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REMARKS ON HOMOTOPIES ASSOCIATED WITH

KHALIMSKY TOPOLOGY

Sang-Eon Han and Sik Lee

Abstract. Several kinds of homotopies have been substantially
used to study topological properties of digital spaces. The present
paper, as a survey article, studies some recent results in the field of
homotopy theory associated with Khalimsky topology. In particu-
lar, Khalimsky topological properties of digital products related to
the establishment of the homotopies are mainly treated.

1. Introduction

In digital homotopy theory, we have followed several approaches to
find some digital topological properties of digital spaces. First of all, we
need to recall the notion of a digital space [22]: we say that a digital
space is a pair (X,R), where X is a nonempty set and R is a binary
symmetric relation on X such that X is R-connected. The term “R-
connected” means that for any two elements x and y of X there is a
finite sequence (xi)i∈[0,l]Z of elements in X such that x = x0, y = xl and
(xj , xj+1) ∈ R for j ∈ [0, l − 1]Z.

To study digital spaces, we have often used homotopic methods to do
homotopic thinning, calculations of digital fundamental groups, and so
forth [2, 3, 4, 5, 21, 23, 25, 27]. One of the typical tools is a digital homo-
topy and its applications. Thus the papers [2, 3, 21, 25] proposed digital
homotopies to study digital fundamental groups of digital images. For
some digital images, their digital fundamental groups need not be equal
to each other [12] and further, they have their own features [2, 3, 21, 25].
Furthermore, we have used various tools such as a digital isomorphism
[3, 6, 19], a digital homotopy equivalence [4, 11, 13, 20], a digital cover-
ing space [5, 7, 9, 10, 11, 12, 13], an elementary k-deformation [25, 27]
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and so forth. More precisely, the notion of a digital fundamental group
was originated by Khalimsky [23]. Motivated by this notion, several
kinds of digital homotopies [2, 3, 11, 13, 21, 25, 27] as well as a relative
k-homotopy [5, 7] were established. Besides, recently Han [11, 13] in-
troduced homotopies in the categories KDTC [11] and CTC [13] which
are different from both the k-homotopy in DTC [3, 5, 7] and a relative
k-homotopy [5]. These notions have contributed to the study of digi-
tal homotopic properties of digital images (X, k). By using both the k-
homotopic thinning [9, 13] and Han’s digital covering theory [5, 7, 10, 12],
we have often calculated digital fundamental groups of digital images.

The paper focuses on comparing two homotopies in the categories
KDTC [11] and CTC [13] (see Sections 4 and 5) and it is organized as
follows:
Section 2 provides basic notions. Section 3 recalls some properties of
homotopies associated with Khalimsky topology. Section 4 compares
the roles of digital products in establishing homotopies in the categories
KDTC and CTC. Section 5 refers some difficulty in developing a ho-
motopy in the category of Marcus Wyse (M - for brevity) topological
spaces. Finally, Section 6 concludes the paper with a summary and
further works.

2. Preliminaries

In the present paper we will often use the following notation: for a, b ∈
Z with a � b, the set [a, b]Z := {n ∈ Z | a ≤ n ≤ b} is called a digital
interval [3, 26]. In order to study a digital space in Zn, n ∈ N, we have
often used the following adjacency relations of Zn. Consequently, as a
generalization of k-adjacency relations of a low dimensional digital space
in Z2 and Z3 [26, 28], the adjacency relations of Zn were established [5]
(for more details, see [9, 11]), as follows:
for a natural number m, 1 ≤ m ≤ n, two distinct points

p = (p1, p2, · · · , pn) and q = (q1, q2, · · · , qn) ∈ Zn,

are k(m,n)-(k-, for brevity)adjacent if

at most m of their coordinates differs by ± 1, and all others coincide.
(2.1)

Hereafter, we may use the notation k := km or k(m,n), where k :=
km := k(m,n) is the number of points q which are k-adjacent to a given
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point p.

k := k(m,n) =
n−1∑

i=n−m

2n−iCn
i , (2.2)

where Cn
i = n!

(n−i)! i! .

