zone that characterizes the transition between distinct species
concentrations. Within each phase, there is a single fluid velocity, while
across phase boundaries (at the microphysics level), the distinct phase
velocities have continuous normal components.

To avoid unimportant complexity, we assume that there is no mass
diffusion across an interface separating immiscible fluids. Since our ex-
amples only consider constant diffusivities for binary mixtures (n = 2,
ν1,2 = ν2,1 = ν = constant), and constant coefficients of surface tension
σ = constant, a consequence of this assumption is that we only consider
flows that are either purely diffusive σ = 0 and no material interfaces,
or non-diffusive ν = 0, sharp material interfaces, but never both simul-
taneously. This eliminates the need to describe interfacial diffusion in
this paper.

At the interface between two immiscible fluids, the jump condition is

(1.18) [τTn] = −σKn−∇‖σ,

in which the symbol [ ] is defined as the change in a quantity across an
interface, [f ] = f1 − f2 and ∇‖ = (I − nn) · ∇ is the surface tangential
component of the gradient. (1.18) is a balance of forces law. The unit
normal vector n is directed into fluid 1. Also K is the mean curvature
and σ is the coefficient of surface tension. The first term in (1.18) is clas-
sical surface tension. The second term in (1.18) is the Marangoni force
tangent to the surface. It may arise for example from a variation of the
surface tension with temperature or variable surfactant concentration in
the presence of surfactant.
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We average the advection law

(1.19)
∂Xk

∂t
+ vint · ∇Xk = 0

for the indicator function Xk of the region occupied by the fluid k, with
derivatives considered in the distributional sense. A derivation of (1.19)
can be found in the article of Drew [9]. For diffusion processes where
Xk is defined by the 50% level we define:

(1.20) vint = v · nn− ∇ · ρν∇ωk

ρ|∇ωk|2
∇ωk

while for a sharp interface with no diffusion vint is the common compo-
nent of the velocity normal to the interface on either side of the interface,

(1.21) vint = v · nn.

In both cases v is the microphysical velocity evaluated at the interface
and n is the interface normal vector. In the case of nonzero surface
tension, when the microphysical velocity may be discontinuous at the
interface, the velocity component normal to the boundary ∂Xk is con-
tinuous, so that v · n is well defined.

1.2. The Averaged Equations

Multiphase equations for the phase k are obtained by multiplying
(1.1)-(1.3) by Xk and performing an ensemble average. In this deriva-
tion we follow the ideas of Drew [9]. Typically we consider averaged
equations depending on fewer independent variables than time and the
three variables of physical space. The ensemble to be averaged is as-
sumed to be independent of the missing variables. Thus in a rectangular
coordinate system, we assume the ensemble is independent of x or of x
and y. The ensemble average in this case includes an average over the
suppressed spatial variables. We also want to allow statistical ensembles
possessing cylindrical or spherical symmetry, for which purpose we intro-
duce the geometry indicator s, s = 0, 1, 2 corresponding to the planar,
cylindrical and spherical form of equations. In rectangular coordinates,
we integrate the equations (1.1)-(1.3) over the x or x and y directions. In
cylindrical coordinates, we integrate the equations over the θ or θ and z
directions, in spherical coordinates, we integrate the equations over the
θ or θ and φ directions. This yields one or two dimensional multi-phase
flow averaged equations. When the equations are given in cylindrical
and spherical coordinates, there are geometrical source terms due to the
curvilinearity of coordinate systems. See Malvern’s book [18] for details.
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In fact, this picture is a simplification. In a more general context,
not developed in detail here, the variables are reduced locally, with a
single preferred direction normal to the mixing layer, determined locally
by the flow field, and two other directions locally tangent to it. Often,
one or both of those tangent directions will be averaged over, but in any
case the single normal direction will play a distinguished role. In the
present study, this mixing layer normal direction is fixed globally to be
the z or the r direction.

The averaging operator 〈· · · 〉 in the present paper is exclusively a
global average over suppressed variables, but more generally it may also
be a local spatial or space time average or an ensemble average over some
ensemble of statistically equivalent simulations. For many situations,
these averages are all equivalent, but where they differ, it is necessary
to be precise which is being used.

The average of the indicator function Xk is denoted βk ≡ 〈Xk〉;
βk(z, t) is then the expected fraction of the horizontal layer at height
z that is occupied by fluid k at time t. Averaging removes most discon-
tinuities from the solution. Specifically, although Xk is discontinuous,
βk will usually be continuous.

