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STRICT COMMON FIXED POINT THEOREMS FOR

HYBRID PAIRS OF MAPPINGS VIA ALTERING

DISTANCES AND AN APPLICATION

Javid Ali∗, V. Popa and M. Imdad

Abstract. In this paper, we utilize an implicit relation to improve
and extend some strict common fixed point results of the existing
literature to two pairs of hybrid mappings in 2-metric spaces via
altering distances. As an application, we also prove some strict
common fixed point theorems for hybrid pairs of mappings satisfy-
ing a contractive condition of integral type in 2-metric spaces.

1. Introduction

The concept of 2-metric space was introduced and developed by
Gähler in a series of papers [1,2,3] and by now there exists consider-
able literature on this topic. In the course of all round development
of the subject, a number of authors have also studied various aspects
of metric fixed point theory in the setting of 2-metric spaces which are
often motivated by corresponding concepts or results already known for
metric spaces. Iseki [4] (see also [5]) appears to the first mathematician
who studied fixed point theorems in the setting of 2-metric spaces.

Jungck [6] introduced the most fruitful notion of weakly compatible
pair of mappings and utilized the same in the setting of metric spaces
which turns out to be very handy to prove common fixed point theorems
under minimal commutativity requirement. In recent years using this
idea, several general common fixed point theorems have been proved
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in metric and 2-metric spaces which include Popa [7], Imdad et al. [8],
Abu-Donia and Atia [9] and others. Popa [7] utilized implicit relations to
prove some results on common fixed points which are proving fruitful as
they cover several contractive definitions in one go. Quite recently, Popa
et al. [10,11] employed implicit relations to prove common fixed point
theorems in 2-metric spaces. The idea of altering distances is employed
to prove relatively more general results in [12,13,14,15] which will also
be utilized in our present paper.

2. Preliminaries

A 2-metric space is a set X equipped with a real-valued function d
on X3 which satisfies the following conditions:

(M1) to each pair of distinct points x, y in X, there exists a point z ∈ X
such that d(x, y, z) 6= 0,

(M2) d(x, y, z) = 0 when at least two of x, y, z are equal,
(M3) d(x, y, z) = d(x, z, y) = d(y, z, x),
(M4) d(x, y, z) ≤ d(x, y, u) + d(x, u, z) + d(u, y, z) for all x, y, z, u ∈ X.

The function d is called a 2-metric on the set X whereas the pair
(X, d) stands for 2-metric space. Geometrically, for a 2-metric d, d(x, y, z)
represents the area of a triangle with vertices x, y and z.

As discussed in Gähler [2], a 2-metric d is a non-negative continuous
function in any one of its three arguments but it need not be contin-
uous in two arguments. A 2-metric d is said to be continuous if it is
continuous in all of its arguments. Throughout this paper d stands for
a continuous 2-metric.

Definition 2.1[4]. A sequence {xn} in a 2-metric space (X, d) is
said to be convergent to a point x ∈ X, denoted by lim

n→∞xn = x, if

lim
n→∞ d(xn, x, z) = 0 for all z ∈ X.

Definition 2.2[16]. A pair of self mappings (f, g) of a 2-metric space
(X, d) is said to be compatible if lim

n→∞ d(fgxn, gfxn, z) = 0 for all z ∈ X,

whenever {xn} is a sequence in X such that lim
n→∞ fxn = lim

n→∞ gxn = t

for some t ∈ X.

Definition 2.3[6]. A pair of self mappings (f, g) defined on a nonempty
set X is said to be weakly compatible if for all x ∈ X with fx = gx, we
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have fgx = gfx.

Remark 2.1. Every pair of weakly compatible mappings need not be
compatible (cf.[9]).

We denote by B(X), the family of bounded subsets of (X, d). For all
A, B and C in B(X), let D(A,B,C) and δ(A,B,C) be the functions
defined by

D(A,B,C) = inf{d(a, b, c) : a ∈ A, b ∈ B, c ∈ C},
δ(A,B,C) = sup{d(a, b, c) : a ∈ A, b ∈ B, c ∈ C}.

If A consists of a single point ‘a’, we write δ(A,B,C) = δ(a,B,C). Also,
if B and C also consist of single points ‘b’ and ‘c’, respectively, then we
write δ(A,B,C) = D(a, b, c) = d(a, b, c).