As usual, a (binary) digital space (or a digital image) (X, k) is con-
sidered in a digital picture (Zn, k, k̄,X) with k 6= k̄ in [26, 28]. But in
the paper we will concern with only the k-adjacency of (X, k). For an
adjacency relation k of Zn, a simple k-path with l elements on Zn is
assumed to be a sequence (xi)i∈[0,l−1]Z ⊂ Zn such that xi and xj are
k-adjacent if and only if | i − j| = 1 [26]. Then the number l is called
the length of a simple k-path. Furthermore, a simple closed k-curve
with l elements in Zn is a simple k-path (xi)i∈[0,l−1]Z with x0 = xl,
where xi and xj are k-adjacent if and only if j = i + 1(mod l) or

i = j +1(mod l) [26]. By SCn,l
k we denote a simple closed k-curve with

l elements on Zn [7]. In addition, for x ∈ Zn we follow the notations
Nk(x) := {y ∈ Zn |x is k -adjacent to y} and N∗

k (x) := Nk(x) ∪ {x}
[26].

The following notion has been often used to study digital k-curve and
digital k-surface theory.

Definition 1. [5] (see also [7]) For a digital space (X, k) in Zn, the
digital k-neighborhood of x0 ∈ X with radius ε is defined in X to be
the following subset of X Nk(x0, ε) = {x ∈ X | lk(x0, x) ≤ ε} ∪ {x0},
where lk(x0, x) is the length of a shortest simple k-path from x0 to x
and ε ∈ N.

Let us move onto the study of Khalimsky (K-, for short, if there
is no ambiguity) topology. Motivated by the Alexandroff space [1], the
Khalimsky line topology on Z is induced by the set {[2n−1, 2n+1]Z : n ∈
Z} as a subbase [1]. Furthermore, the product topology on Zn induced
by (Z, κ) is called the Khalimsky product topology on Zn (or Khalimsky
nD space) which is denoted by (Zn, κn). A point x = (x1, x2, · · · , xn) ∈
Zn is pure open if all coordinates are odd; and it is pure closed if each
of the coordinates is even [24]. The other points in Zn are called mixed
[24].

For a point p := (p1, p2) in (Z2, κ2), its smallest open neighborhood
SNK(p) is obtained [8, 24].
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SNK(p) :=





{p} if p is pure open,

{(p1 − 1, p2), p, (p1 + 1, p2)} if p is closed-open,

{(p1, p2 − 1), p, (p1, p2 + 1)} if p is open-closed,

N∗
8 (p) if p is pure closed,





(2.3)

where the point p := (p1, p2) is called closed-open (resp. open-closed)
if p1 is even (resp. odd) and p2 is odd (resp. even).

In this paper each space X ⊂ Zn related to K-topology is considered
to be a subspace (X,κnX) induced by (Zn, κn) [8, 24].
Let us now recall the structure of (Zn, κn). In each of the spaces of Figure
1, a black jumbo dot means a pure open point and further, the symbols
¥ and • mean a pure closed point and a mixed point, respectively. In
relation to the further statement of a pure point and a mixed point, we
can say that a point x is open if SNK(x) = {x}, where SNK(x) means
the smallest neighborhood of x ∈ Zn. Many studies have examined
various properties of a K-continuous map, connectedness, K-adjacency,
a K-homeomorphism [8, 10, 23, 24], KD-k-continuity associated with
K-topology [11], k-continuity associated with K-topology [13] and so
forth.

Let us recall the following terms to study K-topological spaces.

Definition 2. [8] Let (X,κnX) := X be a K-topological space. We
say that two distinct points x, y ∈ X are K-adjacent if x ∈ SNK(y) or
y ∈ SNK(x). Then we define the following:
A simple K-path in X is the injective sequence (xi)i∈[0,l]Z such that xi
and xj are K-adjacent if and only if | i− j | = 1.
Furthermore, we say that a simple closed K-curve with l elements in Zn,

denoted by SCn,l
K , l ≥ 4, is a simple K-path (xi)i∈[0,l−1]Z , where xi and

xj are K-adjacent if and only if j = i+ 1(mod l) or i = j + 1(mod l).

Third, let us now recall basic concepts from M -topology. The M -
topology on Z2, denoted by (Z2, γ), is induced by the set {U} in (2.4)
as a base [29], where for each point p = (x, y) ∈ Z2

U := SNM (p) =

{
U(p) := N4(p) ∪ {p} if x+ y is even, and

{p} : else.

}
(2.4)

In relation to the further statement of a point in Z2, in the paper we
call a point p = (x1, x2) double even if x1 + x2 is an even number such
that each xi is even, i ∈ {1, 2}; even if x1 + x2 is an even number such
that each xi is odd, i ∈ {1, 2}; and odd if x1 + x2 is an odd number.
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After considering an M -topological adjacency, the recent paper [21] de-
veloped the notion of an MA-homotopy associated with M -topology to
classify M -topological spaces with M -adjacency.

