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ON THE BOUND FOR THE SUM OF THE ABSOLUTE

VALUE OF MÖBIUS FUNCTION

Insuk Kim† and Myung Hyun Cho∗

Abstract. With the properties of Riemann zeta function, we find
an asymptotic formula of the sum for the absolute value of Möbius
function,

∑
n≤x |µ(n)|, using Dirichlet inversion formula.

1. Introduction

Euclid’s theorem on the infinitude of the primes and the fact that
the series of the reciprocals of the primes diverges are related with the
distribution of primes. Euler observed that the rate of divergence of the
series of the reciprocals of the primes is much slower than the rate of
the divergence of the harmonic series, which means that the frequency
of the primes is quantified. Later, Legendre conjectured the asymptotic

relation limx→∞

∑
p≤x 1

x/ log x = 1, which is called the prime number theorem.

One of the various applications of the Riemann zeta function is to find
the distibution of prime numbers. Therefore, it is natural to see how
to apply the Riemann zeta function which is related to prime number
theorem. It is known that there is a equivalent theorem to the prime
number theorem using the Riemann Mangoldt function. In proving the
equivalent theorem, the properties of Riemann zeta function are used.
In this paper, instead of the Riemann Mangoldt function, we study
certain properties of the Möbius function, µ(n) and find the bound of∑

n≤x |µ(n)| in the main theorem.
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2. Preliminaries

As we mentioned in the introduction, in proving the prime number
theorem, Riemann-Mangolt function Λ(x) =

∑
pn≤x log p, plays an im-

portant role with Dirichlet inversion formula.
In analytic numer theory, there are several mutiplicative functions.

One of them is a Möbius function, µ(n) which is defined as follows.

µ(n) =


1 if n = 1,

(−1)r if n is a product of r distinct primes,

0 if n is divisible by the square of a prime.

As notations, for functions f and g with g ≥ 0, we write that f(x) =
O(g(x)) or f(x) � g(x) when there is a constant C > 0 such that
|f(x)| ≤ Cg(x). Here f(x) is a complex function of the real variable x.

We now find an asymptotic formula of
∑

n≤x |µ(n)| with Dirichlet
inversion formula, which is the main theorem in this paper. On the
other hand, one may consider µ(n) instead of |µ(n)|, however

∑
n≤x µ(x)

is known and we will see the result at the end of last section.

Lemma 2.1. Let the notation be as above and ζ(s) =
∑∞

n=1 n
−s.

Then we have
∞∑
n=1

|µ(n)|n−s =
ζ(s)

ζ(2s)
.

Proof. Since

|µ(n)| =

{
0 if n is divisible by the square of a prime,

1 otherwise,

each term in the series, |µ(n)|n−s = (p1p2 · · · pk · · · )−s. Hence

∞∑
n=1

|µ(n)|n−s =
∏
p

(1 + p−s) =
∏
p

(1− p−2s)/(1− p−s)

=
ζ(s)

ζ(2s)
.

Following Perron’s formula is the special case of the Dirichlet inver-
sion formula. This plays a central role in this paper to get an asymptotic
formula of the sum of |µ(n)| for n ≤ x.

Theorem 2.2. (Perron’s formula) Suppose that c > 0. Then
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(2.1)
1

2πi

∫ c+iT

c−iT

us

s
ds =


1 +O(ucT−1| log u|−1) if u > 1,
1
2 +O(cT−1) if u = 1,

O(ucT−1| log u|−1) if 0 < u < 1.

Proof. See [2] or [4].

Instead of Theorem 2.2, it is sometimes desirable to have a truncated
form of the inversion formula where the integral is over a finite segment
whose length may be suitably chosen.

Lemma 2.3. Let A(s) =
∑∞

n=1 ann
−s converge absolutely for σ =

Re(s) > 1 and let |an| < CΦ(n), where C > 0 and for x ≥ x0 Φ(n) is
monotonically increasing. Let further

∞∑
n=1

|an|n−σ � (σ − 1)−α

as σ → 1+0 for some α > 0. If w = u + iv is arbitrary, b > 0, T >
0, u+ b > 1, then

∑
n≤x

ann
−w =(2πi)−1

∫ b+iT

b−iT
A(s+ w)xss−1ds+O(xbT−1(u+ b− 1)−s)

+O(T−1Φ(2x)x1−u log 2x) +O(Φ(2x)x−u)

and the estimate is uniform in x, T, b and u provided that b and u are
bounded.

Proof. See the appendix in [3].

Theorem 2.4. For t ≥ t0 > 0 uniformly in σ,

(2.2) ζ(σ + it)�


1 for σ ≥ 2,

log t for 1 ≤ σ ≤ 2,

t(1−σ)/2 log t for 0 ≤ σ ≤ 1,

t(1/2−σ) log t for σ ≤ 0.

