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TATE-SHAFAREVICH GROUPS AND SCHANUEL’S

LEMMA

Hoseog Yu

Abstract. Let A be an abelian variety defined over a number field
K and let L be a finite Galois extension of K. Let X(A/K) and
X(A/L) denote, respectively, the Tate-Shafarevich groups of A
over K and over L. Let ResL/K(A) be the restriction of scalars
of A from L to K and let B be an abelian subvariety of ResL/K(A)
defined over K. Assuming that X(A/L) is finite, we compute
[X(B/K)][X(C/K)]/[X(A/L)], where [X] is the order of a finite
abelian group X and the abelian variety C is defined by the exact
sequence defined over K

0 −−−−−→ B −−−−−→ ResL/K(A) −−−−−→ C −−−−−→ 0.

1. Introduction

Let L/K be a finite Galois extension of number fields of degree n with
Galois group G. Let A be an abelian variety defined over K. Define the
restriction of scalars ResL/K(A) of A from L to K as Weil did in [2,
p.5]. Let X(A/K) and X(A/L) denote the Tate-Shafarevich groups
of A over K and over L, respectively. Assume throughout that these
groups are finite. Write [X] for the order of a finite abelian group X.

The Tate-Shafarevich group is not an isogeny invariant and in general,

[X(A/L)] = [X(ResL/K(A)/K)] 6= [X(A/K)][X(A′/K)]

for the exact sequence of abelian varieties defined over K

0 −−−−→ A −−−−→ ResL/K(A) −−−−→ A′ −−−−→ 0.

The difference was computed for quadratic extensions in [3, Main The-
orem] and for cyclic extensions in [4, Main Theorem]. In this paper we
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derive a formula relating [X(A/L)], [X(B/K)] and [X(C/K)] for an
exact sequence of abelian varieties defined over K

0 −−−−→ B −−−−→ ResL/K(A) −−−−→ C −−−−→ 0.

This generalizes Corollary 8 in [4].
From the definition of the restriction of scalars ResL/K(A), there is

a morphism φ : ResL/K(A)→ A defined over L such that

Ψ = (. . . , σ(φ), . . .) : ResL/K(A)→ An

is an isomorphism. Define a map R : G→ GLn(Z) by

σ ∈ G 7→ Ψ ◦ σ
(
Ψ−1

)
: An → An.

Then R is the regular representation of G over Z. Here, 1 ∈ Z is the
identity automorphism of A.

Let M be a Z-free Z[G]-submodule of Z[G] whose Z-rank is m. Let
ρ be a representation of G over Z induced from M satisfying the com-
mutative diagram

0 −−−−→ Zm −−−−→ Zn = Z[G]

ρ(σ)

y yR(σ)

0 −−−−→ Zm −−−−→ Zn = Z[G].

The above commutative diagram introduces a commutative diagram of
abelian varieties

0 −−−−→ Am −−−−→ An

ρ(σ)

y yR(σ)

0 −−−−→ Am −−−−→ An.
Then there is an abelian subvariety B of ResL/K(A) defined over K and
an isomorphism Φ: B → Am defined over L satisfying the commutative
diagram

0 −−−−→ B −−−−→ ResL/K(A)

Φ

y yΨ

0 −−−−→ Am −−−−→ An

such that ρ(σ) = Φ ◦ σ(Φ−1).
In the same way, the quotient module Z[G]/M defines a representa-

tion of G over Z which induces an abelian variety C over K. Denote
Z[G]/M by MC . Thus an exact sequence of Z-free Z[G]-modules

(1) 0 −−−−→ M −−−−→ Z[G] −−−−→ MC = Z[G]/M −−−−→ 0
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will define an exact sequence of abelian varieties defined over K

(2) 0 −−−−→ B −−−−→ ResL/K(A) −−−−→ C −−−−→ 0.

Let Σ = {σ − 1 |σ ∈ G − {1}}. The Z[G]-module homomorphism
Z[G]→ Z defined by

∑
σ∈G aσσ 7→

∑
σ∈G aσ has kernel Z[Σ]. From the

exact sequence of Z[G]-modules

0 −−−−→ Z[Σ] −−−−→ Z[G] −−−−→ Z −−−−→ 0

we can derive an exact sequence of abelian varieties defined over K

0 −−−−→ C ′ −−−−→ ResL/K(C) −−−−→ C −−−−→ 0,

where C ′ is the abelian variety defined by the representation of G in-
duced from the Z[G]-module Z[Σ]. Furthermore, above exact sequence
introduces an exact sequence of Z[G]-modules

(3) 0 −→ Z[Σ]⊗Z MC −→ Z[G]⊗Z MC −→MC = Z⊗Z MC −→ 0.