It follows immediately from the definition that

δ(A,B,C) = 0 if at least two of A,B,C are identical singleton sets
and
δ(A,B,C) = δ(A,C,B) = δ(B,A,C) = δ(B,C,A) = δ(C,B,A) =
δ(C,A,B) ≥ 0,
besides δ(A,B,C) ≤ δ(A,B,E)+δ(A,E,C)+δ(E,B,C) for allA,B,C,E
in B(X).

Definition 2.4[17]. A sequence {An} of subsets of a 2-metric space
(X, d) is said to be convergent to a subset A of X if:

(i) given a ∈ A, there exists {an} in X such that an ∈ An for n =
1, 2, 3, . . . and lim

n→∞ d(an, a, z) = 0 for each z ∈ X, and

(ii) given ε > 0, there exists a positive integer N such that An ⊂ Aε for
n > N where Aε is the union of all open balls with centers in A and
radius ε.

Definition 2.5[17]. The mappings f : X → X and F : X → B(X) are
said to be weakly commuting if fFx ∈ B(X) and

δ(Ffx, fFx,C) ≤ max{δ(fx, Fx,C), δ(fFx, fFx,C)} (2.1)

for all x ∈ X, C ∈ B(X).

Remark 2.2. If F is a single-valued mapping, then the set fFx becomes
singleton. Therefore, δ(fFx, fFx,C) = 0 and condition (2.1) reduces to
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the condition given by Khan [18], i.e. D(Ffx, fFx, z) ≤ D(fx, Fx, z).

Definition 2.6. The mappings f : X → X and F : X → B(X) are
said to be δ-compatible if lim

n→∞ δ(Ffxn, fFxn, C) = 0 for all C ∈ B(X),

whenever {xn} is a sequence in X such that fFxn ∈ B(X), Fxn → {t}
and fxn → t for some t ∈ X.

Definition 2.7. Let f : X → X and F : X → B(X). A point x ∈ X
is said to be fixed point of F if x ∈ Fx and strict fixed point of F if
Fx = {x}. A point x ∈ X is said to be coincidence point of (f, F ) if
fx ∈ Fx and strict coincidence point of (f, F ) if Fx = {fx}.

Definition 2.8[19]. The mappings f : X → X and F : X → B(X) are
said to be weakly compatible if they commute at all strict coincidence
points, i.e. for each x in X such that Fx = {fx}, we have Ffx = fFx.

Remark 2.3[17]. Any δ-compatible pair (f, F ) is weakly compatible
but the converse is not true in general.

Definition 2.9[20]. The mappings f : X → X and F : X → B(X) are
said to be occasionally weakly compatible (owc) if there exists a coinci-
dence point of (f, F ) such that fFx ⊂ Ffx.

The following theorems are proved in [20].

Theorem 2.1. Let f, g be self mappings of a metric space (X, d) and
F,G : X → B(X) such that (f, F ) and (g,G) are owc. If

δ(Fx,Gy) < max{d(fx, gy), D(Fx, fx), D(Gy, gy), δ(fx,Gy), δ(gy, Fx)}
for all x, y ∈ X for which fx 6= gy, then f, g, F and G have a unique
common fixed point.

Theorem 2.2. Let f, g be self mappings of a metric space (X, d) and
F,G : X → B(X) such that (f, F ) and (g,G) are owc. If

δ(Fx,Gy) < hmax{d(fx, gy), D(Fx, fx), D(Gy, gy),
1

2
[δ(fx,Gy)+δ(gy, Fx)]}

for all x, y ∈ X for which fx 6= gy and h ∈ [0, 1), then f, g, F and G
have a unique common fixed point.



Strict common fixed point theorems and an application 217

Theorem 2.3. Let f, g be self mappings of a metric space (X, d) and
F,G : X → B(X) such that (f, F ) and (g,G) are owc. If

δ(Fx,Gy) < ad(fx, gy)+bmax{D(Fx, fx), D(Gy, gy)}+cmax{d(fx, gy),

δ(fx,Gy), δ(gy, Fx)}
for all x, y ∈ X for which fx 6= gy, where a, b, c > 0 and a + b + c = 1.
Then f, g, F and G have a unique common fixed point.

Imdad et al. [21] pointed out that owc property is not a proper
generalization of weak compatibility. Thereafter, Doric et al. [22] have
shown that owc property reduces to weak compatibility in the presence
of unique point of coincidence or unique common fixed point of single-
valued mappings. The same is not true for hybrid mappings. But in case
of unique strict point of coincidence or unique strict common fixed point
of hybrid mappings, owc property again reduces to weak compatibility.
Theorems 2.1-2.3 proved for unique strict common fixed point of owc
mappings and such type of results are already available in the existing
literature for weakly compatible mappings. Henceforth, these theorems
are not new results.