For other variables, we use two types of averaging. The phase average
of a variable f is defined by

(1.22) fk = 〈Xkf〉 /βk ,

and the phase mass-weighted average is defined as

(1.23) fk = 〈Xkρf〉 / 〈Xkρ〉 ,

In the averaged equations, only two variables, the averaged velocities
and the averaged total energy, are defined by the phase mass-weighted
average (1.23). For later use, we also consider a mass weighted entropy
and internal energy. All other averaged variables are defined by the
phase average (1.22).

Applying the ensemble average to Eqs. (1.1)-(1.3), we obtain the
ensemble averaged equations

(1.24)
∂(βkρki)

∂t
+∇ · (βkρkivk) = 〈Xk∇ · ji〉 ,

∂(βkρkvk)

∂t
+∇ · (βkρkvkvk) +∇ · (βkRk)

= ∇ · (βkτk)− 〈τ∇Xk〉+ βkρkg ,
(1.25)
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∂(βkρkEk)

∂t
+∇ · (βkρkvkEk) +∇ · (βkSk)

= ∇ · 〈Xkτv〉 − 〈τv∇Xk〉+ βkρkvk · g

+

〈
Xk∇ ·

∑
i

hiji

〉
+ 〈Xk∇ · κ∇T 〉 ,

(1.26)

where Rk is the Reynolds stress tensor and Sk is the turbulent flux of
total energy, both for phase k,

(1.27) Rk =
〈Xkρvv〉

βk
− 〈Xkρv〉2

βk 〈Xkρ〉
, Sk =

〈XkρvE〉
βk

−〈XkρE〉 〈Xkρv〉
βk 〈Xkρ〉

.

In the remainder of this paper, we choose a preferred direction normal
to the mixing layer and integrate (1.24-1.26) over two other directions
tangent to it. This procedure yields one dimensional averaged equations.
We follow Drew [9] and earlier papers [3, 4, 15] to obtain

∂βk
∂t

+ v∗
∂βk
∂z

= 0 ,(1.28)

∂(βkρki)

∂t
+∇s(βkρkivk) = βkDki ,(1.29)

∂(βkρkvk)

∂t
+∇s(βkρkv

2
k)

= − ∂

∂z
(βkpk) + p∗k

∂βk
∂z

+ βkρkg + βkMk ,

(1.30)

∂(βkρkEk)

∂t
+∇s(βkρkvkEk)

= −∇s(βkpkvk) + (pkv)∗
∂βk
∂z

+ βkρkvkg + βkEk .
(1.31)

Summing the equation (1.29) over i, we get the equations for total mass

(1.32)
∂(βkρk)

∂t
+∇s(βkρkvk) = 0 ,

where

(1.33) ∇sf(z) =
1

zs
∂zsf(z)

∂z
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is the curvilinear divergence. For convenience, we use the following
symbols to represent the source terms of (1.29)-(1.31)

Dki = (∇ · ji)k ,(1.34)

Mk = (∇ · τ ′)k,3 + fsk ,(1.35)

Ek = (∇ · τ ′v)k + (∇ · (
∑
i

hiji))k + (∇ · (κ∇T ))k ,(1.36)

in which (∇· τ ′)k,3, and v3 mean the third component of (∇· τ ′)k and v.
fsk is the averaged geometrical source term; fsk = 0 for rectangular coor-
dinates. Here we have already suppressed the phase k Reynolds stress in
equation (1.30) and the turbulent flux of total energy in equation (1.31)
since they are typically small in the problems we are considering. Also,
v∗, p∗k, (pkv)∗ are the averaged quantities at the interface

(1.37) v∗ =
〈v · ∇Xk〉
〈n3 · ∇Xk〉

, p∗k =
〈pkn3 · ∇Xk〉
〈n3 · ∇Xk〉

, (pkv)∗ =
〈pkv · ∇Xk〉
〈n3 · ∇Xk〉

,

where n3 is the unit normal vector in the preferred direction. Although
the equations (1.37) allow multiple fluids, they only allow a single in-
terface type, i.e. at most two fluid phases. A generalization [7] of this
framework to multiple phases specifies an interface type for each pair of
phases that are in contact, and leads to a generalization of the system
(1.37).

