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VISUAL CURVATURE FOR SPACE CURVES

Myungjin Jeon

Abstract. For a smooth plane curve, the curvature can be char-
acterized by the rate of change of the angle between the tangent
vector and a fixed vector. In this article we prove that the curva-
ture of a space curve can also be given by the rate of change of the
locally defined angle between the tangent vector at a point and the
nearby point.

By using height functions, we introduce turning angle of a space
curve and characterize the curvature by the rate of change of the
turning angle. The main advantage of the turning angle is that it
can be used to characterize the curvature of discrete curves. For this
purpose, we introduce a discrete turning angle and a discrete cur-
vature called visual curvature for space curves. We can show that
the visual curvature is an approximation of curvature for smooth
curves.

1. Introduction

Curvature is an important geometric invariant which describe the
shape of an object that is important for characterizing objects in sev-
eral branches of science, including computer vision, medical diagnostics,
bioinformatics, and biometrics. Many data are given as digital forms and
one of the main problems is how to reduce the noise. Visual curvature
introduced in [9], defined by using height functions for each direction, is
a good candidate for the curvature estimation which can deal with the
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noises of discrete curves such as polygons and digital curves. In [9], the
visual curvature is defined only for the plane curves.

In this article, we define a visual curvature for space curves. The
concept of visual curvature for space curves is essentially same with
the one for plane curves, but technically a little bit different and needs
a new characterization of curvature. Similar to [9], we consider the
height functions on a curve C for each direction α ∈ S2 where S2 is the
unit sphere in the 3-dimensional Euclidean space E3. In section 2, we
show that the turning angle of a space curve in a neighborhood can be
expressed by a spherical area and the curvature can be given as a rate
of the turning angle. In section 3, we propose a discrete version of the
curvature characterization given in section 2 and present a method to
deal with noise in the curve data. In section 4, we test the concepts for
digital curves.

2. Turning angle of a space curve

In this section, we introduce a new characterization of the curvature
of a space curve given by the rate of change of the turning angle at each
point on a curve.

Let C be a smooth curve in the three dimensional Euclidean space
E3 parameterized by arc length s. The curvature κ(s) of C at a point
C(s) is defined by the norm of the differentiation of the tangent vector
T (s) = C ′(s).

κ(s) = ‖T ′(s)‖
where ‖ · ‖ denotes the norm of a vector. If κ(s) 6= 0, then we have the
Frenet frame {T (s), N(s), B(s)}

T (s) = C ′(s)

N(s) =
1

κ
T ′(s)

B(s) = T (s)×N(s)

and the Frenet formula

T ′ = κN

N ′ = −κT − τB

B′ = τN

where N is the principal normal vector, B is the binormal vector and
τ(s) = B′(s) ·N(s) is the torsion of C.(ref. [4])
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If C is a plane curve parameterized by arc length, then the curvature
κ of C can be expressed as the rate of change of the angle θ between
C ′ and a constant vector in the plane with respect to the arc length
parameter s.(ref. [4])

κ =

∣∣∣∣
dθ

ds

∣∣∣∣
where | · | denotes an absolute value of a number.

For a space curve, such an angle can be defined, for example the
angle between the x-axis and the tangent vector of the curve, but the
curvature cannot be expressed by the rate of change of the angle. For
example, the angle for a curve in the yz-plane is always a constant π/2.

However locally defined angle can be used to represent the curvature.
As the following, the curvature of a space curve can be expressed by the
rate of change of the angle between tangent vectors.

Theorem 2.1. Let C : I → E3 be a regular space curve parameter-
ized by arclength and T = C ′ be the tangent vector of C where I ⊂ R
is an interval and E3 is the 3-dimensional Euclidean space. For each
s ∈ I, define θs by θs(h) = ](T (s), T (s + h)) for h small enough, then
the curvature κ(s) of C at C(s) is given by the derivative of θs at h = 0,
i.e.