Definition 2.10[12]. An altering distance is a mapping ψ : [0,∞) →
[0,∞) which satisfies the following conditions:

(ψ1) : ψ is increasing and continuous, and

(ψ2) : ψ(t) = 0 if and only if t = 0.

Fixed point theorems involving altering distances in metric spaces are
available in [12,13,14,15] besides some other papers.

We utilize the following two definitions to prove our results in this
paper.

Definition 2.11. The mappings f : X → X and F : X → B(X) are
said to be subcompatible iff there exists at least one sequence {xn} such
that lim

n→∞ δ(fFxn, Ffxn, C) = 0 with lim
n→∞ fxn = t and lim

n→∞Fxn = {t}
for some t ∈ X and for all C ∈ B(X).

Definition 2.12. The mappings f : X → X and F : X → B(X)
are said to be subsequentially continuous iff there exists at least one
sequence {xn} in X such that lim

n→∞Ffxn = Ft and lim
n→∞ fFxn = {ft}

with lim
n→∞ fxn = t and lim

n→∞Fxn = {t} for some t ∈ X.
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The purpose of this paper is to extend Theorems 2.1-2.3 and obtain
some new results for hybrid mappings in 2-metric spaces satisfying an
implicit relation. As an application, we also prove some strict common
fixed point theorems for pairs of hybrid mappings satisfying contractive
conditions of integral type.

3. An implicit relation

In the present paper, an implicit relation satisfying the following two
properties serves our purpose.

Definition 3.1. Let Φ be the set of all lower semi-continuous functions
φ(t1, . . . , t6) : <6

+ → < satisfying the following conditions:

(φ1) : φ is nonincreasing in variables t2, t5, t6 (or nondecreasing in vari-
able t1 and nonincreasing in variables t5, t6).

(φ2) : φ(t, t, 0, 0, t, t) > 0, ∀ t > 0.

Example 3.1. φ(t1, . . . , t6) = t1 − kmax{t2, t3, t4, t5, t6}, where k ∈
(0, 1).

Example 3.2. φ(t1, . . . , t6) = t1−kmax{t2, t3, t4, 12(t5+t6)}, where k ∈
(0, 1).

Example 3.3. φ(t1, . . . , t6) = t1−at2− bmax{t3, t4}− cmax{t2, t5, t6},
where a, b, c > 0 and a+ b+ c = 1.

Example 3.4. φ(t1, . . . , t6) = tp1−atp2−(1−a)max{tp3, tp4, (t3t4)
p
2 , (t5t6)

p
2 },

where a ∈ (0, 1) and p ≥ 1.

Example 3.5. φ(t1, . . . , t6) = t1−at2− b(t3+ t4)− cmin{t5, t6}, where
a, b, c > 0 and a+ c < 1.

Example 3.6. φ(t1, . . . , t6) = t1 − at2 − b(t3 + t4) − c(t5t6)
1
2 , where

a, b, c > 0 and a+ c ≤ 1.

Example 3.7. φ(t1, . . . , t6) = t1 − amax{t2, t3, t4} − (1− a)(bt5 + ct6),
where a ∈ (0, 1), b, c > 0 and b+ c ≤ 1.

Example 3.8. φ(t1, . . . , t6) = t1 − at2 − b(t3 + t4) − c(t5 + t6), where
a, b, c > 0 and a+ 2c ≤ 1.

Example 3.9. φ(t1, . . . , t6) = t31 − at32 − t23t5+t24t6
1+t3+t4

, where a ∈ [0, 1).
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Example 3.10. φ(t1, . . . , t6) = t21−at22− b
min{t25,t26}
1+t3+t4

, where a, b > 0 and
a+ 2b ≤ 1.

Example 3.11. φ(t1, . . . , t6) = t1 − at2 − b t5+t6
1+t3+t4

, where a, b > 0 and
a+ 2b ≤ 1.

Example 3.12. φ(t1, . . . , t6) = t1 −max{at2, at3, at4, bt5 + ct6}, where
a ∈ (0, 1), b, c > 0 and b+ c ≤ 1.

Example 3.13. φ(t1, . . . , t6) = t1 − ϕ(max{t2, t3, t4, t5, t6}), where
ϕ : <+ → < is a upper semi-continuous function with ϕ(t) < t, ∀ t > 0.

In [7], a general common fixed point theorem for compatible mappings
satisfying an implicit relation is proved. In [8], results are improved
relaxing the compatibility to weak compatibility. The study of common
fixed point theorems in 2-metric spaces for mappings satisfying implicit
relations are initiated in [10,11].