The definitions (1.37) are fundamental to all that follows. They are
mathematically exact consequences of the averages of Eqs. (1.1)-(1.3)
and specify the quantities (the right hand side of (1.37)) that are to
be approximated in a definition of closure to complete the averaged
equations (1.28)-(1.31).

Note that ∇Xk equals the unit normal to the boundary ∂Xk times
a delta function concentrated on ∂Xk. The definitions assume that in-
terface fluxes weighted by this vector measure are proportional to fluxes
through the z direction only. Also for an interface quantity such as p∗,
which may be discontinuous across the interface (due to surface tension),
the notation p∗k indicates evaluation from the interior Xk side of ∂Xk.

2. Spatial Homogeneity Closure

In [17], the convex sum expression for the compressible v∗ and its
incompressible limit was derived from invariance group considerations.
For compressible flow with surface tension and transport, we extend the
results. We find the convex sum formulas as well as the fractional linear
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form for the coefficients and a natural assumption on the constitutive
law to close the fractional linear form. We derive an exact expression for
the interface quantities q∗, q = v, p, by manipulation of the governing
equations (1.28), (1.32), (1.30) in the absence of any closure assumption.
Based on this expression, closures are proposed.

We introduce mixing zone boundary conditions which closures for q∗,
q = v, p, pv, should satisfy. The height at which β1 (β2) vanishes is la-
belled the lower (upper) edge of the mixing zone, and it corresponds to
the tip of the frontier portion of light (heavy) fluid in the microscopic
flow. Therefore the average q∗ of the fluid quantity q must equal q1 (q2)
at the lower (upper) mixing zone edge z = Z1(t) (z = Z2(t)). Consis-
tency with the microphysical equations leads to mixing zone boundary
constraints

(2.1) v∗ = vk , p∗ = pk , (pv)∗ = pkvk at z = Zk .

For later use, we introduce the notation

(2.2) q ≡ β1q1 + β2q2 , ∆q ≡ q1 − q2
for any quantity q and the notation of the phase k convective derivative

(2.3)
Dk

Dt
≡ ∂

∂t
+ vk

∂

∂z
.

2.1. The v∗ closure

The first step in the closure derivation is to derive an exact iden-
tity [17] for the interface velocity v∗. This follows from (1.28) and (1.32)
independently of v∗ closure assumptions. The result is extended here
to allow for effects of multi species mass diffusion. Geometrical effects
(s = 0, 1, 2) are also treated here.

We begin by dividing (1.32) by ρk and subtracting the result from
(1.28), to obtain

(2.4) (vk − v∗)
∂βk
∂z

+ βk (∇svk +Hv
k ) = 0 ,

where

Hv
k =

1

ρk

Dkρk
Dt

.(2.5)

We sum (2.4) over k, solve for ∂βk/∂z, and substitute the result in (2.4).
After algebraic simplification, this gives

Theorem 2.1. The interface quantity v∗ has the exact formula

(2.6) v∗ = µv1v2 + µv2v1 ,
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where the mixing coefficients have the fractional linear form

µvk =
βk

βk + dvkβk′
.(2.7)

The constitutive factor dvk is also expressed in the exact form

(2.8) dvk(z, t) =
∇svk′ +Hv

k′

∇svk +Hv
k

.

The factor dvk(z, t) in (2.8) is a ratio of logarithmic rates of volume
creation for the two phases.

The second step in our closure program is to impose spatial homo-
geneity. For this purpose we define

(2.9) dvk(t) =

∫ Zk′

Zk

∂(zsvk′)

∂z
+ zsHv

k′dz∫ Zk′

Zk

∂(zsvk)

∂z
+ zsHv

kdz

.

The identity (2.9) states that the relative extent of volume creation for
the two fluid species is independent of the spatial location in the mixing
zone. Thus we see that the closure (2.9) is logically and physically
independent of and distinct from (2.8). Specifically, of course, these two
formulas are distinct, but we emphasize that (2.9) is a closure and is
not a consequence of the averaged equations, while (2.8) is not a closure
and is a consequence of the averaged (unclosed) equations. Given the

mixing zone edge positions Zk(t) or velocities Vk(t) = Żk, the identity
(2.9) is a zero parameter model for the constitutive law dvk(t). The
ratio (2.9) satisfies the relation dv1(t)dv2(t) = 1 which is equivalent to
µv1 + µv2 = 1. Furthermore, dvk(t) ≥ 0 if and only if µvk is nonnegative
finite for 0 ≤ βk ≤ 1.