κ(s) = lim
h→0

∣∣∣∣
θs(h)

h

∣∣∣∣
Proof. By definition

dT

ds
(s) = lim

h→0

T (s+ h)− T (s)

h

Since ‖T‖ ≡ 1 where ||·|| denotes the Euclidean norm for tangent vectors,
we have

||T (s+ h)− T (s)||2 = 1 + 1− 2 cos θs(h) = 2(1− cos θs(h))

by the cosine law. So
∣∣∣∣
∣∣∣∣
T (s+ h)− T (s)

h

∣∣∣∣
∣∣∣∣ =

√
2(1− cos θs(h))

|h|
=

√
2√

1 + cos θs(h)
·
∣∣∣∣
sin θs(h)

θs(h)

∣∣∣∣ ·
∣∣∣∣
θs(h)

h

∣∣∣∣
Since limh→0 θs(h) = 0, we have

κ(s) =

∣∣∣∣
∣∣∣∣
dT

ds
(s)

∣∣∣∣
∣∣∣∣ = lim

h→0

∣∣∣∣
θs(h)

h

∣∣∣∣
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Remark 2.1. For a plane curve, we can define the angle θ(s) on
the whole domain of the curve and use it to compute the curvature of
the curve. We can also define such an angle for a space curve on the
whole domain of a curve but we cannot use it to compute the curvature.
We can only use the angle for each point on the curve relative to the
tangent vector at the given point to compute the curvature. That is why
we specify the subscript s to the angle θ for a space curve.

For a space curve C, let p ∈ C and let Br(p) be a neighborhood of p
with radius r > 0.

Br(p) =
{
x ∈ E3 | ‖x− p‖ < r

}

The set of all directions in E3 is defined by the unit sphere.

S2 =
{
α ∈ E3 | ‖ α‖ = 1

}

For a direction α ∈ S2, define a height function Hα on C in the
direction α by

Hα(s) = α · C(s)

for arclength parameter s where · is the Euclidean dot product on E3.
For a point x ∈ Br(p) ∩ C, the set of minimizing directions of x is
defined by

A(x) =
{
α ∈ S2 | x is a local strict minimum point of Hα

}

Note that A(x) = φ if and only if x is not a local strict minimum point
in any direction (i.e. for all direction α ∈ S2, x is not a local strict
minimum point of Hα). So the extreme points Mr(p) of C in Br(p)
for height functions can be given by

Mr(p) = {x ∈ C ∩Br(p) | A(x) 6= φ}
If A(x) 6= φ for a point x ∈ C ∩ Br(p), then A(x) can be used to

measure the extent of turning of the tangent vectors.

Definition 2.1. For small r > 0, the turning angle of C in Br(p)
is defined by

θr(p) =
1

2
area

(∪x∈C∩Br(p)A(x)
)

For a plane curve in E3, the set ∪x∈C∩Br(p)A(x) is a lune of the unit
sphere and θr(p) is the central angle of the lune. Even though the curve
C is not a plane curve, the curve lies near the osculating plane for small
region. So the set ∪x∈C∩Br(p)A(x) is almost a lune for sufficiently small
r > 0.
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By the next theorem, we can see that the turning angle θr(p) is
the total amount of angle variations of the tangent vectors of C in the
neighborhood Br(p) for small r > 0.

We can show that the curvature of a smooth space curve is a rate of
change of the turning angle with respect to the size of the neighborhood
where the turning angle is computed.

Theorem 2.2. For a smooth curve C, we have

κ(p) = lim
r→0

θr(p)

2r

for every p ∈ C where κ(p) is the curvature of C at p.

To prove the theorem, we need a lemma about the relation between
the parameter and the distance of the curve from a point on a curve
parameterized by arc length.

Lemma 2.1. Let C be a space curve parameterized by arclength s
defined on some interval containing 0 then we have

‖C(s)− C(0)‖ = s+O(s3)

Proof. Let T,N,B be the tangent, normal, binormal vectors of the
Frenet frame on C and κ, τ be the curvature and torsion of C. By the
Taylor formula,

C(s) = C(0) + C ′(0)s+
C ′′(0)

2
s2 +

C ′′′(0)
3!

s3 +O(s4)

By the Frenet formula,

C ′(s) = T (s)

C ′′(s) = κ(s)N(s)

C ′′′(s) = κ′(s)N(s) + κ(s) (−κ(s)T (s)− τ(s)B(s))

So

C(s)− C(0) =

(
s− κ(0)2

6
s3 +O(s4)