The following theorem is proved in [23].

Theorem 3.1. Let f, g be self mappings of a metric space (X, d) and
F,G : X → B(X) such that (f, F ) and (g,G) are owc. If for all x, y ∈ X
and φ ∈ Φ (for which max{d(fx, gy), D(fx, Fx), D(gy,Gy)} > 0)

φ(δ(Fx,Gy), d(fx, gy), D(fx, Fx), D(gy,Gy), D(fx,Gy), D(gy, Fx)) < 0,
(3.1)

then f, g, F and G have a unique common fixed point.

4. Results

Now, we prove our results as follows.

Theorem 4.1. Let f, g : X → X and F,G : X → B(X) be mappings
(where (X, d) is a 2-metric space) such that the hybrid pairs (f, F ) and
(g,G) are subcompatible and reciprocally continuous and also satisfy

φ(ψ(δ(Fx,Gy,C)), ψ(δ(fx, gy, C)), ψ(D(fx, Fx,C)), ψ(D(gy,Gy,C)),

ψ(δ(fx,Gy,C)), ψ(δ(gy, Fx,C))) < 0 (4.1)

for all x, y ∈ X, C ∈ B(X), φ ∈ Φ where ψ(t) is an altering dis-
tance and max{ψ(δ(fx, gy, C)), ψ(D(fx, Fx,C)), ψ(D(gy,Gy,C))} >
0. Then f, g, F and G have a unique strict common fixed point.
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Proof. Since the pair (f, F ) is subcompatible, there exists a sequence
{xn} (for some t ∈ X with all C ∈ B(X)) such that lim δ(fFxn, Ffxn, C)
= 0 with lim fxn = t and limFxn = {t}.

As the pair (f, F ) is reciprocally continuous and also subcompatible,
therefore limFfxn = Ft and lim fFxn = {ft} imply that Ft = {ft}.
This shows that t is a strict coincidence point of the pair (f, F ).

Also, the pair (g,G) is subcompatible, there exits a sequence {yn} (for
some t′ ∈ X and for all C ∈ B(X)) such that lim δ(gGyn, Ggyn, C) = 0
with lim gyn = t′ and limGyn = {t′}. As earlier, the pair (g,G) is
reciprocally continuous and also subcompatible, therefore limGgyn =
Gt′ and lim gGyn = {gt′} implying thereby Gt′ = {gt′}. This shows
that t′ is a strict coincidence point of the pair (g,G).

Now, we prove that t = t′. If not, then by setting x = xn and y = yn
in (4.1), we have

φ(ψ(δ(Fxn, Gyn, C)), ψ(δ(fxn, gyn, C)), ψ(δ(Fxn, fxn, C)),

ψ(δ(Gyn, gyn, C)), ψ(δ(fxn, Gyn, C)), ψ(δ(Fxn, gyn, C))) < 0

which on making n → ∞, gives rise

φ(ψ(δ(t, t′, C)), ψ(δ(t, t′, C)), 0, 0, ψ(δ(t, t′, C)), ψ(δ(t, t′, C))) ≤ 0

a contradiction to (φ2). Hence t = t′. This also shows that t is a common
coincidence point of the pairs (f, F ) and (g,G).

Now we show that ft = t. Suppose ft 6= t, then in view of (4.1),

φ(ψ(δ(Ft,Gyn, C)), ψ(δ(ft, gyn, C)), ψ(δ(Ft, ft, C)), ψ(δ(gyn, Gyn, C)),

ψ(δ(ft,Gyn, C)), ψ(δ(Ft, gyn, C))) < 0,

which on making n → ∞, gives rise

φ(ψ(δ(Ft, t, C)), ψ(δ(ft, t, C)), 0, 0, ψ(δ(ft, t, C)), ψ(δ(Ft, t, C))) ≤ 0

or φ(ψ(δ(ft, t, C)), ψ(δ(ft, t, C)), 0, 0, ψ(δ(ft, t, C)), ψ(δ(ft, t, C))) ≤ 0

a contradiction to (φ2). Therefore, ft = t, hence Ft = {ft} = {t} which
shows that t is a strict common fixed point of the pair (f, F ).
Now we prove that ft = gt. If not, then by (4.1), we have

φ(ψ(δ(Ft,Gt, C)), ψ(δ(ft, gt, C)), ψ(δ(ft, F t, C)), ψ(δ(gt,Gt, C)),

ψ(δ(ft,Gt, C)), ψ(δ(gt, F t, C)) < 0

φ(ψ(δ(ft, gt, C)), ψ(δ(ft, gt, C)), 0, 0, ψ(δ(ft, gt, C)), ψ(δ(ft, gt, C)) < 0

a contradiction to (φ2). Therefore ft = gt which implies that Gt =
{gt} = {ft} = Ft = {t}. This proves that t is a strict common fixed
point of the mappings f, g, F and G.



