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A GENERALIZATION OF A SEQUENTIAL SPACE AND

RELATED SPACES

Woo Chorl Hong†,∗ and Seonhee Kwon

Abstract. In this paper, we introduce a new concept of a count-
ably sequential space which is a generalization of a sequential space
and study some properties of a countably sequential space and re-
lations among the space and related spaces.

1. Introduction

All spaces considered here are always assumed to be infinite T1. Our
terminology is standard and follows [5] and [15]. For each subset A of a
topological space X, we use A for the closure of A in X. Let N denote
the set of positive integers and (xn : n ∈ N)(briefly (xn)) a sequence of
points of a set.

A space X has unique sequential limits [6] iff for every sequence of
points of X may converge to at most one limit. It is well-known that
every topological space with unique sequential limits lies between T1 and
Hausdorff.

Let us recall a sequential space and some related spaces which are
generalizations of a first countable space.

A space X is sequential [6, 8] iff for each subset A of X which is not
closed in X, there exist x ∈ A\A and a sequence (xn) of points of A such
that (xn) converges to x in X. A space X is Fréchet-Urysohn [1, 8] (also
called Fréchet [6, 7] or closure sequential [15]) iff for each subset A of
X and each x ∈ A, there exists a sequence (xn) of points of A such that
(xn) converges to x in X. A space X is countably Fréchet-Urysohn [8] iff

Received April 1, 2014. Accepted May 21, 2014.
2010 Mathematics Subject Classification. 54A20, 54D20, 54D55, and 54E25.
Key words and phrases. sequential, countably sequential, countable tightness,
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for each countable subset A of X and each x ∈ A, there exists a sequence
(xn) of points of A such that (xn) converges to x in X. A space X is AP
(standing for Approximation by Points) [3] (also called Whyburn [11])
iff for each non-closed subset A of X and each x ∈ A \A, there exists a
subset B of A such that B = B∪{x}. A space X is WAP (standing for
Weak Approximation by Points) [2] (also called weakly Whyburn [11])
iff for each subset A of X which is not closed in X, there exist x ∈ A\A
and a subset B of A such that B = B∪{x}. A space X is countably AP
[8] iff for each countable non-closed subset A of X and each x ∈ A \ A,
there exists a subset B of A such that B = B ∪ {x}. A space X is
ACP (standing for Approximation by Countable Points) [8] iff for each
non-closed subset A of X and each x ∈ A \ A, there exists a countable
subset B of A such that B = B ∪ {x}. A space X is WACP (standing
for Weak Approximation by Countable Points) [8] iff for each subset A
of X which is not closed in X, there exist x ∈ A \ A and a countable
subset B of A such that B = B∪{x}. A space X has countable tightness
[1, 10] (also called closure countable [15]) iff for each subset A of X and
each x ∈ A, there exists a countable subset B of A such that x ∈ B.

It is well-known that the following diagram exhibits the general rela-
tionships among the properties mentioned above except for three impli-
cations 1, 2 and 3 and if X has unique sequential limits, then the three
implications hold.

countably Fréchet − Urysohn
1 // countably AP

Fréchet − Urysohn

OO

��

2 // ACP

��

88

// AP

OO

��
sequential

��

3 // WACP

uu

// WAP

countable tightness

Several authors (see [1, 2, 3, 4, 6, 8, 10, 11, 13]) studied some prop-
erties of a sequential space and relations between a sequential space and
related spaces. In particular, in [6, 7, 8, 9, 13], the authors showed some
sufficient conditions for a sequential space to be Fréchet-Urysohn.

In this paper, we introduce a new concept of a countably sequen-
tial space which is a generalization of a sequential space and study some
properties of a countably sequential space and relations among the space
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and related spaces. First, we show that every countably sequential and
WACP space is sequential and every countably sequential and countably
AP space having countable tightness is Fréchet-Urysohn. And as corol-
laries, we obtain that every sequential and AP space is Fréchet-Urysohn
([1, Corollary 2.2(6)] and [13, Proposition 2.1(6)]) and in the class of
countably sequential spaces having countable tightness and unique se-
quential limits, the five properties: Fréchet-Urysohn, countably Fréchet-
Urysohn, ACP, AP, and countably AP coincide. We prove that a topo-
logical space X is countably compact and countably sequential iff X
is sequentially compact, and obtain that every countably compact and
sequential space is sequentially compact ([1, P.53, Prop 3], [6, Proposi-
tion 1.10] and [14, p.590, 5.3]) as a corollary. We study some necessary
and sufficient conditions for a countably sequential space to have unique
sequential limits. Finally, we introduce a new property (∗) of a topo-
logical space which is another generalization of a sequential space and
show that the property (∗) is a necessary and sufficient condition for a
topological space X having countable tightness to be sequential.