3. Some properties of homotopies associated with Khalim-
sky topology

This section investigates various properties of homotopies associated
with K-topology which will be used in Section 4. Let us now recall
some properties of digital spaces in a graph theoretical approach. To
map every k0-connected subset of (X, k0) into a k1-connected subset
of (Y, k1), the paper [28] established the notion of digital continuity of
maps between digital images.

As special kind of digital neighborhood of x in (X, k) in Definition 1,
for a digital space (X, k) on Zn we can consider

Nk(x, 1) = N∗
k (x) ∩X. (3.1)

Since every point x ∈ X has Nk(x, 1) ⊂ (X, k), motivated by both the
digital continuity of [28], we can establish the following version.

Proposition 3.1. [7] (see also [13]) Let (X, k0) and (Y, k1) be digital
spaces in Zn0 and Zn1 , respectively. A function f : X → Y is (k0, k1)-
continuous if and only if for every x ∈ X f(Nk0(x, 1)) ⊂ Nk1(f(x), 1).

Since a digital image can be recognized to be a digital k-graph, as
discussed above, we can represent a (k0, k1)-homeomorphism in [3], as
follows: for two digital spaces (X, k0) in Zn0 and (Y, k1) in Zn1 , a map
h : X → Y is called a (k0, k1)-isomorphism [19] (see also [8]) if h is
a (k0, k1)-continuous bijection and further, h−1 : Y → X is (k1, k0)-
continuous. Then, we use the notation X ≈(k0,k1) Y . If n0 = n1 and
k0 = k1, then we call it a k0-isomorphism and use the notation X ≈k0 Y .

In Proposition 3.1, in case k1 = k2, the map f is called a k1-continuous
map.

By using this concept, we establish a digital topological category, de-
noted by DTC, consisting of two sets [5] (see also [7]):
• For any set X ⊂ Zn, the set of objects (X, k) in Zn as objects of DTC;
• For every ordered pair of objects (Xi, ki), i ∈ {1, 2}, the set of all
(k0, k1)-continuous maps between these objects as morphisms of DTC.
In DTC, in case k0 = k1 := k, we will particularly use the notation
DTC(k) [21].
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Based on the pointed digital homotopy in [23, 3], the notion of a
k-homotopy relative to a subset A ⊂ X [5, 7] is often used to study a k-
homotopic thinning and to classify digital images (X, k) in Zn [9]. Using
this relative k-homotopy in [5, 7], we can establish a strong deformation
retract of a digital space pair [7, 9].

Let us now recall three kinds of continuities related to the study of
map between Khalimsky nD spaces such as K-continuity, KD-(k0, k1)-
continuity, (k0, k1)-continuity associated withK-topology [8, 11, 13]. For
the Khalimsky nD space (Zn, κn) and a subset X ⊂ Zn, we obtain the
subspace (X,κnX) induced from (Zn, κn), where κnX = {O∩X |O ∈ κn}.
In K-topology, the digital interval [a, b]Z = {a ≤ n ≤ b} is often as-
sumed to be a subspace of (Z, T ) induced by the K-topology (Z, T ).
Based on the above terminology, the typical K-continuity of maps be-
tween Khalimsky nD spaces is considered in such a way. For two spaces
(X,κn0

X ) := X and (Y, κn1
Y ) := Y , a function f : X → Y is said to be

K-continuous at a point x ∈ X if for any open set Of(x) ∈ κn1
Y there

is Ox ∈ κn0
X such that f(Ox) ⊂ Of(x). Further, we say that a map

f : X → Y is K-continuous if it is K-continuous at every point x ∈ X.
In terms of the K-continuity, we obtain the K-topological category,

briefly KTC, consisting of the following two classes [8]:
(1) the set of objects (X,κnX);
(2) For every ordered pair of objects (X,κn0

X ) and (Y, κn1
Y ) the set of all

K-continuous maps f : (X,κn0
X ) → (Y, κn1

Y ) as morphisms.
Let us move onto the study of a KD-(k0, k1)-continuous map.

Definition 3. [8] We say that a space (X,κnX) with k-adjacency is a
(computer topological) space and use the notation (X, k, κnX) := Xn,k.

Definition 4. [11] For two spaces Xn0,k0 := X and Yn1,k1 := Y , we
say that a function f : X → Y is KD-(k0, k1)-continuous at a point
x0 ∈ X if

(1) f is continuous at the point x0 in KTC; and
(2) for any Nk1(f(x0), ε) ⊂ Y , there is Nk0(x0, δ) ⊂ X such that

f(Nk0(x0, δ)) ⊂ Nk1(f(x0), ε), where ε, δ ∈ N.
Furthermore, we say that a map f : X → Y is KD-(k0, k1)-continuous

if the map f is KD-(k0, k1)-continuous at any point x ∈ X.

