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LEAST-SQUARES METHOD FOR THE BUBBLE

STABILIZATION BY THE GAUSS-NEWTON METHOD

Seung Soo Kim, Yong Hun Lee∗ and Eun Jung Oh

Abstract. In the discrete formulation of the bubble stabilized Le-
gendre Galerkin methods, the system of equations includes the arti-
ficial viscosity term as the parameter. We investigate the estimation
of this parameter to get the least-squares solution which minimizes
the sum of the squares of errors at each node points. Some numer-
ical results are reported.

1. Introduction

Let us consider the one-dimensional advection-diffusion model prob-
lem defined on the interval Λ = [−1, 1] as following:

Lu := −νu′′ + βu′ = f in Λ(1.1)

u(−1) = u(1) = 0,

where ν is a positive constant, β ∈ W 1,∞(Λ) and f ∈ L2(Λ).
In [6], Canuto and Puppo suggested the bubble stabilized Legendre

Galerkin method for problem (1.1). The Legendre Galerkin method([4],
[5]) using the Legendre-Gauss-Lobatto(=:LGL) points on Λ has the dis-
crete formulation as following: Find uN ∈ VN such that

ν(u′N , v′N ) + (βu′N , vN ) = (f, vN ), for all vN ∈ VN(1.2)

Here VN is the polynomial function space of the degree ≤ N vanishing at
the end points. But the approximated solution uN which is interpolated
by the higher-order Legendre polynomial has the spurious oscillations.
Hence the authors proposed the bubble stabilization technique to con-
trol this spurious oscillation. In the process of the bubble-stabilized
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discretization, the terms of the bubble function are replaced by the arti-
ficial viscosity terms. The bubble stabilized Legendre Galerkin method
is summarized as following: Find uN ∈ VN such that

ν(u′N , v′N ) + (βu′N , vN )

−
N∑

j=1

ν τj(u
′′
N , Jβ v′h)Λj +

N∑

j=1

τj(βu
′
N , Jβ v′h)Λj(1.3)

= (f, vN ) +

N∑

j=1

τj(f, Jβ v′h)Λj , for all vN ∈ VN ,

where (·, ·)Λj
is L2-inner product on subinterval Λj and vh is linear

interpolation for vN and J is L2-orthogonal production into the space

F (0)
h

F (0)
h = {ϕ ∈ L2(Λ) | ϕ|Λj is constant , j = 1, . . . , N}.

In other words, we solve the Legendre Galerkin discretized system in-
cluding the parameters as the artificial viscosity terms τj which played
the role of the bubble functions. In this system of equations (1.3), the
value of the parameters τj depends on the choosing the bubble functions.
Hence, in order to get better approximated solution uN , we must choose
a good bubble function, or, estimate a good value of the parameters τj .

For the purpose of estimation, we construct the least-squares problem
and solve numerically by the Gauss-Newton iteration method. At first,
we define appropriate objective function which function value is the sum
of the squares of errors at each LGL points ξj ’s and the independent vari-
ables are all parameters τj ’s. Hence, we have the least-squares problem
which minimizes the value of the objective function with respect to the
parameter values.

(1.4) minΦ(· · · , τj , · · · ) := 1

2

∑

k

|uN (ξk)− ue(ξk)|2 ,

where uN is the stabilized Legendre Galerkin solution with the parame-
ter values τ1, · · · , τN in the discretized system (1.3), and ue is the exact
solution. In order to find the minimizer, we use the Gauss-Newton iter-
ation method.

The outline of this paper is as follows: In section 2, we summarize
the bubble stabilized Legendre Galerkin method proposed in [6], the
least-squares problem with respect to parameters and Gauss-Newton it-
eration scheme are described in section 3. Several numerical simulations
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on least-squares method are done in section 4. Finally, we add some
concluding remarks in last section.

2. Bubble-stabilized Legendre Gelerkin method

In this section we briefly introduce the bubble stabilized Legendre
Gelerkin method for the advection-diffusion equation (1.1) (See [6] for
more detail). For the convenience, we assume that β is a positive con-
stant.