2. Results

We begin by introducing countably sequential spaces.

Definition 2.1. A topological space X is countably sequential iff
for each countable subset A of X which is not closed in X, there exist
x ∈ A \ A and a sequence (xn) of points of A such that (xn) converges
to x in X.

It is clear that the following statements are true:
(1) Every sequential space is countably sequential.
(2) Every countable and countably sequential space is sequential.
(3) If every countable subset of a topological space X is closed, then

X is countably sequential.
(4) Every sequentially compact space is countably sequential.
(5) Being countably sequential, being WAP and having countable

tightness are independent (even though Hausdorff).
Obviously, the converses of (2) and (3) are not true. By the follow-

ing Example 2.2 and Remark 2.3(1), we know that (5) is true and the
converses of (1) and (4) are not true.

Example 2.2. (1) The space of ordinals X = [0, ω1], where ω1 is the
first uncountable ordinal, is a Hausdorff compact and WAP space. But,
it does not have countable tightness and hence not sequential (see [8]
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and [12]). It is well-known that [0, ω1) is a first countable space (and
hence sequential) and for each countable subset A of X, ω1 /∈ A \ A.
Hence, we have easily that X is countably sequential.

(2) Let X = {(0, 0)} ∪ (N× N). We define a topology τ on X by for
each (m,n) ∈ X−{(0, 0)}, {(m,n)} ∈ τ and (0, 0) ∈ U ∈ τ iff for all but
a finite number of integers m, the sets {n ∈ N : (m,n) /∈ U} are each
finite. Thus each point (m,n) ∈ X − {(0, 0)} is isolated and each open
neighborhood of (0, 0) contains all but a finite number of points in each of
all but a finite number of columns. Then the space X is Hausdorff WAP
having countable tightness (see [8]). Note that {(0, 0)} = N× N\(N×N),
but there does not exist a convergent sequence of points of N × N (see
[12, p.54, 26(3)]). Thus, X is not countably sequential and hence not
sequential.

(3) Let X = R, where R denotes the set of all real numbers and τ1 the
usual topology on R. Let τ = {O \K : O ∈ τ1, K is a countable subset
of X}. Then the space X endowed with the topology τ is Hausdorff
and every countable subset of X is closed (see [12] and [8]). It follows
directly that X is countably sequential and it does not have countable
tightness. Moreover, in [4, Example 2.5], M. H. Cho, J. Kim and M. A.
Moon showed that X is not WAP.

(4) The real line R with the usual topology is sequential and hence
countably sequential, but not sequentially compact.

Remark 2.3. (1) In [3, Theorem 2.1], A Bella and I. V. Yaschenko
showed that there is a countable non WAP space. Hence, we have that
a space having countable tightness need not be WAP in general.

(2) It is clear that the Stone-C̆ech compactification βN of the space
N with the discrete topology is not countably sequential. Thus we have
that every compact space need not be countably sequential.

We now show some properties of a countably sequential space and
relations among the space and related spaces.

Theorem 2.4. Every closed subspace of a countably sequential space
is countably sequential.

Proof. Let A be a closed subspace of a countably sequential space X

and C a countable subset of A with C
A \C 6= ∅, where C

A
is the closure

of C in the subspace A. Then since A is closed in X, C = C
A

. Hence,
since X is countably sequential, there exist x ∈ C \ C and a sequence
(xn) of points of C such that (xn) converges to x in X. By closedness of
A in X, (xn) converges to x in A. Thus, A is countably sequential.
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Remark 2.5. (1) Note that in Example 2.2(1), the subspace [0, ω1)
of X is countably sequential, but not closed. Hence, we know that a
countably sequential subspace of a countably sequential space need not
be closed in general.

(2) By the following Example, we have that countable sequentiality
is not hereditary.

Example 2.6. LetX be the set consisting of pairwise distinct objects
of the following three types: Points xmn where m,n ∈ N, points yn where
n ∈ N, and a point z. We set Vk(yn) = {yn} ∪ {xmn : k ≤ m} and let
γ denote the set of subsets W of X such that z ∈ W and there exists
a positive integer p such that V1(yn) \W is finite and yn ∈ W for all
n ≥ p. The collection

β = {{xmn} : m,n ∈ N} ∪ γ ∪ {Vk(yn) : k, n ∈ N}

is a base of a topology on X. Then the space X endowed with the
topology generated by the base β is sequential, but not Fréchet-Urysohn
(see [1, p.13, Example 13]). Hence, X is countably sequential. Let
Y = X \ {yn : n ∈ N}. Then clearly Y = X and hence Y is not closed
in X. Obviously, {xmn : m,n ∈ N} is a countable subset of Y and

{xmn : m,n ∈ N}Y \ {xmn : m,n ∈ N} = {z}, but there does not exist a
sequence (sn) of points of {xmn : m,n ∈ N} such that (sn) converges to
z in the subspace Y . Thus, Y is not countably sequential.