Proof. See Theorem 1.9 in [3].
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3. Main Theorem

Theorem 3.1. Let ρ = β + iγ denote complex zeros of ζ(s). Then
for T ≥ T0 uniformly in T we have

(3.1) |µ(x)| = 6

π2
x+O(T−1x log x) +O((T log x)−1x)

Proof. The basic idea of the proof is to use an inversion formular for
Dirichlet series.

Let c = 1 + (log x)−1 and consider the integral

(3.2) S(x, T ) =
1

2πi

∫ c+iT

c−iT

ζ(s)xs

ζ(2s)s
ds.

For σ > 1, we have ζ(s)
ζ(2s) =

∑
|µ(n)|n−s, where the series converges

absolutely. Therefore,

S(x, T ) =
1

2πi

∫ c+iT

c−iT

∑
|µ(n)|(x/n)s

s
ds

=
∑
|µ(n)| 1

2πi

∫ c+iT

c−iT

(x/n)s

s
ds

=


∑
|µ(n)|(1 +O((xn)c(T log x

n)−1)) if x > n,∑
|µ(n)|(12 +O((xn)c(T log x

n)−1)) if x = n,∑
|µ(n)|O((xn)c(T log x

n)−1) if 0 < x < n,

by Theorem 2.2.

′∑
n≤x

|µ(n)| = S(x, T ) +O(

∞∑
n=1,n6=x

|µ(n)|(x/n)c(T−1| log(x/n)|−1))(3.3)

+O(T−1 log x),

where
∑′

denotes that the last term in the sum is 1
2 |µ(n)| if x is an

integer.

Since c = 1 + (log x)−1, we have xc = ex. Thus the contribution of

∞∑
n=1,n 6=x

|µ(n)|(x/n)c(T−1| log(x/n)|−1)

is
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�xT−1
∞∑
n=1

|µ(n)|nc

�xT−1(log x),

for some α > 0 by the inversion formula of Dirichlet series.
The next step in the proof is to replace the vertical segment of inte-

gration [c − iT, c + iT ] in S(x, T ) by other three sides of the rectangle
with vertices c− iT, c+ iT, 12 + iT, 12 − iT . The residue theorem gives∑

n≤x
|µ(n)| = 6

π2
x+O(T−1x logα x)

+
1

2πi

((∫ 1
2
−iT

1
2
+iT

+

∫ c+iT

1
2
+iT

+

∫ 1
2
−iT

c−iT

)
ζ(s)xsds

ζ(2s)s

)
,(3.4)

since the integrand in S(x, T ) has a pole at s = 1 with the residue x
ζ(2)

and it is well known that ζ(2) = π2

6 .
The integrals in (3.4) will contribute to the error terms in (3.1) and

to estimate them we need a suitable bound for ζ(s)
ζ(2s) . For s = σ + iT , if

1
2 < σ, it is easy to see that ζ(2s) has no zeros and is bounded. Thus
by Theorem 2.4,

(3.5)
ζ(s)

ζ(2s)
� ζ(s) = ζ(σ + iT )� T (1−σ)/2 log T.

Now, we consider

(3.6)

((∫ 1
2
−iT

1
2
+iT

+

∫ c+iT

1
2
+iT

+

∫ 1
2
−iT

c−iT

)
xsds

s

)
.

Since 1
|c+iT | � T−1, we have xs

s � T−1xs, which implies that∫ c±iT

1/2±iT

xs

s
ds� (T log x)−1

∫ c

1/2
xσdσ � (T log x)−1xc.

Similarly, ∫ 1/2+iT

1/2−iT

xs

s
ds� T−1

∫ 1/2+T

1/2−T
xsds� (T log x)−1xc.

Since xc = ex, integrals (3.6) are estimated with � (T log x)−1x. Fi-
nally, we have the result, equation (3.1).
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Now, the asymtotic formula of
∑

n≤x µ(x) is known as follows. Com-

pared with |µ(n)| case, following lemma is needed instead of Lemma
2.1.

Lemma 3.2. There is an absolute constant C > 0 such that

(3.7)
1

ζ(s)
= O(log2/3 T (log log T )1/3)

in the region σ ≥ 1− C(log t)−2/3(log log T )1/3), T0 < t ≤ T .
Proof. See Lemma 12.3 in [3].

Using the above lemma, the asymtotic formula is given as follows

Proposition 3.3. There is an absolute constant C > 0 such that∑
n≤x

µ(x)� xexp(−C log3/5 x(log log x))−1/5

Proof. See Theorem 12.7 in [3].

This proposition says that because of the oscillating nature of µ(n),
there is no main term in the sum of µ(n).
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