We consider the standard Sobolev space H1
0 (Λ) and the usual L2

inner product (u, v) =
∫ 1
−1 u(x)v(x)dx. Let us define the bilinear form

a(·, ·) on H1
0 (Λ)×H1

0 (Λ) by

(2.1) a(u, v) = ν
(
u′, v′

)
+ β

(
u′, v

)
, for all u, v ∈ H1

0 (Λ).

Then the Galerkin weak formulation for (1.1) can be written as: Find
u ∈ H1

0 (Λ) satisfying

(2.2) a(u, v) = (f, v), for all v ∈ H1
0 (Λ).

Next, we consider the finite dimensional space PN of polynomials of
degree ≤ N defined on Λ and the subspace P0

N of PN defined by

P0
N = {u ∈ PN | u(−1) = u(1) = 0}.

We will use the LGL nodes {ξj}Nj=0 on Λ̄. Therefore {ξj}Nj=0 are in-

creasingly ordered and the zeros of (1− x2)L′
N (x), where LN is the N th

Legendre polynomial defined on Λ. Set Λj = (ξj−1, ξj), hj := ξj − ξj−1.
Then we get the Legendre Gelerkin formulation using the LGL nodes
for (2.2): Find uN ∈ VN := P0

N such that

(2.3) a(uN , vN ) = (f, vN ), for all vN ∈ VN .

For the case of β = 1 and f = 1, the numerical solution and the exact
solution of (2.3) with ν = 10−2, 10−4 and N = 4, 8, 16 can be shown in
[10]. These have shown the oscillation behavior as predicted in [3].

The bubble stabilization was intended to reduce this oscillation. Let
us introduce the finite dimensional subspace BN spanned by chosen bub-
ble functions {bj}Nj=1 with its support Λj . Now, the bubble stabilized

Legendre Galerkin method based on spaceWN = VN
⊕BN is as follows:

Find uN,b ∈ WN satisfying

(2.4) a(uN,b, wN ) = (f, wN ), for all wN ∈ WN .

By splitting uN,b and wN into uN,b = uN + ub and wN = vN + vb,
respectively, and by eliminating the bubble component from the system
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of the equations (2.4), we have the discretized system of the equations
as following: Find uN ∈ VN such that for all vN ∈ VN

ν(u′N , v′N ) + β(u′N , vN )

−
N∑

j=1

ν τjβ(u
′′
N , v′h)Λj +

N∑

j=1

τjβ
2(u′N , v′h)Λj(2.5)

= (f, vN ) +

N∑

j=1

τjβ(f, v
′
h)Λj

where (u, v)Λj
=

∫
Λj

u(x)v(x)dx and vh is linear interpolation of vN . In

this system (2.5), we can easily see that the bubble term bj was replaced
with the artificial viscosity parameter τj which is calculated by

(2.6) τj = c(b̂j)
h2j
ν
, with c(b̂) =

(∫ 1
0 b̂ dx

)2

∫ 1
0 (b̂x)

2dx
,

where b̂j is the affine image of bj on the reference unit interval. Hence,
we have to solve the discretized system (2.5) including the parameter τj
for uN . That is, instead of choosing the bubble functions bj on each cell
Λj , we may choose the value of the terms τj . In [1], the authors show

that the maximum value of c(b̂j) is 1
12 at which the reference bubble

b̂ is the parabolic function b̂(x̂) = x̂(1 − x̂). So , for a suitable choice
of αj ∈ [0, 1], the corresponding artificial viscosity term τj takes the
expression

(2.7) τj =
α3
jh

2
j

12ν
, j = 1, · · · , N.

3. Least-squares problem by Gauss-Newton method

In this section, we investigate the non-linear least-squares problem
to have the least-squares solution for the bubble stabilized Legendre
Galerkin method.

In order to construct the least-squares problem for estimating the pa-
rameters αj ’s, let us consider one-dimensional advection-diffusion model
problem

−νu′′ + u′ = 1 in Λ(3.1)

u(−1) = u(1) = 0.
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In the sequel, we consider only ν = 10−2 or 10−4.
In [6], the authors suggested the fixed reference bubble(FRB) scheme

for assigning a particular value of the parameters τj . The FRB scheme
takes a values of αj ’s into the constant value α in all cells, and by varying
the value of the parameter α, find the optimal stabilized solution. The
stabilized solutions by the FRB scheme are optimized by using the only
one-parameter α. In [10], the authors find the optimal values of αj for
the optimization problem which minimizes the maximum norm of the
error by using the steepest descent method.