Strict common fixed point theorems and an application 221

Suppose that w 6= t is another strict common fixed point of f, g, F
and G. Then 0 < ψ(δ(w, t, C)) = ψ(δ(fw, gt, C)) ≤ ψ(δ(Fw,Gt, C)).
Therefore by (4.1) and (φ1), we have successively

φ(ψ(δ(Fw,Gt, C)), ψ(δ(fw, gt, C)), ψ(δ(fw, Fw,C)), ψ(δ(gt,Gt, C)),

ψ(δ(fw,Gt, C)), ψ(δ(gt, Fw,C)) < 0

or
φ(ψ(δ(Fw,Gt, C)), ψ(δ(Fw,Gt, C)), 0, 0, ψ(δ(Fw,Gt, C)),

ψ(δ(Gt, Fw,C)) < 0

a contradiction to (φ2). Hence t is the unique strict common fixed point
of f, g, F and G. This completes the proof.

On the lines of Imdad et al. [24], we can also have the following:

Theorem 4.2. Let f, g : X → X and F,G : X → B(X) be map-
pings (where (X, d) is a 2-metric space) such that the pairs (f, F ) and
(g,G) are subsequential continuous and compatible and also satisfy the
inequality (4.1). Then f, g, F and G have a unique strict common fixed
point.

Proof. Since the pair (f, F ) is subsequential continuous, there exists a
sequence {xn} in X such that lim

n→∞Ffxn = Ft and lim
n→∞ fFxn = {ft}

with lim
n→∞ fxn = t and lim

n→∞Fxn = {t} for some t ∈ X. Since the

pair (f, F ) is compatible, therefore lim
n→∞ δ(Ffxn, fFxn, C) = 0 for all

C ∈ B(X) so that Ft = {ft} which amounts to say that t is a strict
coincidence point of the pair (f, F ).
As the pair (g,G) is also subsequential continuous and compatible, we
can similarly show the existence of a strict coincidence point of the pair
(g,G). Rest of the proof can be completed on the lines of the proof of
Theorem 4.1. This concludes the proof.

Remark 4.1. The proof is similar if φ is nondecreasing in t1 and non-
incearsing in t5 and t6 in the preceding theorems.

Corollary 4.1. Conclusions of Theorems 4.1-4.2 remain true if inequal-
ity (4.1) is replaced by one of the following inequalities:

(a1) ψ(δ(Fx,Gy,C)) < kmax{ψ(δ(fx, gy, C)), ψ(D(fx, Fx,C)),

ψ(D(gy,Gy,C)), ψ(δ(fx,Gy,C)), ψ(δ(gy, Fx,C))}, k ∈ (0, 1).

(a2) ψ(δ(Fx,Gy,C)) < kmax{ψ(δ(fx, gy, C)), ψ(D(fx, Fx,C)),

ψ(D(gy,Gy,C)),
1

2
[ψ(δ(fx,Gy,C))+ψ(δ(gy, Fx,C))]}, k ∈ (0, 1).
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(a3) ψ(δ(Fx,Gy,C)) < aψ(δ(fx, gy, C))+bmax{ψ(D(fx, Fx,C)),

ψ(D(gy,Gy,C))}+ cmax{ψ(ψ(δ(fx, gy, C)), δ(fx,Gy,C)), ψ(δ(gy, Fx,C))}
where a, b, c > 0 and a+ b+ c = 1.

(a4) [ψ(δ(Fx,Gy,C))]p < (1−a)max{[ψ(D(fx, Fx,C))]p, [ψ(D(gy,Gy,C))]p,

[ψ(D(fx, Fx,C))ψ(D(gy,Gy,C))]
p
2 , [ψ(δ(fx,Gy,C))ψ(δ(gy, Fx,C))]

p
2 }

+a[ψ(δ(fx, gy, C))]p

where p ≥ 1 and a ∈ (0, 1).

(a5) ψ(δ(Fx,Gy,C)) < aψ(δ(fx, gy, C))+b[ψ(D(fx, Fx,C))+ψ(D(gy,Gy,C))]

+cmin{ψ(δ(fx,Gy,C)), ψ(δ(gy, Fx,C))}
where a, b, c > 0 and a+ c < 1.