The creation of volume arises primarily from the entrainment of pre-
viously unmixed (pure phase fluid) into the mixing zone (this effect gives
rise to the Vk terms in (2.9)) and also from the relative compression of
the two fluids (a result of the logarithmic substantive derivative terms
in (2.9)).

We assume (−1)kVk = (−1)kŻk ≥ 0 so that the mixing zone is ex-
panding. The growing mixing zone entrains pure phase fluid into the
mixture, and thus creates mixed fluid volume for both phases. In the
incompressible, non-diffusive RT case, this is seen clearly from the closed
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form solution

(2.10) dvk(t) =

(
Zk′

Zk

)s ∣∣∣∣Vk′Vk

∣∣∣∣ .
In the planar case (s = 0), the ratio in (2.10) is a function of the Atwood
number A = (ρ2 − ρ1)/(ρ2 − ρ1), and can be determined exactly on the
basis of a theory [4, 5] which has been validated against experiments.

2.2. The p∗ closure

In the case of non-zero surface tension, pressure is discontinuous at
the interface ∂Xk, and pk is the value of the pressure defined by continu-
ity from the interior of Xk. These limiting pressures at the microphysical
level, i.e. before ensemble averaging, are related by the equation

(2.11) p1 − p2 = (Kσn +∇‖σ) · n + nT [τ ′]n = Kσ + nT [τ ′]n

where K is the mean curvature and σ is the surface tension. It is con-
venient to define

(2.12) p∗ =
1

2
(p∗1 + p∗2) ,

and the capillary pressure

(2.13) p∗c = p∗1 − p∗2 ,

so that

(2.14) p∗1 = p∗ +
p∗c
2
, p∗2 = p∗ − p∗c

2
.

In view of (2.11), p∗c is the product of the surface tension σ and the
average of the surface mean curvature. Similarly we define (pv)∗ and
(pcv)∗ as the average and the difference of the (pkv)∗. We then define

p̃k = pk + (−1)k
p∗c
2

p̃∗k = p∗k + (−1)k
p∗c
2

= p∗ .

(2.15)

The required boundary condition (2.1) for p∗ at the mixing zone edge
Zk can be reformulated as

(2.16) p̃k = p̃∗k = p∗ at z = Zk .

We derive an exact expression for p∗ in terms of other solution vari-
ables. This exact form will be approximated to yield a closed expression
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for p∗. Using (1.32), we obtain from (1.30),

(2.17) βk

(
∂pk
∂z
−Hk

)
+ (p̃k − p∗)

∂βk
∂z

= 0 ,

where

(2.18) Hk = ρk

(
g − Dkvk

Dt
− Mk

ρk

)
.

Summing (2.17) over k = 1, 2, we obtain

(2.19) −∆p̃
∂β1
∂z

=

(
∂p

∂z
−H

)
,

since the p∗ terms cancel when summed over k. Eq. (2.19) is substituted
into (2.17) and the result is solved for p∗, yielding

(2.20) p∗ − p̃1 =
−∆p̃ β1

(
∂p1
∂z
−H1

)
(
∂p

∂z
−H

) .

This expression can be simplified to give the following theorem.

Theorem 2.2. The interface pressure p∗ is expressed exactly as

p∗ =
β1

(
∂p1
∂z
−H1

)
p̃2 + β2

(
∂p2
∂z
−H2

)
p̃1(

∂p

∂z
−H

)(2.21)

≡ µp1p̃2 + µp2p̃1 ,(2.22)

where the mixing coefficients µpk satisfy

µpk =
βk

βk + dpkβk′
.(2.23)

The constitutive coefficients dpk are obtained in the exact form

dpk(z, t) =

∂pk′
∂z
−Hk′

∂pk
∂z
−Hk

(2.24)

= −

∂(βk∆p)

∂z
− βk∆H − p∗c

∂βk
∂z

∂(βk′∆p)

∂z
− βk′∆H − p∗c

∂βk′

∂z

.(2.25)
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Proof. We will derive an equivalent form of formula (2.24), which
shows better numerical behavior in data analysis. We start with (2.17),

p∗
∂β1
∂z

= p̃1
∂β1
∂z

+ β1

(
∂p1
∂z
−H1

)
.(2.26)