It is obvious that Z[Σ] ⊗Z MC → Z[G] ⊗Z MC is injective because MC

is a Z-free module.

Main Theorem. Assume that the Tate-Shafarevich groups are fi-
nite. Then

[X(B/K)][X(C/K)]

[X(A/L)]
=

[X(C/K)][X(C ′/K)]

[X(C/L)]

=
[X(B/K)][X(B′/K)]

[X(B/L)]

Proof. From Lemma 4, we know

[X(B/K)][X(C/K)]

[X(A/L)]
=

[X(C/K)][X(C ′/K)]

[X(C/L)]
.

Denote X∨ is the dual abelian variety of an abelian variety X. From
the exact sequence (2), we have the dual exact sequence

0 −−−−→ C∨ −−−−→ ResL/K(A∨) −−−−→ B∨ −−−−→ 0.

In the same way, we get

[X(B∨/K)][X(C∨/K)]

[X(A∨/L)]
=

[X(B∨/K)][X((B∨)′/K)]

[X(B∨/L)]
.

Because [X(X∨)] = [X(X)], we can show the second equality of main
theorem.
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Corollary 1. Assume that the Tate-Shafarevich groups are finite.
Then

[X(B/K)][X(C/K)]

[X(A/L)]
=

[X(B/K)][X(B′/K)]

[X(B/L)]

=
[Ĥ0(G,B∨(L))][H1(G,B(L))]∏

v∈MK
[H1(Gṽ, B(Lṽ))]

.

Proof. It is clear from main theorem in [5].

2. Schanuel’s lemma

The Z-rank of Z-free module MC is n−m and there is an isomorphism
Λ: C → An−m defined over L. Thus it is obvious that ResL/K(C) is

isomorphic to ResL/K(A)n−m over K and Z[G]⊗Z MC
∼= (Z[G])n−m as

Z[G]-modules. So Z[G]⊗Z MC is a free Z[G]-module.

Lemma 2. Let λ : C ′ → Cn−1 be the isomorphism defined over L.
Define a map J : G→ GL(n−1)(n−m)(Z) by

σ ∈ G 7→ J(σ) =
(
λ ◦ σ(λ−1)

)
⊗
(
Λ ◦ σ(Λ−1)

)
.

Then J(σ) = (Λn−1 ◦ λ) ◦ σ(Λn−1 ◦ λ)−1.

Proof. It is obvious from the commutative diagram:

C ′
λ−−−−→ Cn−1 Λn−1

−−−−→ (An−m)
n−1∥∥∥ xλ◦σ(λ−1)

xJ(σ)

C ′
σ(λ)−−−−→ Cn−1 σ(Λ)n−1

−−−−−→ (An−m)
n−1

.

Lemma 3 (Schanuel’s lemma). Let R be a ring and let

0 −−−−→ S −−−−→ P −−−−→ Q −−−−→ 0

0 −−−−→ S′ −−−−→ P ′ −−−−→ Q −−−−→ 0

be short exact sequences of R-modules with P and P ′ projective. Then
S ⊕ P ′ ∼= S′ ⊕ P .

Proof. See [1, Lemma 8.1 in p.74].

Lemma 4. We have

X(B/K)×X(C/L) ∼= X(C ′/K)×X(A/L).
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Proof. Note that Z[G] and Z[G] ⊗Z MC are free Z[G]-modules. By
applying Schanuel’s lemma with exact sequences (1) and (3), we get

M ⊕ (Z[G]⊗Z MC) ∼= (Z[Σ]⊗Z MC)⊕ Z[G].

Using the argument in Lemma 2 with representations induced from Z[G]-
modules M ⊕ (Z[G]⊗Z MC) and (Z[Σ]⊗Z MC)⊕ Z[G], we get

B ×ResL/K(C) ∼= C ′ ×ResL/K(A).

Then the lemma follows.
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