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NORMAL SECTION CURVES AND CURVATURES

Selcen Yüksel Perktaş, Feyza Esra Erdoğan∗

Abstract. In this paper, we study planar normal section curves.
We have interpreted curvatures of normal section curves. On the
other hand we have investigated sufficient and necessary conditions
for a normal section curve to be biharmonic.

1. Introduction

Surfaces and submanifolds with planar normal sections and their clas-
sifications were first studied by Chen [4]. Chen described the normal
section curve as follows: Let M be an n-dimensional submanifold of m-
dimensional Euclidean space Em. For any non-zero tangent vector t to
M at p, the vector t and normal space T⊥p M determine an (m− n+ 1)-
dimensional vector space E(p, t) in Em. The intersection of M and
E(p, t) is a curve γ which is called a normal section curve. In general the
normal section curve γ is a twisted space curve in E(p, t). A submanifold
M is said to have pointwise k-planar normal sections, (2 ≤ k ≤ m− n),
if each normal section γ at p satisfies

(1) γ′ ∧ γ′′ ∧ ... ∧ γ(k+1) = 0.

Chen [5, 6, 8, 9], Kim [16, 17], Li [7] classified submanifolds by using
curves of normal section. Also, Kim [17] investigated semi-Riemannian
case of such studies in 1980s by assuming γ is being timelike or spacelike.

In [12], the first author, Şahin and Güneş studied lightlike surfaces of
Minkowski 3-space having degenerate or non-degenerate planar normal
sections and proved that every lightlike surface of Minkowski 3-space has
degenerate planar normal sections. In [13] the necessary and sufficient
conditions for half-lightlike submanifolds of R4

2 to have degenerate or
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non degenerate planar normal sections are obtained.

On the other hand biharmonic functions have been studied since 1862
by Maxwell and Airy to describe a mathematical model of elasticity.
Recently, biharmonic functions on Riemannian manifolds were studied
by Caddeo [2], Caddeo and Vanhecke [3], and Sario, Nakai and Wang
[20].

Let C∞(M,N) denotes the space of smooth maps Ψ : (M, g)→ (N,h)
between two Riemannian manifolds. A map Ψ ∈ C∞(M,N) is called
harmonic if it is a critical point of the energy functional

E : C∞(M,N)→ R, E(Ψ) =
1

2

∫
M
|dΨ|2vg

and harmonicity of Ψ is characterized by the vanishing of the tension
field τ(Ψ) = trace∇dΨ, where ∇ is a connection induced from the Levi-
Civita connection ∇M of M and the pull-back connection ∇Ψ. As a
generalization of harmonic maps, biharmonic maps between Riemannian
manifolds were introduced by Eells and Sampson in [11]. Biharmonic
maps Ψ : (M, g)→ (N,h) between Riemannian manifolds are the critical
points of the bienergy functional

E2(Ψ) =
1

2

∫
M
|τ(Ψ)|2vg.

The first variation formula for the bienergy which is derived in [14, 15]
shows that the Euler-Lagrange equation for the bienergy is

τ2(Ψ) = −J(τ(Ψ)) = −∆τ(Ψ)− traceRN (dΨ, τ(Ψ))dΨ = 0,

where ∆ = −trace(∇Ψ∇Ψ−∇Ψ
∇) is the rough Laplacian on the sections

of Ψ−1TN and RN (X,Y ) = [∇X ,∇Y ]−∇[X,Y ] is the curvature operator
on N . From the expression of the bitension field τ2, it is clear that a
harmonic map is automatically a biharmonic map. So non-harmonic
biharmonic maps which are called proper biharmonic maps are more
interesting.

In a different setting, B. Y. Chen [10] defined biharmonic subman-
ifolds M ⊂ En of the Euclidean space as those with harmonic mean
curvature vector field, that is ∆H = 0, where ∆ is the rough Laplacian,
and stated the following

• Conjecture: Any biharmonic submanifold of the Euclidean space
is harmonic, that is minimal.
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If the definition of biharmonic maps is applied to Riemannian immer-
sions into Euclidean space, the notion of Chen’s biharmonic submanifold
is obtained, so the two definitions agree.

The non-existence theorems for the case of non-positive sectional cur-
vature codomains, as well as the

• Generalized Chen’s conjecture: Biharmonic submanifolds of a man-
ifold N with RiemN ≤ 0 are minimal,

encouraged the study of proper biharmonic submanifolds, that is sub-
manifolds such that the inclusion map is a biharmonic map in spheres
or another non-negatively curved spaces.

Of course, the first and easiest examples can be found by looking at
differentiable curves in a Riemannian manifold. Obviously geodesics are
biharmonic. Non-geodesic biharmonic curves are called proper bihar-
monic curves.