For Xn,k we observe that if k = 3n−1, then N∗
k (x, 1) = Nk(x, 1); and

if k 6= 3n − 1, then N∗
k (x, 1) need not be equal to Nk(x, 1) [8].

Let us consider the KD-topological category, denoted by KDTC, consist-
ing of two sets:
• the set of objects Xn,k;
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• For every ordered pair of objects Xn0,k0 and Yn1,k1 the set of KD-
(k0, k1)-continuous maps as morphisms.

Let us now consider a computer topological k-neighborhood which is
different from Nk(x, ε) of Definition 1.

Definition 5. [8] Consider Xn,k, x, y ∈ X, and ε ∈ N.
(1) A subset V of X is called a neighborhood of x if there exists

Ox ∈ κnX such that x ∈ Ox ⊆ V.
(2) If a digital k-neighborhood Nk(x, ε) is a K-topological neighbor-

hood of x in (X,κnX), then this set is called a computer topological
k-neighborhood of x with radius ε and we use the notation N∗

k (x, ε).

Let us move onto the study of (k0, k1)-continuity between Xn0,k0 and
Yn1,k1 which is different from the KD-(k0, k1)-continuity.

In order to study spaces Xn,k, we need to use another continuity
instead of K-continuity and KD-k-continuity, as follows.

Definition 6. [13] For two spaces Xn0,k0 := X and Yn1,k1 := Y , a
function f : X → Y is said to be (k0, k1)-continuous at a point x ∈ X if
for any N∗

k1
(f(x), ε) ⊂ Y , there is N∗

k0
(x, δ) ⊂ X such that

f(N∗
k0(x, δ)) ⊂ N∗

k1(f(x), ε),

where for some ε ∈ N, N∗
k1
(f(x), ε) is assumed to be existed. Further-

more, we say that a map f : X → Y is (k0, k1)-continuous if the map f
is (k0, k1)-continuous at every point x ∈ X.

In Definition 6 if k0 = k1 and n0 = n1, then we use the terminology
“k0-continuous” instead of “(k0, k1)-continuous”. As a representation of
(k0, k1)-continuity of Definition 6, we obtain the following:

Remark 3.2. [13] The (k0, k1)-continuity of Definition 6 is equivalent
to the following:

f(N∗
k0(x, r)) ⊂ N∗

k1(f(x), s),

where the number r is the least element ofN such thatN∗
k0
(x, r) contains

an open set including the point x (so N∗
k0
(x, r) = Nk0(x, r)) and s is the

least element of N such that N∗
k1
(f(x), s) contains an open set including

the point f(x) (so N∗
k1
(f(x), s) = Nk1(f(x), s)).

In Definition 6 if we replace N∗
k1
(f(x), ε) ⊂ Y (resp. N∗

k0
(x, δ) ⊂ X)

by Nk1(f(x), ε) ⊂ Y (resp. Nk0(x, δ) ⊂ X), then the (k0, k1)-continuity
of Definition 6 is equivalent to the digital (k0, k1)-continuity in DTC (see
Proposition 3.1) [13].
Thus we establish a category [13], denoted by CTC, consisting of the
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two sets:
• the set of objects Xn,k and
• For every ordered pair of objects Xn0,k0 and Yn1,k1 the set of (k0, k1)-
continuous maps between these objects as morphisms.

Comparing the KD-(k0, k1)-continuity and (k0, k1)-continuity, they
have their own features and merits [8].

In order to study some KD-k-homotopic properties of spaces Xn,k in
KDTC, we introduce the notion of a KD-k-homotopy as follows:

Definition 7. [11] For three spaces Xn0,k0 := X and Yn1,k1 := Y ,
and a subspace An0,k0 := A ⊂ Xn0,k0 , let f, g : X → Y be KD-(k0, k1)-
continuous functions. Let [0,m]Z be considered as a subspace of the
Khalimsky line with 2-adjacency. Suppose there exist m ∈ N and a
function F : X × [0,m]Z → Y such that

(•1) for all x ∈ X,F (x, 0) = f(x) and F (x,m) = g(x);
(•2) for all x ∈ X, the induced function Fx : [0,m]Z → Y defined by
Fx(t) = F (x, t) for all t ∈ [0,m]Z is KD-(2, k1)-continuous;
(•3) for all t ∈ [0,m]Z, the induced function Ft : X → Y defined by
Ft(x) = F (x, t) for all x ∈ X is KD-(k0, k1)-continuous.
Then we say that F is a KD-(k0, k1)-homotopy between f and g,

and f and g are KD-(k0, k1)-homotopic in Y . And we use the notation
f 'KD·(k0,k1) g.