)
T (0)

+

(
κ(0)

2
s2 +

κ′(0)
6

s3 +O(s4)

)
N(0)

+

(
−κ(0)τ(0)

6
s3 +O(s4)

)
B(0)
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Hence

||C(s)− C(0)||2 =

(
s− κ(0)2

6
s3 +O(s4)

)2

+

(
κ(0)

2
s2 +

κ′(0)
6

s3 +O(s4)

)2

+

(
−κ(0)τ(0)

6
s3 +O(s4)

)2

= s2(1 +O(s2))

Therefore

||C(s)− C(0)|| = s
√
(1 +O(s2)) = s(1 +O(s2)) = s+O(s3)

The next lemma gives a key idea for the proof of the theorem.

Lemma 2.2. Let C be a space curve parameterized by arclength s
defined on some interval containing 0 and let κ0 be the curvature of C at
s = 0. If κ0 6= 0, then for each ϕ ∈ (−π/2, π/2), C(0) is a local minimum
of the height function Hu defined by the vector u = cosϕ ·N0+sinϕ ·B0

where N0, B0 are the principal normal and binormal vectors at s = 0,
respectively. In other words,

A(C(0)) =
{
cosϕ ·N0 + sinϕ ·B0 | − π

2
< ϕ <

π

2

}

Proof. Let T0, τ0, κ
′
0 be the tangent vector, torsion, derivative of the

curvature of C at s = 0, respectively, then we have (as in the proof of
Lemma 2.1)

C(s)− C(0) =

(
s− κ20

6
s3 +O(s4)

)
T0

+

(
κ0
2
s2 +

κ′0
6
s3 +O(s4)

)
N0

+
(
−κ0τ0

6
s3 +O(s4)

)
B0
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Since {T0, N0, B0} is an orthonormal frame, we have the followings.

Hu(s) = u · C(s)

= u · C(0) + cosϕ

(
κ0
2
s2 +

κ′0
6
s3 +O(s4)

)

+sinϕ
(
−κ0τ0

6
s3 +O(s4)

)

H ′
u(s) = cosϕ

(
κ0s+

κ′0
2
s2 +O(s3)

)
+ sinϕ

(
−κ0τ0

2
s2 +O(s3)

)

H ′′
u(s) = cosϕ

(
κ0 + κ′0s+O(s2)

)
+ sinϕ

(−κ0τ0s+O(s2)
)

So

H ′
u(0) = 0

H ′′
u(0) = κ0 cosϕ > 0

Hence C(0) is a local minimum of the height function Hu.

Roughly speaking, the concavity of a curve is defined by curvature not
by torsion because the torsion is a third order derivative.

Now we can prove the Theorem 2.2.

Proof. (Proof of Theorem 2.2) Assume C is parameterized by arc
length, defined on a parameter domain containing 0 ∈ R and p = C(0).
Since C is smooth and C ′(s) never vanish, we can choose s̄ > 0 such
that the distance ||C(s) − C(0)|| is monotone with respect to s ∈ [0, s̄]
and s ∈ [−s̄, 0]. Put r̄ = min{||C(s̄)− C(0)||, ||C(−s̄)− C(0)||}.

There are several cases that we need to consider.

(i) κ(0) 6= 0

In this case, there is a positive number r0 < r̄ such that κ(s) 6= 0 for
every point C(s) ∈ Br0(p). For each r < r0, there are exactly two
numbers σ(= σr > 0), τ(= τ r > 0) such that

||C(−σ)− C(0)|| = ||C(τ)− C(0)|| = r

and T : [−σ, τ ] → S2 is injective.
Note that the curve segment C([−σ, τ ]) is entirely contained inBr0(p).
Let T (s), N(s), B(s) be the Frenet frame on C(s) for s ∈ [−σ, τ ]. By

the Lemma 2.2, the set of minimizing directions A(C(s)) at s ∈ [−σ, τ ]
can be expressed as

A(C(s)) =
{
cosϕ ·N(s) + sinϕ ·B(s) | − π

2
< ϕ <

π

2

}
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Define a map ω : [−σ, τ ]× (−π
2 ,

π
2 ) → S2 by

ω(s, ϕ) = cosϕ ·N(s) + sinϕ ·B(s)

then
Im(ω) = ∪x∈C∩Br(p)A(x)

Since T : [−σ, τ ] → S2 is injective, the image of ω on the set {s} ×(−π
2 ,

π
2

)
lies on a different plane for each s ∈ [−σ, τ ]. So ω is an injection

from [−σ, τ ]× (−π
2 ,

π
2

)
onto ∪x∈C∩Br(p)A(x).