Until recently while studying submanifolds with planar normal sec-
tions the authors mentioned above used Gauss and Weingarten formulas
to characterize such submanifolds. Motivated by these studies, in this
paper with another aspect we characterize normal section curves by us-
ing the intrinsic properties, namely curvatures. Also we find necessary
and sufficient conditions for a normal section curve to be biharmonic.

2. Preliminaries

2.1. Submanifolds with Planar Normal Section

Let M be an n-dimensional submanifold in an m-dimensional Em

Euclidean space. Let ∇ and ∇̄ be the covariant differentiations of M
and Em, respectively. Then the Gauss and Weingarten formulas are
given by

∇̄XY = ∇XY + h(X,Y ),

∇̄Xξ = −AξX +DXξ,

where X,Y ∈ χ(M), ξ ∈ χ⊥(M). It is well known that h(X,Y ) is
a normal-bundle-valued symmetric tensor of type (0, 2) and −AξX and
DXξ denote the tangential and normal components of ∇̄Xξ, respectively,
as well as the second fundamental form related to the shape operator by

〈AξX,Y 〉 = 〈h(X,Y ), ξ〉 ,
where 〈, 〉 denotes the scalar product in Em.
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For the second fundamental form h, the covariant derivative of h is
defined by

(2)
(
∇̄Xh

)
(Y,Z) = DX(h(Y,Z))− h(∇XY,Z)− h(Y,∇XZ).

∇̄h is a normal-bundle-valued tensor of type (0, 3) satisfying the follow-
ing equation of Codazzi given by(

∇̄Xh
)

(Y, Z) =
(
∇̄Y h

)
(X,Z).

Moreover, we also have from (2) that(
∇̄Xh

)
(Y,Z) =

(
∇̄Xh

)
(Z, Y ).

Theorem 2.1. [5] Let M be an n-dimensional (n ≥ 2) submanifold
in an Em Euclidean m-space. Then, M has pointwise planar normal
sections if and only if the following relation is satisfied for any vector t
tangent to M : (

∇̄th
)

(t, t) ∧ h (t, t) = 0.

Theorem 2.2. [5] LetM be an n-dimensional (n ≥ 2) submanifold in
an Euclidean m-space Em. Then the following statements are equivalent.

(a) The second fundamental form satisfy
(
∇̄th

)
(t, t) = 0 for t tangent

to M,
(b) The second fundamental form is parallel, i.e. ∇̄h = 0,
(c) M has pointwise planar normal sections and each normal section

at p has one of its vertices at p.

Theorem 2.3. [5] An n-dimensional (n ≥ 2) submanifold in an Eu-
clidean m-space Em has planar geodesic if and only if it has planar
normal sections of the same constant curvatures.

2.2. Biharmonic maps between Riemannian manifolds

Let (M, g) and (N,h) be Riemannian manifolds and Ψ : (M, g) →
(N,h) be a smooth map. The tension field of Ψ is given by τ(Ψ) =
trace∇dΨ, where ∇dΨ is the second fundamental form of Ψ defined
by ∇dΨ(X,Y ) = ∇Ψ

XdΨ(Y ) − dΨ(∇MX Y ), X, Y ∈ Γ(TM). For any
compact domain Ω ⊆M , the bienergy is defined by

E2(Ψ) =
1

2

∫
Ω
|τ(Ψ)|2vg.

Then a smooth map Ψ is called biharmonic map if it is a critical point
of the bienergy functional for any compact domain Ω ⊆ M. For the
bienergy we have the following first variation formula:

(3)
d

dt
E2(Ψt; Ω)|t=0 =

∫
Ω
< τ2(Ψ), w > vg,
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where vg is the volume element, w is the variational vector field associ-
ated to the variation {Ψt} of Ψ and

(4) τ2(Ψ) = −J(τ2(Ψ)) = −∆Ψτ(Ψ)− traceRN (dΨ, τ(Ψ))dΨ.

τ2(Ψ) is called bitension field of Ψ. Here ∆Ψ is the rough Laplacian on
the sections of the pull-back bundle Ψ−1TN which is defined by

(5) ∆ΨV = −
m∑
i=1

{∇Ψ
ei∇

Ψ
eiV −∇

Ψ
∇M

ei
ei
V }, V ∈ Γ(Ψ−1TN),

where ∇Ψ is the pull-back connection on the pull-back bundle Ψ−1TN
and {ei}mi=1 is an orthonormal frame on M.