(a6) ψ(δ(Fx,Gy,C)) < aψ(δ(fx, gy, C))+b[ψ(D(fx, Fx,C))+ψ(D(gy,Gy,C))]

+c[ψ(δ(fx,Gy,C)).ψ(δ(gy, Fx,C))]
1
2

where a, b, c > 0 and a+ c ≤ 1.

(a7) ψ(δ(Fx,Gy,C)) < amax{ψ(δ(fx, gy, C)), ψ(D(fx, Fx,C)), ψ(D(gy,Gy,C)),

+(1− a)[bψ(δ(fx,Gy,C)) + cψ(δ(gy, Fx,C))]

where a ∈ (0, 1), b, c > 0 and b+ c ≤ 1.

(a8) ψ(δ(Fx,Gy,C)) < aψ(δ(fx, gy, C))+b[ψ(D(fx, Fx,C))+ψ(D(gy,Gy,C))]

+c[ψ(δ(fx,Gy,C)) + ψ(δ(gy, Fx,C))]

where a, b, c > 0 and a+ 2c ≤ 1.

(a9) ψ
3(δ(Fx,Gy,C)) < aψ3(δ(fx, gy, C))

+
ψ2(D(fx, Fx,C))ψ(δ(fx,Gy,C)) + ψ2(D(gy,Gy,C))ψ(δ(gy, Fx,C))

1 + ψ(D(fx, Fx,C)) + ψ(D(gy,Gy,C))

where a ∈ [0, 1).

(a10) ψ
2(δ(Fx,Gy,C)) < b

min{ψ2(δ(fx,Gy,C)), ψ2(δ(gy, Fx,C))}
1 + ψ(D(fx, Fx,C)) + ψ(D(gy,Gy,C))

+aψ2(δ(fx, gy, C))

where a, b > 0 and a+ 2b ≤ 1.

(a11) ψ(δ(Fx,Gy,C)) < b
ψ(δ(fx,Gy,C)) + ψ(δ(gy, Fx,C))

1 + ψ(D(fx, Fx,C)) + ψ(D(gy,Gy,C))

+aψ(δ(fx, gy, C))

where a, b > 0 and a+ 2b ≤ 1.

(a12) ψ(δ(Fx,Gy,C)) < max{aψ(δ(fx, gy, C)), aψ(D(fx, Fx,C)),
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aψ(D(gy,Gy,C)), bψ(δ(fx,Gy,C)) + cψ(δ(gy, Fx,C))}
where a ∈ (0, 1), b, c > 0 and b+ c ≤ 1.

(a13) ψ(δ(Fx,Gy,C)) < ϕ(max{ψ(δ(fx, gy, C)), ψ(D(fx, Fx,C)),

ψ(D(gy,Gy,C)), ψ(δ(fx,Gy,C)), ψ(δ(gy, Fx,C))})
where ϕ : <+ → < is a upper semi-continuous function such that ϕ(t) <
t, ∀ t > 0.

Remark 4.2. Corollary 4.1 corresponding to contraction conditions
(a1),(a2) and (a3) extends Theorems 2.1,2.2 and 2.3 to 2-metric spaces
without owc property and weak compatibility. Also, Corollary 4.1 cor-
responding to contraction conditions (a5)-(a13) improves several known
results besides admitting some new ones.

Theorem 4.3. Let f, g : X → X and F,G : X → B(X) be map-
pings (where (X, d) is a 2-metric space) such that (f, F ) and (g,G) are
subcompatible and reciprocally continuous. If

φ(ψ(δ(Fx,Gy,C)), ψ(δ(fx, gy, C)), ψ(D(fx, Fx,C)), ψ(D(gy,Gy,C)),

ψ(D(fx,Gy,C)), ψ(D(gy, Fx,C))) < 0 (4.2)

for all x, y ∈ X, C ∈ B(X) where φ ∈ Φ and ψ(t) is an altering distance.
Then f, g, F and G have a unique strict common fixed point.

Proof. Since φ is nonincreasing in variables t5 and t6, therefore by (4.2),
we obtain

φ(ψ(δ(Fx,Gy,C)), ψ(δ(fx, gy, C)), ψ(D(fx, Fx,C)), ψ(D(gy,Gy,C)),

ψ(δ(fx,Gy,C)), ψ(δ(gy, Fx,C))) < 0.

Hence proof follows from Theorem 4.1. This concludes the proof.