By the Frenet formula, we can compute the Jacobian Jω(s, ϕ).

Jω(s, ϕ) =

∥∥∥∥
∂ω

∂s
× ∂ω

∂ϕ

∥∥∥∥
= ‖(cosϕ(−κ(s)T (s)− τ(s)B(s)) + sinϕ · τ(s)N(s))

× (− sinϕ ·N(s) + cosϕ ·B(s))‖
= κ(s) cosϕ

So the Jacobian Jω(s, ϕ) never vanish on [−σ, τ ]× (−π
2 ,

π
2 ). This means

ω is regular.
Hence ω : [−σ, τ ]× (−π

2 ,
π
2 ) → S2 is a patch on the sphere S2 so that

we can compute the area of the image by the patch computation.

θr(p) =
1

2
area(Im(ω))

=
1

2

∫ τ

−σ

∫ π
2

−π
2

κ(s) cosϕ dϕds

=

∫ τ

−σ
κ(s)ds

=

∫ 0

−σ
κ(s)ds+

∫ τ

0
κ(s)ds

Note that

lim
σ→0

1

σ

∫ 0

−σ
κ(s)ds = κ(0)

lim
τ→0

1

τ

∫ τ

0
κ(s)ds = κ(0)

By Lemma 2.1,
||C(s)− C(0)|| = s+O(s3)

or equivalently we have

r = σ +O(σ3), r = τ +O(τ3)
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Therefore

lim
r→0

θr(p)

2r
= κ(0)

(ii) κ(0) = 0 and there is a number σ > 0 such that κ(s) 6= 0 for
s ∈ (−σ, 0) ∪ (0, σ).

In this case, s = 0 is an isolated zero of curvature. So there are Frenet
frame on each C(s) for s ∈ (−σ, 0)∪ (0, σ). Hence the similar computa-
tion as in (i) yields the conclusion.

(iii) κ is locally zero near s = 0. i.e. there is a number σ > 0 such that
κ(s) = 0 for all s ∈ (−σ, σ)
In this case C([−σ, σ]) is a straight line. So for all s ∈ (−σ, σ), A(C(s)) =
φ. Hence θr(p) = 0 for all r < σ and so

lim
r→0

θr(p)

2r
= 0 = κ(0).

(iv) κ(0) = 0 and there is a number σ > 0 such that κ(s) is zero on
(−σ, 0) and positive on (0, σ) or vice versa.

In this case, a combination of (ii) and (iii) results in the same conclusion.
In each case we can derive the same conclusion and this completes

the proof.

Remark 2.2. By the Theorem 2.1 and Theorem 2.2, we can conclude
that the turning angle of a smooth curve is the total variation of angles
of tangent vectors of the curve in the neighborhood Br(p).

3. Visual curvature for space curves

In this section, we define a discrete version of turning angle of a space
curve by using the height functions, essentially by counting some normal
directions, and show that the curvature can be given by the limit of the
rate of change of the discrete turning angle.

To define height functions, we need to have a set of uniformly dis-
tributed directions in S2 for each level of detail, more precisely, for each
n > 0, we need a set of uniformly distributed kn points on S2 for some
number kn ≥ n. This is a problem related to the circle packing on the
unit sphere by discs and not so easy. So we introduce an almost uniform
distribution of points on S2.

The exact uniform distributions of points in S2 are only given by the
vertex of five regular polyhedra. So starting at a regular polyhedron,
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we construct an almost uniform distribution of points in S2 by a subdi-
vision procedure. Since the icosahedron has the most faces among the
regular polyhedra and its faces are triangles, icosahedron may be the
best candidate for the starting polyhedron for subdivision.