Let M be a Riemannian manifold and γ : I →M be a differentiable
curve parameterized by arc length. By using the definition of the tension
field we have

(6) τ(γ) = ∇γ∂
∂s

dγ(
∂

∂s
) = ∇TT,

where T = γ′. Consider a smooth variation of γ, that is a smooth map
β : I × (−δ, δ) → M, β(s, t) = γt(s), such that γ0 = γ (see [19]). Then
from (3)-(5) we can write the first variation formula for the bienergy
functional of γ:

d

dt
E2(γt; I)|t=0 =

∫
I
< ∇β∂

∂s

∇β∂
∂s

dβ(
∂

∂t
)−∇β∇I

∂
∂s

∂
∂s

∂β

∂t
, τ(γt) > |t=0ds

+

∫
I
< RM (

∂β

∂t
, dβ(

∂

∂s
))dβ(

∂

∂s
), τ(γt) > |t=0ds,

where∇I denotes the connection on I. Since∇I∂
∂s

∂
∂s = 0 and the Laplace

operator is self-adjoint, then we have

d

dt
E2(γt;D)|t=0 =

∫
I
< ∇3

TT −RM (T,∇TT )T,w > ds.

Here w is the variation vector field of γ and ∇ denotes the connection
on M . In this case biharmonic equation for the curve γ reduces to

(7) ∇3
TT −R(T,∇TT )T = 0,

that is, γ is called a biharmonic curve if it is a solution of the equation
(7) (see also [18]).
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3. Normal Section Curves and Curvatures
on Riemannian Manifolds

Let γ : I ⊂ R → Em be a unit speed curve in Em. The curve is
called Frenet curve of osculating order r if its higher order derivatives
γ′(s), γ′′(s), γ′′′(s) , ..., γ(r)(s) are linearly independent and γ′(s), γ′′(s),

γ′′′(s) , ..., γ(r+1)(s) are linearly dependent, for all s ∈ I. For each Frenet
curve of osculating order r one can associate an orthonormal r-frame
v1, v2, ..., vr along γ which is called the Frenet frame and (r−1) functions
κ1, κ2, ..., κr−1 : I → R, namely Frenet curvatures, such that the Frenet
formulas defined by in the usual way

T ′(s) = v ′1(s) = κ1(s)v2(s),

v ′2(s) = −κ1(s)T (s) + κ2(s)v3(s),

...(8)

v ′i (s) = −κi−1(s)vi−1(s) + κi(s)vi+1(s),

v ′i+1(s) = −κi(s)vi(s).

Let M be a differentiable n-dimensional submanifold in (n + r)-
dimensional Euclidean space En+r. If each normal section γ of M is
a Frenet curve of osculating order r then M is said to have r-planar
normal sections. For every normal sections γ of M if it is a W -curve
of rank r in M then M is called weak helical submanifold of order r.
If each r-planar normal section is a geodesic then the submanifold M
is said to have geodesic r-planar normal sections. For every geodesic
normal sections of M if it is a W -curve of rank r in M then M is called
weak geodesic helical submanifold of order r [1].

Assume that γ is a normal section curve of a differentiable n-dimensional
submanifold M in En+2. Then by using (8) we write

γ ′(s) = T (s) = v1(s),

γ ′′(s) = κ1(s)v2(s),(9)

γ ′′′(s) = κ 2
1 (s)T (s)− κ ′1(s)v2(s).

A submanifold M is said to have 2-planar normal sections if each normal
section γ at p satisfies

(10) γ′(s) ∧ γ′′(s) ∧ γ′′′(s) = 0.

Hence, from (9) and (10) we have
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Theorem 3.1. Let M be an n-dimensional submanifold in En+2.
Then M has 2-planar normal sections if and only if the normal section
curve γ of M is a geodesic.

Corollary 3.2. An n-dimensional submanifold M in En+2 has geo-
desic 2-planar normal sections.

Next, we suppose that M has 3-planar normal sections. Then by
using Frenet formulas given by (8), we get

γ′(s) = T (s) = v1(s),

γ′′(s) = κ1(s)v2(s),

γ′′′(s) = −κ2
1(s)T (s) + κ ′1(s)v2(s) + κ1(s)κ2(s)v3(s),

γ(ıv)(s) =
(
−3κ1(s)κ ′1(s)

)
T (s) + (κ ′′1 (s)− κ3

1(s)− κ1(s)κ2
2(s))v2(s)

+(2κ ′1(s)κ2(s) + κ1(s)κ ′2(s))v3(s).