Remark 4.3. Theorem 4.3 extends Theorem 3.1 to 2-metric spaces.
Results similar to Corollary 4.1 can be outlined in respect of Theorem
4.3.

Now, we give the following example in support of Theorem 4.1.

Example 4.1. LetX = {a, b, c, d} be a finite subset of <2 equipped with
natural area function on X3 where a = (0, 0), b = (4, 0), c = (8, 0) and
d = (0, 1). Then clearly (X, d) is a 2-metric space. Define multi-valued
mappings F,G : X → 2X and single-valued mappings f, g : X → X as
follows:

Fa = Fb = Fd = {a}, F c = {a, b}, fa = a, fb = fc = c, fd = b,
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Ga = Gb = Gc = {a}, Gd = {a, b} and ga = a, gb = d, gc = b, gd = c.

Define altering distance function ψ(t) = t2 for all t ∈ [0,∞) and strict
contractive condition (4.1) as follows:

ψ(δ(Fx,Gy,C)) < kmax{ψ(δ(fx, gy, C)), ψ(D(fx, Fx,C)),

ψ(D(gy,Gy,C)), ψ(δ(fx,Gy,C)), ψ(δ(gy, Fx,C))}
where k ∈ (0, 1). Then by simple calculations, the mappings satisfy all
conditions of Theorem 4.1 and a = (0, 0) is unique strict common fixed
point of F,G, f and g.

5. An application

In [25], Branciari established the following result.

Theorem 5.1. Let (X, d) be a complete metric space with k ∈ (0, 1)
and f : X → X be a mapping such that for all x, y ∈ X

d(fx,fy)∫

0

h(t)dt ≤ k

d(x,y)∫

0

h(t)dt, (5.1)

where h : [0,∞) → [0,∞) is a Lebesgue measurable mapping (i.e. with
finite integral) on each compact subset of [0,∞) such that for ε > 0,
ε∫
0

h(t)dt > 0, then f has a unique fixed point z ∈ X such that for all

x ∈ X, lim
n→∞ fnx = z.

Several fixed point and common fixed point theorems in metric and
symmetric spaces for compatible, weakly compatible and owc mappings
satisfying contractive conditions of integral type are proved in [26,27,28,
29] and also in some other papers.

Lemma 5.1. The function ψ(t) =
t∫
0

h(x)dx (where h(x) is as in Theo-

rem 5.1) is an altering distance function.

Proof. By definitions of ψ(t) and h(x), it follows that ψ(t) is increasing
and ψ(t) = 0 if and only if t = 0. By Lemma 2.5 (cf. [30]), ψ(t) is
continuous.

Now, we prove our results for integral type contractive mappings on
2-metric spaces.
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Theorem 5.2. Let (X, d) be a 2-metric space, f, g : X → X and
F,G : X → B(X) such that

φ
(∫ δ(Fx,Gy,C)

0
h(t)dt,

∫ δ(fx,gy,C)

0
h(t)dt,

∫ D(fx,Fx,C)

0
h(t)dt,

∫ D(gy,Gy,C)

0
h(t)dt,

∫ δ(fx,Gy,C)

0
h(t)dt,

∫ δ(Fx,gy,C)

0
h(t)dt

)
< 0 (5.2)

for all x, y ∈ X, C ∈ B(X), φ ∈ Φ and h(t) as in Theorem 5.1. If pairs
(f, F ) and (g,G) are subcompatible and reciprocally continuous, then
f, g, F and G have a unique strict common fixed point.

Proof. From Lemma 5.1, we have ψ(δ(Fx,Gy,C)) =
∫ δ(Fx,Gy,C)
0 h(t)dt,

ψ(δ(fx, gy, C)) =
∫ δ(fx,gy,C)
0 h(t)dt, ψ(D(fx, Fx,C)) =

∫ D(fx,Fx,C)
0 h(t)

dt, ψ(D(gy,Gy,C)) =
∫ D(gy,Gy,C)
0 h(t)dt, ψ(δ(fx,Gy,C)) =

∫ δ(fx,Gy,C)
0

h(t)dt and ψ(δ(Fx, gy, C)) =
∫ δ(Fx,gy,C)
0 h(t)dt. Then by inequality

(5.2), we have

φ(ψ(δ(Fx,Gy,C)), ψ(δ(fx, gy, C)), ψ(D(fx, Fx,C)), ψ(D(gy,Gy,C)),

ψ(δ(fx,Gy,C)), ψ(δ(gy, Fx,C))) < 0.