Let Λ1 = (V1, E1, F1) be the icosahedron inscribed in the unit sphere
where V1, E1, F1 are the set of vertices, edges and faces and let V1 =
{α1

1, . . . , α
1
12}. Note that |V1| = 12, |E1| = 30, |F1| = 20 where | · |

denotes the cardinality of a set.

The polyhedron Λ2 = (V2, E2, F2) is defined by the following subdi-
vision:

• For each face (αi, αj , αk) ∈ F1 (1 ≤ i, j, k ≤ |V1|) add the vertices
αij , αjk, αki to V2 defined by

αij =
αi + αj

‖αi + αj‖
αjk =

αj + αk

‖αj + αk‖
αki =

αk + αi

‖αk + αi‖
• Add the following faces to F2 and add the vertices and edges of
the faces to V2 and E2:

(αi, αij , αki), (αj , αjk, αij), (αk, αki, αjk), (αij , αjk, αki)

Then resulting polyhedron Λ2 = (V2, E2, F2) is an inscribed polyhedron
with 42 vertices in the unit sphere.

By the same way, we can successively have polyhedra Λ3,Λ4,Λ5, . . .
and that

|V1| = 12, |V2| = 42, |V3| = 162, |V4| = 642, |V5| = 2562, . . .

Remark 3.1. Put vk = |Vk|, ek = |Ek|, fk = |Fk|, then we can com-
pute the number of vertex for each polyhedron Λn by the following
recursive formula.

vk+1 = vk + ek

ek+1 = 2ek + 3fk

fk+1 = 3fk

Let C be a space curve which can be smooth or discrete. By using the
turning angle, we may have a discrete characterization of the curvature.
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For an integer n > 0 and a point x ∈ C ∩Br(p), define discrete minimal
directions An(x) and discrete extreme points Mn,r(p) by

An(x) = {α ∈ Vn | x is a local strict minimum point of Hα}
Mn,r(p) = {x ∈ C ∩Br(p) | An(x) 6= φ}
If C is smooth, then An(x) ⊂ A(x) and the ratio of the cardinality of

the set ∪x∈C∩Br(p)An(x) to the number of all directions, |Vn|, approx-
imates the ratio of the area of the locally minimizing directions to the
area of the unit sphere.

∣∣∪x∈C∩Br(p)An(x)
∣∣

|Vn| ' area(∪x∈C∩Br(p)A(x))

4π
=

θr(p)

2π

So we have come to an approximation of the turning angle θr(p).

Definition 3.1. The discrete turning angle of a space curve C in
Br(p) for Vn is defined by

θn,r(p) =
2π

∣∣∪x∈C∩Br(p)An(x)
∣∣

|Vn|
Even though the cardinality of the set C ∩Br(p) can be infinite, the

set

∪x∈C∩Br(p)An(x)

is always a finite set because it is a finite sum of finite sets as the fol-
lowing.
∣∣∪x∈C∩Br(p)An(x)

∣∣ =
∑

α∈Vn

|{ local minimum points of Hα in Br(p) }|

So the discrete turning angle is well defined and the set Mn,r(p) is a
finite set even for a smooth curve.

The next lemma shows that the discrete turning angle is an approx-
imation of turning angle.

Lemma 3.1. For a smooth curve, we have

θr(p) = lim
n→∞ θn,r(p)

Proof. Let C be a smooth space curve, then for each x ∈ C ∩Br(p)

An(x) ⊂ A(x)

An(x)
c ⊂ A(x)c
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So

∪x∈C∩Br(p)An(x) ⊂ ∪x∈C∩Br(p)A(x)

∪x∈C∩Br(p)An(x)
c ⊂ ∪x∈C∩Br(p)A(x)

c

Hence

lim
n→∞

∣∣∪x∈C∩Br(p)An(x)
∣∣

∣∣(∪x∈C∩Br(p)An(x)
)⋃ (∪x∈C∩Br(p)An(x)c

)∣∣

=
area

(∪x∈C∩Br(p)A(x)
)

area
((∪x∈C∩Br(p)A(x)

)⋃ (∪x∈C∩Br(p)A(x)
c
))

That is,

lim
n→∞

∣∣∪x∈C∩Br(p)An(x)
∣∣

|Vn| =
area

(∪x∈C∩Br(p)A(x)
)

4π

Therefore

θr(p) = lim
n→∞ θn,r(p)

Now we are ready to define a visual curvature using the discrete
turning angle as a discrete approximation of curvature.