(•4) If, further, for all t ∈ [0,m]Z, then the induced map Ft on A
is a constant which is the prescribed function from A to Y . In other
words, Ft(x) = f(x) = g(x) for all x ∈ A and for all t ∈ [0,m]Z. Then,
we say that the homotopy is a KD-(k0, k1)-homotopy rel.A and denote
it f 'KD·(k0,k1)rel .A g. In particular, if A = {x0} ⊂ X, then we say that
F is a pointed KD-(k0, k1)-homotopy.
If X = [0,mX ]Z, for all t ∈ [0,m]Z, we have F (0, t) = F (0, 0) and
F (mX , t) = F (mX , 0), then we say that F holds the endpoints fixed.

As the computer topological analogs of the notions of pointed k-
contractibility and k-nullhomotopic in [3], we say that the space Xn,k :=
X is pointed KD-k-contractible if 1X 'KD·k c{x0}, where c{x0} is a con-
stant map for some point x0 ∈ X. We say that a KD-(k0, k1)-continuous
function f : Xn0,k0 → Yn1,k1 := Y is KD-k1-nullhomotopic in Y if f is
KD-k1-homotopic in Y to a constant function c{y0} for some y0 ∈ Y [11].

Unlike the digital k-homotopy equivalence in DTC [4, 20], in CTC
we have used a (k0, k1)-homotopy to study spaces Xn,k (see Defini-
tion 8). For a space Xn0,k0 and its subspace An0,k0 , consider a space
pair (Xn0,k0 , An0,k0) := (X,A)n0,k0 . For two space pairs (X,A)n0,k0
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and (Y,B)n1,k1 , we say that f : (X,A)n0,k0 → (Y,B)n1,k1 is (k0, k1)-
continuous if f : Xn0,k0 → Yn1,k1 is (k0, k1)-continuous and f(An0,k0) ⊂
Bn1,k1 . In CTC, as aK-topological analog of the (k0, k1)-homotopy rel.A
in DTC [5], we can establish a new (k0, k1)-homotopy rel.A in terms of
the (k0, k1)-continuity of Definition 6, as follows.

Definition 8. [13] In CTC, for four spaces Xn0,k0 := X and Yn1,k1 :=
Y , a subspace An0,k0 := A ⊂ Xn0,k0 , and a Khalimsky interval [0,m]Z,
let f, g : X → Y be (k0, k1)-continuous functions. Suppose there exist
m ∈ N and a function F : X × [0,m]Z → Y such that

(?1) for all x ∈ X,F (x, 0) = f(x) and F (x,m) = g(x);

(?2) for all x ∈ X, the induced function Fx : [0,m]Z → Y defined by

Fx(t) = F (x, t) for all t ∈ [0,m]Z is (2, k1)-continuous;

(?3) for all t ∈ [0,m]Z, the induced function Ft : X → Y defined by

Ft(x) = F (x, t) for all x ∈ X is (k0, k1)-continuous.

Then we say that F is a (k0, k1)-homotopy between f and g, and f
and g are (k0, k1)-homotopic in Y . And we use the notation f '(k0,k1) g.

(?4) If, further, for all t ∈ [0,m]Z, then the induced map Ft on A
is a constant which is the prescribed function from A to Y . In other
words, Ft(x) = f(x) = g(x) for all x ∈ A and for all t ∈ [0,m]Z. Then,
we say that the homotopy is a (k0, k1)-homotopy rel.A and denote it
f '(k0,k1)rel .A g. In particular, if A = {x0} ⊂ X, then we say that F is
a pointed (k0, k1)-homotopy.
If X = [0,mX ]Z, for all t ∈ [0,m]Z, we have F (0, t) = F (0, 0) and
F (mX , t) = F (mX , 0), then we say that F holds the endpoints fixed.