Next we study some sufficient conditions for a countably sequential
space to be sequential or Fréchet-Urysohn and related topics.

Theorem 2.7. Every countably sequential and WACP space is se-
quential.

Proof. Let A be a subset of a countably sequential and WACP space
X with A \A 6= ∅. Then since X is WACP, there exist x ∈ A \A and a
countable subset C of A such that C = C ∪ {x}. Since X is countably
sequential, there exists a sequence (xn) of points of C such that (xn)
converges to x. Thus, X is sequential.

From Theorem 2.7 above, we have the following corollaries.

Corollary 2.8. Every countably sequential and WAP space having
countable tightness is sequential.

Proof. Note that a topological space X is WACP iff X is a WAP
space having countable tightness. Hence, by Theorem 2.7, it holds.
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By Example 2.2(2), we know that every WAP space having countable
tightness need not be sequential.

From Theorem 2.7 and Corollary 2.8, we have immediately the fol-
lowing corollary and hence we omit the proof.

Corollary 2.9. (1) For a topological space X, X is sequential iff X
is countably sequential and WAP having countable tightness.

(2) For a topological space X with unique sequential limits, X is
sequential iff X is countably sequential and WACP.

Theorem 2.10. Every countably sequential and countably AP space
having countable tightness is Fréchet-Urysohn.

Proof. Let A be a subset of a countably sequential and countably AP
space X having countable tightness with A\A 6= ∅ and x ∈ A\A. Then
since X has countable tightness, there exists a countable subset Cx of
A such that x ∈ Cx. Since X is countably AP, there exists a subset Bx
of Cx such that Bx = Bx ∪ {x}. Since X is countably sequential, there
exists a sequence (xn) of points of Bx such that (xn) converges to x.
Thus, X is Fréchet-Urysohn.

From Theorem 2.10, we have the following corollaries.

Corollary 2.11. Every sequential and countably AP space is Fréchet-
Urysohn.

Proof. Note that every sequential space is a countably sequential
space having countable tightness. Hence, it follows from Theorem 2.10.

From Corollary 2.11 above, we obtain directly that every sequen-
tial and AP space is Fréchet-Urysohn (see [1, Corollary 2.2(6)] and [13,
Proposition 2.1(6)]).

As a corollary, we obtain that in the class of countably sequential
spaces having countable tightness and unique sequential limit, the five
properties: Fréchet-Urysohn, countably Fréchet-Urysohn, ACP, AP, and
countably AP coincide.

Corollary 2.12. LetX be a countably sequential space having count-
able tightness and unique sequential limits. Then the following state-
ments are equivalent.

(1) X is Fréchet-Urysohn.
(2) X is countably Fréchet-Urysohn.
(3) X is ACP.
(4) X is AP.
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(5) X is countably AP.

Proof. By definitions, obviously (1)⇒(2)⇒(5) and (1)⇒(3)⇒(4)⇒(5).
From Theorem 2.10, (5)⇒(1). Thus, it holds.

In [8, Corollary 2.10], the author showed that a countably compact
space satisfying one of properties mentioned in Introduction related to
sequentiality except for countable tightness is sequentially compact. We
show that another necessary and sufficient condition for a countably
compact space X to be sequentially compact is countably sequential.

Theorem 2.13. A topological space X is countably compact and
countably sequential iff X is sequentially compact.

Proof. It is obvious that every sequentially compact space is count-
ably compact and countably sequential.

Conversely, let (xn) be a sequence of points of a countably compact
and countably sequential space X. If the range {xn : n ∈ N} of (xn) is
finite, then it is obvious. Hence, assume that (xn) is regular(i.e., every
terms are distinct). Then since X is countably compact (and T1), there

exists an accumulation point of (xn) in X and so {xn : n ∈ N}\{xn : n ∈
N} 6= ∅. Since X is countably sequential, there exist x ∈ {xn : n ∈ N} \
{xn : n ∈ N} and a sequence (yn) of points of {xn : n ∈ N} such that
(yn) converges to x. It is easy to show that there exists a subsequence
(xφ(n)) of (xn) such that (xφ(n)) is also a subsequence of (yn). Thus,
(xφ(n)) converges to x, and therefore X is sequentially compact.