By Lemma 5.1, ψ(t) is an altering distance function. Thus, all the
conditions of Theorem 4.1 are satisfied and hence proof of Theorem 5.2
follows from Theorem 4.1.

Remark 5.1. Theorem 5.2 extends and improves several known result
of the existing literature.

Corollary 5.1. Let (X, d) be a 2-metric space, f, g : X → X, F,G :
X → B(X), and pairs (f, F ) and (g,G) be subcompatible and recipro-
cally continuous. Then f, g, F and G have a unique strict common fixed
point if inequality (5.2) is replaced by one of the following conditions:

(b1)

∫ δ(Fx,Gy,C)

0
h(t)dt < kmax

{∫ δ(fx,gy,C)

0
h(t)dt,

∫ D(fx,Fx,C)

0
h(t)dt,

∫ D(gy,Gy,C)

0
h(t)dt,

∫ δ(fx,Gy,C)

0
h(t)dt,

∫ δ(Fx,gy,C)

0
h(t)dt

}

(b2)

∫ δ(Fx,Gy,C)

0
h(t)dt < kmax

{∫ δ(fx,gy,C)

0
h(t)dt,

∫ D(fx,Fx,C)

0
h(t)dt,

∫ D(gy,Gy,C)

0
h(t)dt,

1

2
[

∫ δ(fx,Gy,C)

0
h(t)dt+

∫ δ(Fx,gy,C)

0
h(t)dt]

}
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where k ∈ (0, 1).

(b3)

∫ δ(Fx,Gy,C)

0
h(t)dt < a

∫ δ(fx,gy,C)

0
h(t)dt + bmax

{∫ D(fx,Fx,C)

0

h(t)dt,

∫ D(gy,Gy,C)

0
h(t)dt

}
+cmax

{∫ δ(fx,gy,C)

0
h(t)dt,

∫ δ(fx,Gy,C)

0
h(t)dt,

∫ δ(Fx,gy,C)

0
h(t)dt

}

where a, b, c > 0 and a+ b+ c = 1.

(b4)
[ ∫ δ(Fx,Gy,C)

0
h(t)dt

]p
< a

[ ∫ δ(fx,gy,C)

0
h(t)dt

]p
+ (1− a)max

{[

∫ D(fx,Fx,C)

0
h(t)dt

]p
,
[ ∫ D(gy,Gy,C)

0
h(t)dt

]p
,
[ ∫ D(fx,Fx,C)

0
h(t)dt

∫ D(gy,Gy,C)

0
h(t)dt

] p
2
,
[ ∫ δ(fx,Gy,C)

0
h(t)dt

∫ δ(Fx,gy,C)

0
h(t)dt

] p
2
}

where p ≥ 1 and a ∈ (0, 1).

Proof. Proof follows from Theorem 5.2 and Examples 3.1-3.4, respec-
tively.

Remark 5.2. Corollary 5.1 generalizes several relevant results. From
Corollary 5.1 and Examples 3.5-3.13, we can also deduce some new re-
sults. By setting h(t) = 1 in Corollary 5.1, we deduce Corollary 4.1.

By Theorem 4.3, we obtain the following result.

Theorem 5.3. Let (X, d) be a 2-metric space, f, g : X → X and
F,G : X → B(X) satisfying

φ
(∫ δ(Fx,Gy,C)

0
h(t)dt,

∫ δ(fx,gy,C)

0
h(t)dt,

∫ D(fx,Fx,C)

0
h(t)dt,

∫ D(gy,Gy,C)

0
h(t)dt,

∫ D(fx,Gy,C)

0
h(t)dt,

∫ D(Fx,gy,C)

0
h(t)dt

)
< 0 (5.3)

for all x, y ∈ X, C ∈ B(X), φ ∈ Φ and h(t) as in Theorem 5.1. If pairs
(f, F ) and (g,G) are subcompatible and reciprocally continuous, then
f, g, F and G have a unique strict common fixed point.

Proof. Proof follows from Theorem 5.2 as φ is nonincreasing in variables
t5 and t6.
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Remark 5.3. By Theorem 5.3 and Examples 3.1-3.13, we obtain some
new results for mappings satisfying contractive conditions of integral
type in 2-metric spaces. A new corollary similar to Corollary 5.1 can also
be derived from Theorem 5.3. Theorems 5.2-5.3 and Corollary 5.1 can
also be proved for subsequential continuous and compatible mappings
satisfying integral type contractive conditions.

Acknowledgements. Authors are thankful to learned referees for their
valuable suggestions.
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