In CTC, as an analogous version of the notion of k-contractibility
of [3] in DTC, we say that a space Xn,k is pointed k-contractible if the
identity map 1X is pointed k-homotopic rel.{x0} in X to a constant map
with the space consisting of some x0 ∈ X. In Definition 8 if k0 = k1 and
n0 = n1, then we use the terminology k0-homotopy instead of (k0, k1)-
homotopy. In order to study this problem, we now establish the notion
of homotopy equivalence suitable for studying Xn,k. Thus in CTC, for
two spaces Xn0,k0 := X and Yn1,k1 := Y , if there is a (k0, k1)-continuous
map h : X → Y and a (k1, k0)-continuous map l : Y → X such that l ◦h
is k0-homotopic to 1X and h ◦ l is k1-homotopic to 1Y , then the map
h : X → Y is called a (k0, k1)-homotopy equivalence [13]. Then we use
the notation, X '(k0,k1)·h·e Y . Furthermore, if k0 = k1 and n0 = n1, we
call h a k0-homotopy equivalence and we use the notation X 'k0·h·e Y .
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4. Remarks on homotopies in KDTC and CTC

In section 3 we have studied two notions of homotopies such as a
KD-k-homotopy in KDTC (see Definition 7) and a k-homotopy in CTC
(see Definition 8). Since there are some differences between KD-(k0, k1)-
continuity in KDTC and (k0, k1)-continuity in CTC [8], the above two
homotopies have their own features. In both Definitions 7 and 8, the
homotopies require the existence of

both “m ∈ N and a function F : X × [0,m]Z → Y ”, (4.1)

in KDTC and CTC. At this moment, since many researchers recently
have the following queries:
(Q1) Is there a difference between the product X × [0,m]Z in DTC and
that in KDTC or that in CTC?
(Q2) In KDTC and CTC, what is the topological structure of the Carte-
sian product X × [0,m]Z ?
(Q3) What is a difference between the KD-(k0, k1)-homotopy in KDTC
and the (k0, k1)-homotopy in CTC?

This section mainly address these issues.

Remark 4.1. First of all, let us consider the Cartesian product X×
[0,m]Z in DTC [3, 5]. In relation to the digital adjacency of the product,
several kinds of tools have been studied such as a normal adjacency [5],
the properties LC [10] and LS [12] and their various properties [14, 15,
18]. But in relation to the study of the Cartesian product X× [0,m]Z in
DTC, we need not consider any digital k-connectivity of this product.
This means that the set X × [0,m]Z is assumed to be a disjoint union
∪i∈[0,m]ZX×{i} without any topological structure. Therefore, since the
Cartesian product X × [0,m]Z in DTC does not have any topological
structure, we see that this is quite different from those in both KDTC
and CTC, which answers the query of the question (1) above.

Let us move onto the second issue above.

Proposition 4.2. The topological structure of the product X ×
[0,m]Z in Definition 7 is same as that in Definition 8.

Proof: To address the following query “In KDTC and CTC, what
is the topological structure in the Cartesian product X × [0,m]Z?”,
first of all, we need to study the K-topological structure. It is well
known that the Khalimsky nD topological space is a box product of
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the Khalimsky line space (Z, κ). Put Zn × {i} := Zn
i , i ∈ Z. Then we

may consider Zn
i as the subspace of (Zn

i , κ
n+1
Zn
i
) induced by (Zn+1, κn+1).

Then for any i, j ∈ 2Z or i, j ∈ {2n + 1|n ∈ Z we see that (Zn
i , κ

n+1
Zn
i
)

is K-homeomorphic to (Zn
j , κ

n+1
Zn
j
). But, if n ∈ {1, 2}, then we have a

very nice situation. For instance, consider the spaces in Figure 1. To
be specific, in Figure 1(a-1) consider the K-interval ([0, 3]Z, κ[0,3]Z) as
the space (X,κn0

X ) in Definition 7. Then consider the Cartesian prod-
uct (X,κn0

X ) × [0,m]Z := [0, 3]Z × [0,m]Z with m = 2. Then we have
[0, 3]Z ×{i} := Xi, i ∈ [0, 2]Z such that (Xi, κ

2
Xi
) is K-homeomorphic to

(Xj , κ
2
Xj

), i, j ∈ [0, 2]Z.

Similarly, in Figure 1(a-2) consider the K-interval ([1, 4]Z, κ[1,4]Z) as the
space (X,κn0

X ) in Definition 7. Then consider the Cartesian product
(X,κn0

X ) × [0,m]Z := [1, 4]Z × [0,m]Z with m = 2. Then we have
[1, 4]Z ×{i} := Xi, i ∈ [0, 2]Z such that (Xi, κ

2
Xi
) is K-homeomorphic to

(Xj , κ
2
Xj

).

Besides, in Figure 1(b) consider the K-topological space (X,κ2X) as
the space (X,κn0

X ) in Definition 7. Then consider the Cartesian prod-
uct (X,κn0

X ) × [0,m]Z := X × [0,m]Z with m = 2. Then we have
X × {i} := Xi, i ∈ [0, 2]Z such that (Xi, κ

2
Xi
) is K-homeomorphic to

(Xj , κ
2
Xj

), i, j ∈ [0, 2]Z.