Definition 3.2. The visual curvature kn,r(p) of a space curve C
at p ∈ C is defined by

kn,r(p) =
θn,r(p)

2r

As expected, we can easily prove the following theorem by the Lemma
3.1 and Theorem 2.2.

Theorem 3.1. For a smooth curve C, we have

κ(p) = lim
r→0

lim
n→∞ kn,r(p)

for every p ∈ C where κ(p) is the curvature of C at p.

Proof.

lim
r→0

lim
n→∞ kn,r(p) = lim

r→0
lim
n→∞

θn,r(p)

2r
= lim

r→0

θr(p)

2r
= κ(p)
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4. Multi-Scale Visual Curvature

For discrete curves we can use the visual curvature to approximate
the curvature by counting the local minimal points of height functions.
But some of the local minimal points can be included by noises. So
we need a tool to exclude the influence of noise in the computation of
visual curvature. In this section we suggests a concept to perform this
work.(This is a kind of 3-dimensional version for the works in [9].)

Let C be a space curve which can be smooth, polygonal or digital.
For each case there is a parametrization for C. For a smooth curve
we can assume that the curve has an arc length parametrization. For
a polygonal or digital curve, the curve can be a sequence of points.
So for each curve we can assume an order < for points on C by the
parametrization or index.

For p, q ∈ C with p < q, we can define a directed curve segment
seg(p, q) on C by

seg(p, q) = {x ∈ C | p ≤ x ≤ q}
For a direction α ∈ Vn, the influence region of a local minimum

point x ∈ C for Hα is defined by

R−
α (x) = {q ∈ C | Hα(x) ≤ Hα(y) for all y ∈ seg(q, x)}

R+
α (x) = {q ∈ C | Hα(x) ≤ Hα(y) for all y ∈ seg(x, q)}

Rα(x) = R−
α (x) ∪R+

α (x)

Note that each R−
α (x), R

+
α (x), Rα(x) is a directed curve segment.

The radius of the influence region ρα(x) at x in the direction
α ∈ An(x) is defined by the minimum of the lengths(arc length or the
number of points) of R−

α (x) and R+
α (x).

ρα(x) = min{length of R−
α (x), length of R+

α (x)}
The heights of the peak are defined by

r−α (x) = max{|Hα(q)−Hα(x)|; q ∈ R−
α (x)}

r+α (x) = max{|Hα(q)−Hα(x)|; q ∈ R+
α (x)}

rα(x) = min{r−α (x), r+α (x)}
Unlike the plane curve case, the height of the peak of a point can be

arbitrarily small even for a smooth space curve. So it is appropriate to
consider the maximum of the heights of the peak for space curves. For
x ∈ C with A(x) 6= φ, define maximal height of the peak r(x) at x,
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maximal peak directions Ān(x) at x, total height h(x) of C at x
by

r(x) = max
α∈An(x)

rα(x)

Ān(x) = {α ∈ An(x)|rα(x) = r(x)}
h(x) = max

α∈Ān(x)
hα

where hα = maxv,w∈C |Hα(v)−Hα(w)| (the total height of C for a di-
rection α). If h(x) 6= 0, the scale measure λ(x) of a minimum point
x ∈ Mr(p) is defined by

λ(x) =
r(x)

h(x)

By using the diameter, we can also define an isotropic version of scale
measure by

λ(x) =
r(x)

D

where D is the diameter of the curve C. Note that D ' maxα∈Vn hα.

For some curves such as digital curves and polygons, there may be
noises. To handle the noises, we need a criteria for the determination of
noise.

Definition 4.1. For a positive number σ < 1, a point x ∈ C is called
a σ-scaled minimal point for σ if λ(x) > σ. The set of σ-scaled
minimal points for σ in a neighborhood Br(p) is denoted by Mσ

n,r(p)
for r > 0.

The scale measure σ is used to exclude the minimal point x with very
small scale measure λ(x). So usually very small σ is used. Even for a
scaled minimal point, there can be noisy directions. As an example, let
us think about a space curve with noise.

