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VARIOUS CENTROIDS OF QUADRILATERALS

Seul Lee, Dong-Soo Kim∗ and Hyeon Park

Abstract. For a quadrilateral P , we consider the centroid G0 of
the vertices of P , the perimeter centroid G1 of the edges of P and
the centroid G2 of the interior of P , respectively. It is well known
that P satisfies G0 = G1 or G0 = G2 if and only if it is a parallelo-
gram. In this note, we investigate various quadrilaterals satisfying
G1 = G2. As a result, for example, we show that among circum-
scribed quadrilaterals kites are the only ones satisfying G1 = G2.
Furthermore, such kites are completely classified.

1. Introduction

Let us denote by P a quadrilateral. We consider the centroid G0 of
the vertices of P , the centroid G1 of the edges of P and the centroid
G2 of the interior of P , respectively. The centroid G1 of the edges of
P is also called the perimeter centroid of P ([2, 3]). Then, in ([9]) the
following characterization theorem was given:

Proposition 1.1. Let P denote a quadrilateral. Then the following are
equivalent.

(1) P satisfies G0 = G1.

(2) P satisfies G0 = G2.

(3) P is a parallelogram.

Obviously, every parallelogram satisfies G0 = G1 = G2(= M), where
M denotes the intersection point of diagonals.

Hence, it is quite natural to ask the following ([9]):
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Question 1.2. Which quadrilaterals satisfy G1 = G2?

In this regard, recently in [7], the following characterizations were
established.

Proposition 1.3. Suppose that P denotes a convex quadrilateral whose
two diagonals are perpendicular to each other. We denote by M the
intersection point of diagonals of P . Then we have the following.

(1) P satisfies G1 = G2(= M) if and only if P is a rhombus.

(2) If P satisfies G1 = G2(6= M), then P is a kite.

Note that a kite is a quadrilateral whose four sides can be grouped
into two pairs of equal-length sides that are adjacent to each other. A
kite, as defined above, may be either convex or concave, but the word
kite is often restricted to the convex variety. A concave kite is called an
arrowhead. A convex quadrilateral is a kite if and only if one diagonal is
the perpendicular bisector of the other diagonal. In [7], kites satisfying
G1 = G2 were completely classified. See also Proposition 1.4 below.

In this note, we investigate various quadrilaterals satisfying G1 = G2.
First of all, in Section 2 we prove the following characterization theorem.
Compare with Section 4 of [7].

Proposition 1.4. Let us denote by P a kite or an arrowhead. Then P
satisfies G1 = G2 if and only if it is one of the following:

(1) P is a rhombus.

(2) P is similar to the following quadrangle ABCD defined by

A(1, 0), B(s, t), C(−1, 0), D(s,−t),

where B(s, t) is a point on the ellipse E : x2/3 + y2/2 = 1 with
s 6= 0 and t > 0.

Next, in Section 3 we prove the following characterization theorems.

Theorem 1.5. A trapezoid P = ABCD with AD ‖ BC satisfies G1 =
G2 if and only if it is one of the following:

(1) P is a parallelogram.

(2) P is an isosceles trapezoid with AB = CD = AD +BC.
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Theorem 1.6. Let us denote by P a circumscribed quadrilateral. If P
satisfies G1 = G2, then it is a kite.

Finally, in Section 4 we prove the following characterization theorem.

Theorem 1.7. Suppose that a convex quadrangle P has two pairs of
adjacent edges such that the total length of a pair equals to that of the
other pair. If P satisfies G1 = G2, then it is one of the following:

(1) P is a parallelogram.

(2) P is a kite.

When P is a triangle, the centroid G1 coincides with the center of the
Spieker circle, which is the incircle of the triangle formed by connecting
midpoint of each side of the original triangle P ([2, p. 249]). In this
case, the centroid G0 always coincides with the centroid G2(= G), where
G = (A+B+C)/3. Furthermore, the perimeter centroidG1 of P satisfies
G1 = G2 if and only if the triangle P is equilateral ([11, Theorem 2]).

If P is a polygon, the geometric method to find the centroid G2 of P
was given in [4]. In [10], mathematical definitions of centroid G2 of pla-
nar bounded domains were given. For higher dimensions, it was shown
that the centroid G0 of the vertices of a simplex in an n-dimensional
space always coincides with the centroid Gn of the simplex ([1, 11]).

Archimedes established some area properties of parabolic sections and
then formulated the centroid of parabolic sections ([12]). Using these
properties, some characterizations of parabolas were given in [5, 6, 8].

2. Preliminaries and Proposition 1.4

In this section, first of all we recall the various centroids of a quadri-
lateral. For various centroids of a quadrilateral ABCD, we have the
following.

Lemma 2.1. Let us denote by P the (convex or concave) quadrilateral
ABCD. Then we have the following.

(1) The centroid G0 of P is given by

(2.1) G0 =
A+B + C +D

4
.
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(2) The centroid G1 of P is given by

(2.2) G1 =
(l4 + l1)A+ (l1 + l2)B + (l2 + l3)C + (l3 + l4)D

2l
,

where we put l1 = AB, l2 = BC, l3 = CD, l4 = DA and l =
l1 + l2 + l3 + l4.