Furthermore, we see that (Zn, κn) is a proper subspace of (Zn+1, κn+1)
with the relative topology on Zn induced by (Zn+1, κn+1), n ∈ N [17].
Based on this review, the Cartesian product X × [0,m]Z in Definitions
7 and 8 should be basically considered as an element in Ob(KTC). ¤

Let us move onto to the third issue above.

Proposition 4.3. The KD-(k0, k1)-homotopy inKDTC and the (k0, k1)-
homotopy in CTC have their own features.

Proof: In view of the categories KDTC and CTC, the role of the
product X × [0,m]Z in Definitions 7 and 8 are same. However, let us
compare the properties (•2) and (?2). Indeed, it is obvious that [0,m]Z
is a subspace of (Z, κ), by the property (2.3), each point p ∈ Z has
SNk(p) = {p} or {p−1, p, p+1}. Hence for any point p ∈ ([0,m]Z,[0,m]Z )
we have N∗

2 (p, 1) = N2(p, 1). Therefore, while the role of ([0,m]Z,[0,m]Z )
in Definitions 7 and 8 are same, there can be some different situations
in Yn1,k1 := Y depending on the viewpoints of KDTC and CTC. THus
we conclude that the roles of (•2) and (?2) have their own features.
Namely, owing to the difference between the KD-(2, k1)-continuity and
the (2, k1)-continuity in CTC [8], these two properties (•2) and (?2) are
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(a)

10 2 3 21 3 4

(1, 0) (2,0) (4, 0)(3,0)

(a-1) (a-2)

(0, 0) (1,0) (3, 0)(2,0)

(b)

X

(X,        )Xk

(0, 0, 0)

(0, 0, 2)

X Y

2

X

X

Y

Y1

0

1

0

(0, 1) (1,1) (1,1)

X1

X0

X2 Y2

(2, 0, 2)

(2, 0, 0)

Figure 1. Explanation of some features of the product
X × [0,m]Z in Definitions 7 and 8.

different from each other. Besides, by using the approach similar to the
comparison between (•2) and (?2), we can see some difference between
the properties (•3) in Definition 7 and (?3) in Definition 8. ¤

5. Difficulty in developing a homotopy inM-topological spaces

Let us recall the notions of an M -adjacent relation for any two points
in Z2 and an MA-neighborhood of a point x ∈ Z2 and further, an
equivalence between M -adjacency and digital 4-connectivity.

Definition 9. [16] In (Z2, γ), we say that two distinct points x,y in
Z2 are M -adjacent if y ∈ O(x) or x ∈ O(y), O(q) means the smallest
open set containing the point q ∈ Z2, q ∈ {x, y}.

In other words, for a point p ∈ Z2 the set of M -adjacent points of p,
denoted by MA(p), can be represented as follows [21]:

MA(p) = N4(p). (5.1)
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Remark 5.1. [16] (1) Under (Z2, γ) the notions of M -adjacency and
M -connectedness are equivalent.

(2) Under (Z2, γ) take a point p ∈ Z2. For any point q ∈ N4(p) the
subspace ({p, q} := X1, γX1) is both M -connected and MA-connected.

In view of Remark 5.1, we obtain the following:

Lemma 5.2. [16] Under (Z2, γ) for any two points p, q ∈ Z2 the
subspace ({p, q} := X1, γX1) is connected if and only if the two points
p, q are 4-adjacent, i.e. p ∈ N4(q) or q ∈ N4(p).

For a space (X, γX) := X we now recall an MA-relation of a point
p ∈ X as follows.

Definition 10. [16] For (X, γX) := X put MAX(p) := MA(p) ∩X.
We say that for two distinct points p, q ∈ X they are M -adjacent to
each other if q ∈ MAX(p) or p ∈ MAX(q).

Definition 11. [16] For a space (X, γX) := X and a point p ∈ X we
define an MA-neighborhood of p in X to be the set MAX(p) ∪ {p} :=
MNX(p).