In this paper, we want to find an another optimal solution by esti-
mating the all parameter values τj which are taken by distinct values αj

for each j = 1, · · · , N . To do this, we suggest to minimize the sum of
the squares of the errors(=: rj) at each LGL nodes {ξj}, that is,
(3.2) rj := |uN (ξj)− ue(ξj)|, j = 1, · · · , N − 1,

where uN is the bubble stabilized Legendre Galerkin solution of the
discretized system (2.5) with β = 1 and f = 1 for the parameter values
α1, · · · , αN , and ue is the exact solution of the model equation (3.1).
Hence each rj is a function with respect to the independent variables
(α1, · · · , αN ). So, we define appropriate objective function for least-
squares problem by the sum of the squares of the error at the LGL
nodes with respect to the independent variables x := (α1, · · · , αN ) as

(3.3) Φ(x) =
1

2
rT r =

1

2

N−1∑

j=1

|uN (ξj)− ue(ξj)|2 =:
1

2
‖uN − ue‖2`2 ,

where r = (r1, · · · , rN−1)
T . Therefore the function value is determined

by `2-norm error of the numerical solution uN and exact solution ue at
the LGL nodes (ξj). Hence, our least-squares problem is as following:
Find the parameter values αj ’s such that

(3.4) min
x

Φ(x)

In order to find the minimizer α1, · · · , αN , we use the Gauss-Newton
method. The Gauss-Newton method is the well-known method which
solves the nonlinear least-squares problem. First, in order to solve the
least-squares problem (3.4), we find the nonlinear equation for the first-
order necessary condition that the value of the objective function Φ is
minimized at x

(3.5) ∇Φ(x) = J(x)T r(x) :=

N−1∑

j=1

rj(x)∇rj(x) = 0,
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where the Jacobian J is

J =




∂r1
∂α1

∂r1
∂α2

· · · ∂r1
∂αN

∂r2
∂α1

∂r2
∂α2

· · · ∂r2
∂αN

...
...

. . .
...

∂rN−1

∂α1

∂rN−1

∂α2
· · · ∂rN−1

∂αN




The Gauss-Newton method for the equation (3.5) gives the iterative
equation as follows:

(3.6) x(k+1) = x(k) − sk(J(x
(k))TJ(x(k)))−1J(x(k))T r(x(k)),

where x(k) = (α
(k)
1 , · · · , α(k)

N ), and sk is the step-length factor which is

determined by line search method. Hence from the initial guess x(0)

of the parameter values we can construct the sequence {x(k)} by the

iterative equation (3.6) until the gradient vector ∇Φ(x(k)) is very close
to zero vector. It is well known that each accumulation point of the
iterative sequence {x(k)} is a stationary point of Φ. By this scheme,
therefore, we can find the stationary point of Φ. This point is the local
minimizer of the objective function Φ.

However, we can not find the Jacobian J because the partial deriva-
tives ∂ri

∂αj
does not exist for all j = 1, · · · , N . Hence we use the finite-

difference as an approximation of the derivatives. The (i, j)-th com-
ponent of the Jacobian J can be approximated by the central finite-
difference as

(3.7)
∂ri
∂αj

=
ri(α1, · · · , αj + h, · · · , αN )− ri(α1, · · · , αj − h, · · · , αN )

2h
.

After we determine the approximation of the gradient vector∇Φ(x(k))
we may determine the step-length sk. To do this, we find the single-
variable minimization problem so called line search method. In this
computation, we use the inexact line search method.

4. Numerical Results

In this section, we report some numerical results for the solution αj ’s
of the least-squares problem (3.4). For the purpose of it, we consider the
advection-diffusion model problem (3.1). In order to find the stabilized
Legendre Galerkin solution uN , we may solve the discretized system
(2.5) with β = 1 and f = 1 and the least-squares parameter αj in (2.7).
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Here, we take the least-squares parameters αj to the zero, for all
j, then the system (2.5) has the pure Galerkin solution, by means of
the without-stabilization. Hence we can have the stabilized Galerkin
solution by changing the value of the parameter αj in (2.5).