From Theorem 2.13, we obtain directly the following corollaries.

Corollary 2.14. ([1, P.53, Proposition 3], [6, Proposition 1.10] and
[14, p.590, 5.3]) Every countably compact and sequential space is se-
quentially compact.

Proof. It is obvious.

Note that in Example 2.2(1), the space X = [0, ω1] is sequentially
compact (see [14]), but not sequential. Hence, we know that the converse
of Corollary 2.14 above need not be true in general.

We recall a topological space X is SC-closed [9] iff every sequentially
compact subset of X is closed.

Corollary 2.15. Every countably compact, countably sequential and
SC-closed space is sequential.

Proof. Note that every sequentially compact and SC-closed space is
sequential (see [9, Theorem 2.4]). Thus, it is obvious.
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And we study some necessary and sufficient conditions for a countably
sequential space X to have unique sequential limits.

Theorem 2.16. Let X be a countably sequential space. Then the
following statements are equivalent.

(1) X has unique sequential limits.
(2) Every countable and compact subset of X is closed.
(3) Every countable and countably compact subset of X is closed.
(4) Every countable and sequentially compact subset of X is closed.

Proof. (3)⇒(2) and (3)⇒(4) are obvious.
(1)⇒(3): Suppose that there exists a countable and countably com-

pact subset K of a countably sequential space X with unique sequential
limits which is not closed. Then clearly K is infinite. Let K = {xn : n ∈
N}. Since X is countably sequential and K is countable and non-closed,
there exist x ∈ K \K and a sequence (yn) of points of K such that (yn)
converges to x. Since X has unique sequential limits, {yn : n ∈ N}∪{x}
is closed and hence x is the only one accumulation point of {yn : n ∈ N}.
Since K is countably compact and (yn) is a sequence of points of K, we
have x ∈ K. This is a contradiction.

(3)⇒(1): Suppose that there exists a sequence (xn) of points of a
countably sequential space X satisfying property (3) such that (xn) con-
verges to x and y with x 6= y. Then obviously {xn : n ∈ N} ∪ {x} is
countable and non-closed. Hence, by (3), {xn : n ∈ N} ∪ {x} is not
countably compact. On the other hand, from the fact that (xn) con-
verges to x, it follows that {xn : n ∈ N} ∪ {x} is compact and hence
countably compact. This is a contradiction.

(2)⇒(1): Suppose that there exists a sequence (xn) of points of a
countably sequential space X satisfying property (2) such that (xn)
converges to distinct points x and y. Let K = {xn : n ∈ N} ∪ {x}.
Then clearly K is countable, compact, and non-closed. Since K is not
closed, by (2), K must be non-countable or non-compact. This is a
contradiction.

(4)⇒(3): It follows from Theorem 2.13.

Finally, we introduce a new property of a topological space which is
another generalization of a sequential space and show that the property
is a necessary and sufficient condition for a topological space X having
countable tightness to be sequential.

Consider the following property of a topological space X.

(∗) For each countable subset C of X, C is sequential .
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It is not difficult to see that every sequential space is (∗) and every
topological space with (∗) is countably sequential.

Theorem 2.17. A topological space X having countable tightness
is (∗) iff X is sequential.

Proof. Obviously, every sequential space has countable tightness and
(∗).

Conversely, let A be a subset of a topological space X having count-
able tightness and (∗) with A \A 6= ∅. Let x ∈ A \A. Then since X has
countable tightness, there exists a countable subset Cx of A such that
x ∈ Cx. Let B = Cx ∩A. Then clearly Cx ⊂ B ⊂ Cx and hence B = Cx
and x ∈ B \ B. Since X is (∗), Cx is sequential and so B is sequential.
Hence, there exist y ∈ B \B (⊂ A \A) and a sequence (xn) of points of
B (⊂ A) such that (xn) converges to y. Thus, X is sequential.

Remark 2.18. (1) It is clear that if every countable subset of a
topological space X is closed, then X is (∗). Hence, in Example 2.2(3),
the space X is (∗). But, X is not WAP and does not have countable
tightness, and hence it is not sequential. In Example 2.2(2), since the
space X is countable, obviously X has countable tightness. But, X is
not countably sequential, and hence it is not (∗). And suppose that
every WAP space is (∗). Then since every WACP space is WAP, it
follows that every WACP space is sequential from Theorem 2.7. It is
impossible. Hence, a WAP space need not be (∗) in general. Thus,
we know that being WAP, having countable tightness and being (∗) are
independent (even though Hausdorff).

(2) Still there is a very natural question left open: Is a countably
sequential WAP space (∗)?
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