Hereafter, in (X, γX) we use the notation MN(p) instead of MNX(p)
if there is no danger of ambiguity. In view of Definition 10 and (5.1), we
conclude that in (X, γX) [21]

MN(p) = N4(p, 1). (5.2)

As referred in Remark 5.1, given an M -topological space (X, γX),
since we have an M -adjacency on the space, we may use the notation
(X, γX) again for a space (X, γX) with an M -adjacency if there is no
ambiguity. For a space (X, γX) := X and each point x ∈ X, owing to
the Alexandroff topological structure of (X, γX), it is clear that [21] each
point x ∈ X always has MN(x) ⊂ X so that we now establish a map
sending MN(x) into MN(f(x)) as follows:

Definition 12. [16] For two spaces (X, γX) := X and (Y, γY ) := Y ,
we say that a function f : X → Y is an MA-map at a point x ∈ X if

f(MN(x)) ⊂ MN(f(x)).

Furthermore, we say that a map f : X → Y is an MA-map if the map
f is an MA-map at every point x ∈ X.

In view of Definition 12, we observe the following [16]:
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Remark 5.3. (1) An M -continuous map is an MA-map. But the
converse does not hold [11].
(2) An MA-map is an M -connectedness preserving map [11].
(3) For a given bijective MA-map, its inverse map need not be an MA-
map [21].

UsingMA-maps, we establish anMA-category [11], denoted byMAC,
consisting of two sets.

(1) For any set X ⊂ Z2, the set of (X, γX) (or (X, γX) with M -
adjacency) as objects of MAC,

(2) For every ordered pair of objects (X, γX) and (Y, γY ), the set of
all MA-maps f : (X, γX) → (Y, γY ) as morphisms of MAC.

The recent paper [21] a new homotopy to study digital space from
the viewpoint of MAC. However, to develop a homotopy in MTC, let us
follow the methods presented in Definitions 7 and 8, then we have some
difficult in proceeding the work.

Let us now recall theM -topological category and anM -homeomorphism
as follows:

Definition 13. [29] For two M -topological spaces (X, γX) := X and
(Y, γY ) := Y , a function f : X → Y is said to be M -continuous at a
point x ∈ X if f is continuous at the point x from the viewpoint of M -
topology. Furthermore, we say that a map f : X → Y is M -continuous
if it is M -continuous at every point x ∈ X.

Using M -continuous maps, we establish an M -topological category,
denoted by MTC [21], consisting of two sets [16, 21].

(1) For any set X ⊂ Z2 the set of objects (X, γX) denoted by
Obj(MTC),

(2) For every ordered pair of objects (X, γX) and (Y, γY ), the set of
all M -continuous maps f : (X, γX) → (Y, γY ) as morphisms of MTC.

Remark 5.4. To establish the notion of anM -homotopy, if we follow
the method similar to those of Definitions 7 and 8, then we have a
serious difficulties. Let us follow the method in Definitions 7 and 8 to
develop the notion of anM -homotopy. To be specific, inMTC, for spaces
(X, γX) := X and (Y, γY ) := Y and an M -interval ([0,m]Z, γ[0,m]Z) as

a subspace induced by the M -topology (Z2, γ). Suppose f, g : X → Y
be M -continuous functions. Suppose there exist m ∈ N and a function
G : X × [0,m]Z → Y such that satisfying the properties similar to those
from (•1) to (?1) in Definitions 7 and 8.
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At this moment, we have some difficulty in having the product X ×
[0,m]Z in MTC because MTC consists of all subspaces of 2D digital
spaces. For instance, consider the space X := [0, 3]Z in Figure 2. If
we have the product X × [0, 2]Z (see Figure 2(a-1)), then the subspaces
X × {i} := Xi, i ∈ [0, 2]Z have the following property: (X0, γX0) is not
M -homeomorphic to (X1, γX1), which makes difficulties in establishing
the product X × [0,m]Z for an M -homotopy.
As another example consider the space X := [1, 4]Z in Figure 2. If we
have the product X × [0, 2]Z (see Figure 2(a-2)), then the subspaces
Y × {i} := Yi, i ∈ [0, 2]Z have the following property: (Y0, γY0) is not
M -homeomorphic to (Y1, γY1), which makes difficulties in establishing
the product Y × [0,m]Z for an M -homotopy.

(a)

10 2 3 21 3 4

(1, 0) (2,0) (4, 0)(3,0)

(a-1) (a-2)

(0, 0) (1,0) (3, 0)(2,0)

X Y

X

X

Y

Y1

0

1

0

(0, 1) (1,1) (1,1)

X2 Y2

Figure 2. Explanation of some difficulties in establish-
ing an M -homotopy.

6. Summary and further works

We have reviewed the motivations of the KD-(k0, k1)-homotopy in
KDTC and the (k0, k1)-homotopy in CTC. Comparing the situations
among KDTC, CTC and MTC, we need to develop a homotopy in MTC
by using some different approach from those in Definitions 7 and 8.
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