So, by using the Gauss-Newton method, we find the optimal param-
eter values for minimizing the objective function (3.3). Table 4.1 shows
the optimal values of the parameter αj ’s for the case ν = 10−2 and
ν = 10−4 with N = 4, 8, and 16.

We display three types of the numerical solutions in Figure 4.1. The
first one(dot-dashed line) is the pure Galerkin solution u0N which is
unstabilized Galerkin solution(i.e., αj = 0, for all j), and the second
one(dotted line) is the FRB stabilized solution uαN which is stabilized
by FRB scheme for some value α (in this case, all αj are taken into the
one value α). The last one(solid line) is the least-squares solution uN
by the Gauss-Newton method. In Gauss-Newton iteration scheme, we
use the initial guess α as the values of α which is found in FRB scheme,
i.e., x(0) = (α, · · · , α).

Table 4.1. The estimated values of the parameter αj

for optimizing the `2-norm errors

j ν = 10−2 ν = 10−4

N = 4 N = 8 N = 16 N = 4 N = 8 N = 16
1 1.351519 1.378002 1.379993 1.356954 1.382824 1.384536
2 1.351519 1.378002 1.379993 1.356954 1.382824 1.384536
3 1.259032 1.451040 1.465596 1.269079 1.457216 1.470698
4 0.549907 1.390359 1.403852 0.119835 1.397872 1.409469
5 1.406239 1.456394 1.416688 1.462172
6 1.333614 1.410876 1.350494 1.417013
7 1.206224 1.446839 1.236894 1.454011
8 0.805965 1.412176 0.181269 1.420689
9 1.434693 1.444670
10 1.406595 1.419204
11 1.414436 1.430516
12 1.384735 1.406968
13 1.365961 1.397449
14 1.302948 1.348782
15 1.211688 1.225577
16 1.062487 0.281148
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Figure 4.1. The bubble stabilized solution for the FRB
strategy (¦) and for the Gauss-Newton method (+) for
the case ν = 10−2, 10−4 and N = 4, 8, 16.
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Table 4.2. Comparison of the `2-norm errors of three solutions.

ν N ‖u0N − ue‖`2 ‖uαN − ue‖`2 ‖uN − ue‖`2 α

4 381.86361 1.81186305 2.4926464e-21 1.00
10−2 8 35.36769 0.01881074 1.5460411e-16 0.80

16 0.570136 0.02554244 3.4573101e-19 0.85
4 4465297.8 3.21220907 5.6512347e-23 0.85

10−4 8 669112.92 7.53865611 6.5612746e-13 0.95
16 89623.252 15.1924974 1.8359492e-12 1.05

The comparison result of the `2-norm errors of the three types of
solution with respect to the exact solution ue are reported in Table 4.2
for each cases of ν and N . The values of α found in FRB scheme, i.e,
the initial guess of Gauss-Newton iteration is shown in the last column.

Remark. In this least-square problem, we may consider another objec-
tive function by minimizing the sum of the squares of the residual(=: rj)
at each LGL nodes {ξj}, that is,
(4.1) rj := |1 + νu′′N (ξj)− u′N (ξj)|, j = 1, · · · , N − 1,

instead of the equation (3.2). But, this equation does not include the
stabilized term. So, this problem find the pure Legendre Galerkin so-
lution without stabilization. After all, it is necessary to find a better
objective function without the exact solution.

5. Concluding Remarks

We investigate the estimation of the parameter which is included
in the discretized system by the Gauss-Newton iteration scheme of the
least-squares problem which minimizes the sum of the `2-norm of the
errors at the LGL nodes as an objective function. In this paper, we
compute the optimal stabilized Legendre solution for N = 4, 8, 16 and
ν = 10−2, 10−4. To obtain the optimal stabilized solutions, we get the
parameter values which are mutually distinct. The distinct values mean
that we can use the different bubble functions on each subintervals.
However, these optimal parameters are not the global minimizer, but
a local minimizer. Furthermore we want to research to find the more
optimized parameters.
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