Using the definition of p̃1 in (2.15) and substituting β1 = 1 − β2, we
write (2.26) in the form

p∗
∂β1
∂z

=
∂(β1p1)

∂z
− β1H1 −

p∗c
2

∂β1
∂z

=
∂p1
∂z
−H1 −

(
∂(β2p1)

∂z
− β2H1

)
− p∗c

2

∂β1
∂z

(2.27)

= −∂(β2p2)

∂z
+ β2H2 −

p∗c
2

∂β2
∂z

,(2.28)

from which an alternate to (2.21) is derived. From (2.27) and (2.28), we
have

∂p1
∂z
−H1 =

∂(β2∆p)

∂z
− β2∆H − p∗c

∂β2
∂z

.(2.29)

Similarly, we obtain

∂p2
∂z
−H2 = −∂(β1∆p)

∂z
+ β1∆H + p∗c

∂β1
∂z

.(2.30)

Therefore, the constitutive coefficients dpk in (2.24) can be rewritten as
(2.25).

Eqs. (2.24) and (2.25) are equivalent to each other. We give an
explanation as follows: Using (2.29) and (2.30), we can write (2.19) as

−∆p̃
∂β1
∂z

= β1

(
∂(β2∆p)

∂z
− β2∆H − p∗c

∂β2
∂z

)
+ β2

(
−∂(β1∆p)

∂z
+ β1∆H + p∗c

∂β1
∂z

)
.(2.31)

A direct calculation shows that (2.31) is an identical equation, and it
serves to replace (2.19) which is not an exact equality if numerical errors
are considered.

The coefficient dpk(z, t) represents a ratio of the forces accelerating
the two fluids, each considered in the accelerated frame defined by their
respective velocities. From (2.19), we obtain that

(2.32) ∆p = ∆p̃ = 0
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is an equivalent condition for the identity

(2.33)

(
∂p

∂z
−H

)
= 0

which is the same as βk′ + dpk(z, t)βk = 0, assuming ∂βk/∂z 6= 0. In
other words, ∂β1/∂z has a removable singularity at z = z∗(t) = z(β∗1 , t),
β∗1 = 1/(1 − dp2(z, t)) where ∆p = 0. We note that dpk(z, t) < 0 where
∆p = 0. Thus the exact (unclosed) p∗ in (2.21) also has a same remov-
able singularity at z = z∗(t). When the two fluids are mixing, their pres-
sures tend to equilibrate. This equilibration is the mechanism whereby
forces between the fluids are mediated. The equilibration is partial at
early times, while at later times, a central portion of the mixing zone
satisfies ∆p ≈ 0. This region of approximately complete equilibration
increases and at late times it occupies most of the mixing zone, but
the phase pressure differences are significant at the edges of the mixing
zone. This implies that there could exist multiple zeros of ∆p = 0 at
late time. Whenever the numerator or denominator in (2.24) is nonzero,
a deviation from hydrostatic equilibrium for the pressure vs. gravity
and inertial forces is occurring. When positive, the forces between the
phases provide extra acceleration to phase k and when negative they
provide diminished acceleration. As a result of the partial or approxi-
mately complete pressure equilibration, the light fluid pressure gradient
is intensified and the heavy fluid pressure gradient is diminished. The
result is a net decrease in the downward acceleration of the light fluid
and a net increase in the upward acceleration of the heavy fluid, a fact
which causes dpk < 0 and |Z1| < |Z2|.

We assume that the ratio dpk in (2.24) is spatially uniform, and obtain
the closure

dpk(t) = dpk(z∗(t), t) .(2.34)

The identity (2.34) satisfies the relation dp1(t)d
p
2(t) = 1 which is equiva-

lent to µp1 + µp2 = 1 because the exact quantities dpk(z, t) satisfy dp1(z, t)
dp2(z, t) = 1. When ∆p = 0 has multiple zeros, we choose a zero z∗

which appears first in the mixing zone. The closure of p∗ with (2.34) is
insensitive to the choice of z∗ in our data analysis.

In conclusion, the closures for v∗, p∗ in (2.6), (2.9), (2.22) and (2.34)
satisfy the boundary condition (2.1). Conservation of phase k total mass
and total momentum is guranteed in (1.32) and (1.30).
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