Then we obtain
T (s) ∧ (κ1(s)v2(s)) ∧

(
−κ2

1(s)T (s) + κ ′1(s)v2(s)
+κ1(s)κ2(s)v3(s)

)
∧

 (−3κ1(s)κ ′1(s))T (s)
+(κ ′′1 (s)− κ3

1(s)− κ1(s)κ2
2(s))v2(s)

+(2κ ′1(s)κ2(s) + κ1(s)κ ′2(s))v3(s)

 = 0,

which implies

0 = −κ3
1(s)

(
2κ ′1(s)κ2(s) + κ1(s)κ ′2(s)

)
T (s)

+κ1(s)κ ′1(s)
(
2κ ′1(s)κ2(s) + κ1(s)κ ′2(s)

)
v2(s)

−
(
κ1(s)κ ′1(s)

(
κ ′′1 (s)− κ3

1(s)− κ1(s)κ2
2(s)

)
+ 3κ4

1(s)κ ′1(s)
)
v3(s).

Therefore, we have

(11)

 κ3
1(s) (2κ ′1(s)κ2(s) + κ1(s)κ ′2(s)) = 0,

κ1(s)κ ′1(s) (2κ ′1(s)κ2(s) + κ1(s)κ ′2(s)) = 0,
κ1(s)κ ′1(s)

(
κ ′′1 (s)− κ3

1(s)− κ1(s)κ2
2(s)

)
+ 3κ4

1(s)κ ′1(s) = 0,

for all s ∈ I.

Now, we investigate following cases.

CASE 1. κ1 = 0. Then it is obvious that above equations are
provided. That is, 3-planar normal section is a geodesic curve.

So we have
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Corollary 3.3. Let M be an n-dimensional submanifold of En+3.
Then M has 3-planar normal sections with κ1 = 0 if and only if normal
section curve γ of M is a geodesic.

CASE 2. κ1 =constant 6= 0. From the first equation in (11), we get
κ2 =constant. In particular, if κ2 = 0, then the normal section curve is
a circle. On the other hand, if κ2 is a nonzero constant then the normal
section curve is a helix.

So we have

Corollary 3.4. Let M be an n-dimensional submanifold of En+3

and the curvature of the normal section curve be a nonzero constant.
Then M has 3-planar normal sections if and only if normal section curve
γ of M is either a circle or a helix.

CASE 3. κ1 6= constant. From the first and the second equations of
(11), we have

(12) κ 2
1 κ2 = c,

where c is a constant. Then, if (12) is used in the last equation of (11), we
get the following second order nonlinear ordinary differential equation

(13) κ 3
1 κ
′′
1 + 2κ6

1 − c2 = 0.

Corollary 3.5. Let M be an n-dimensional submanifold of En+3

and γ be the normal section curve of M with κ1 6= constant and κ2 = 0.
Then M has 3-planar normal sections if and only if κ1 is a solution of

κ′′1 + 2κ3
1 = 0.

Corollary 3.6. Let M be an n-dimensional submanifold of En+3 and
γ be the normal section curve ofM with κ1 6= constant and κ2 =constant 6=
0. Then M can not have 3-planar normal sections.

Theorem 3.7. Let M be an n-dimensional submanifold of En+3

and γ be the normal section curve of M with κ1 6= constant and κ2
1κ2 =

c =constant. Then M has 3-planar normal sections if and only if κ1 is
a solution of second order nonlinear ordinary differential equation given
by

κ 3
1 κ
′′
1 + 2κ6

1 − c2 = 0.
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Finally, we examine conditions for a normal section curve γ being
biharmonic in a Riemannian space form Mn (k). It is well-known that
in a Riemannian space form, the Riemannian curvature tensor is of the
form

R(X,Y )Z = k{< Y,Z > X− < X,Z > Y },
for any X,Y, Z ∈ χ(M). Then we get

R (T,∇TT )T = −kκ1v2.

From (7) and the last equation above, the biharmonic equation of γ is
given by

0 = ∇3
TT −R (T,∇TT )T

= −3κ1κ
′
1T + (−κ 3

1 + κ ′′1 − κ1κ
2
2 + k κ1)v2

+(2κ ′1κ2 + κ1κ
′
2)v3 + (κ1κ2κ3) v4.

Hence we find γ is biharmonic if and only if

(14)


κ1κ

′
1 = 0,

−κ 3
1 + κ ′′1 − κ1κ

2
2 + k κ1 = 0,

2κ ′1κ2 + κ1κ
′
2 = 0,

κ1κ2κ3 = 0.

If we search non-geodesic solitions, namely κ1 =constant 6= 0 , from (14)

we find either κ1 = ±
√
k, κ2 = 0 (circle), or κ 2

1 + κ 2
2 = k (helix), (see

also, [18]).

Then we give

Theorem 3.8. Let N be a submanifold of Mn (k) . Then N has 3-
planar normal sections if and only if normal section curves satisfying
κ 2

1 + κ 2
2 = k, k ≥ 0, are biharmonic.
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