Example 4.1. Let C̄ be a space curve defined by

C̄(t) = (2 cos t, sin t, sin(2t)).
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Space curve C(t) = (2 cos t, sin t, sin(2t))
–

We can discretize the curve to a sequence {C̄(ti)} of points where ti =
2πi/160, i = 1, . . . , 160. Let C = {pi} be a discrete curve made from
{C̄(ti)} with random noises. The following figure is the graph of {C̄(ti)}
and {C̄(ti)} for i = 30, . . . , 50.
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discrete curves with or without noise in [30,50]

For the computation of height functions, we adopt the polyhedra Λ4

and use V4 = {α1, . . . , α642} as a set of directions. At each point pi,
we can compute minimal directions A4(pi). For each minimal direction
α ∈ A4(pi), the height of the peak rα(pi) and the radius of influence
region ρα(pi) can be computed by the definitions in Section 4. The
following table is the height of the peak and the radius of influence
region at the point p46 for each direction.
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dcOri direction height iRadius

1 136 2.206701490 71
2 142 0.1610371296 20
3 213 0.0964584133 17
4 243 2.051403969 68

index of α rα(p46 ) ρα(p46 )

7 0.00072994879 1
55 0.2547489814 21
130 2.352982535 102
149 0.0118718777 4
233 0.00233145882 1
234 2.406428400 56
275 0.00057362149 1
316 0.1183551821 17
413 0.00492025065 1
416 0.1788787571 21
478 0.0624451742 11
501 0.0053655724 4
511 0.0594193128 14
564 0.00145200034 1
594 2.063794170 92
625 0.002057158550 1

So the maximal height of the peak is

r(p46) = rᾱ(p46) = 2.406428400

and the radius of influence region is ρᾱ = 56 where ᾱ = α234. For some
directions with index 7, 149, 233, 275, 413, 501, 564, 625, the radius of the
influence region is so small that these directions should be noises. In
other words, we can think that these directions became minimal direc-
tions of the discrete curve at p46 because of the noise. Therefore we
have to exclude these directions when we compute the visual curvature
or visual normal vector. The criteria on ρα/ρᾱ may vary depending on
the situations.

Inspired by the above example and many others, we can determine
the noisy minimal directions, the minimal directions caused by noises,
according to the ratio of the radius of influence region ρα quantity ρα/ρᾱ.
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Definition 4.2. For a positive number ν(< 1) and x ∈ C, the set of
scaled minimal directions Sν

n(x) at x with respect to Vn is defined
by

Sν
n(x) = {α ∈ An(x)|ρα(x) > νρᾱ(x)}

where ᾱ is the maximal peak direction at x.

Example 4.2. According to the example 4.1, we can have the sets
of scaled minimal directions for ν = 0.2, ν = 0.3 and ν = 0.5.

S0.2
4 (p46) = {α55, α130, α234, α316, α416, α511, α594}

S0.3
4 (p46) = {α55, α130, α234, α316, α416, α594}

S0.5
4 (p46) = {α130, α234, α594}

Using the set of scaled minimal directions, we can define the 3D
multi-scale turning angle and the 3D multi-scale visual curvature.

Definition 4.3. For a discrete space curve C and p ∈ C, the 3D
multi-scale turning angle θ(p) and 3D multi-scale visual curva-
ture k(p) at p ∈ C of C inBr(p) with scale measure σ > 0, σ(0 < σ < 1),
ν(0 < ν < 1) are defined by

θσ,νn,r(p) =
2π

∣∣∣∪x∈Mσ
n,r(p)

Sν
n(x)

∣∣∣
|Vn|

kσ,νn,r(p) =
θσ,νn,r(p)

2r

respectively.

5. Conclusion

In this paper, we study on the discretization of curvature of a space
curve by using the height function with respect to each direction.

To find a discrete candidate for the curvature, we redefine the cur-
vature by the way that can easily be discretized. Then we define a
discrete curvature called visual curvature and modify to 3D multiscale
visual curvature to apply to the discrete curves such as polygonal or
digital curves that may have noises. These concepts may have many
applications. And the discretization process can be applied to the other
geometric invariants of curves and surfaces.
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