(3) If m = δ+β, where δ = 4ABC and β = 4ACD, then the centroid
G2 of P is given by

(2.3) G2 =
mA+ δB +mC + βD

3m
,

Proof. It is straightforward to prove (1), (2) and (3) or see [4, 9].

Now, we prove Proposition 1.4 stated in Section 1.

Proof of Proposition 1.4. Suppose that P denotes a kite or an arrow-
head. Without loss of generality, we may assume that the diagonal AC
bisects the other diagonal BD and AC lies in the interior of P . Hence,
by a similarity transformation if necessary, we may assume that

A(1, 0), B(s, t), C(−1, 0), D(s,−t),

where t > 0. Then we have from Lemma 2.1 that

(2.4) G1 =
1

l
((s+ 1)l1 + (s− 1)l2, 0), G2 = (

1

3
s, 0),

where we put

(2.5) l1 = l4 =
√

(s− 1)2 + t2, l2 = l3 =
√

(s+ 1)2 + t2.

Now, it follows from (2.4) and G1 = G2 that

(2.6) s(2s2 + 3t2 − 6) = 0.

If s = 0, then the quadrilateral P is a rhombus. If s 6= 0, then (2.6)
shows that the vertex B lies on the ellipse E : x2/3 + y2/2 = 1 with
s 6= 0 and t > 0.

Conversely, the kite (or arrowhead) defined in (2) of Proposition 1.4
satisfies

(2.7) G1 = G2 = (
1

3
s, 0).

This completes the proof of Proposition 1.4.
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3. Trapezoids and circumscribed quadrilaterals

In this section, we prove Theorems 1.5 and 1.6 stated in Section 1.
First, for trapezoids we prove Theorem 1.5 as follows.

Proof of Theorem 1.5. Suppose that P = ABCD denotes a trapezoid
with AD ‖ BC satisfying G1 = G2. Using a similarity transformation if
necessary, we may introduce a coordinates system so that the vertices
of P are given by

(3.1) A(a,−1), B(b, 1), C(c, 1), D(−a,−1),

where a, b and c are real numbers with a > 0 and b > c.
It follows from Lemma 2.1 that the perimeter centroid G1 of P is

given by

(3.2)
G1 =

1

2l
{(l4 + l1)A+ (l1 + l2)B + (l2 + l3)C + (l3 + l4)D}

=
1

2l
((a+ b)l1 + (b+ c)l2 + (c− a)l3, 2(l2 − l4)),

where we put by l the perimeter of P with

(3.3) l1 =
√

(a− b)2 + 4, l2 = b− c, l3 =
√

(a+ c)2 + 4, l4 = 2a.

The centroid G2 of P is given by

(3.4)

G2 =
(2a+ b− c)A+ (b− c)B + (2a+ b− c)C + 2aD

3(2a+ b− c)

=
((2a+ b− c)(a+ c) + b(b− c)− 2a2,−2a+ b− c)

3(2a+ b− c)
.

Note that −2a+ b− c = l2 − l4. Since G1 = G2, the y-coordinates of
G1 and G2 in (3.2)and (3.4) respectively, show that

(3.5) 3(2a+ b− c)(l2 − l4) = l(l2 − l4),

Hence, using 2a+ b− c = l2 + l4, we get

(3.6) {l1 + l3 − 2(l2 + l4)}(l2 − l4) = 0.

Case 1. l2 − l4 = 2a− (b− c) = 0. In this case the quadrilateral P
is a parallelogram.

Case 2. l2 − l4 = 2a− (b− c) 6= 0. In this case, it follows from (3.6)
that

(3.7) l1 + l3 = 2(l2 + l4) = 2(2a+ b− c).
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Hence we obtain

(3.8) l = 3(l2 + l4) = 3(2a+ b− c).

Since G1 = G2, the x-coordinates of G1 and G2 in (3.2)and (3.4) respec-
tively, show that

(3.9) (a+ b)l1 + (c− a)l3 = (b+ c)(2a+ b− c).

Combining (3.7) and (3.9), we get

(3.10) l1 = l3(= l2 + l4).

It follows from (3.10) and the definitions of l1 and l3 in (3.3) that

(3.11) (b+ c)(2a− b+ c) = 0.

Since, in this case 2a − b + c 6= 0, we obtain from (3.11) b = −c, that
is, the quadrilateral P is an isosceles trapezoid with AD ‖ BC and
AB = CD = AD +BC.

Conversely, it is straightforward to show that an isosceles trapezoid
with AD ‖ BC and AB = CD = AD + BC satisfies G1 = G2. This
completes the proof of Theorem 1.5.

Next, for circumscribed quadrilaterals we prove Theorem 1.6 as fol-
lows.

Proof of Theorem 1.6. Suppose that P denotes a circumscribed
quadrilateral. Using a similarity transformation if necessary, we may
introduce a coordinates system so that the vertices of P are given by

(3.12) A(x, y), B(0, a), C(−1, 0), D(0,−b),

where a, b and x are positive real numbers.
It follows from Lemma 2.1 that the perimeter centroid G1 of P is

given by
(3.13)

G1 =
1

2l
(x(l1 + l4)− (l2 + l3), y(l1 + l4) + a(l1 + l2)− b(l3 + l4)),

where we put by l the perimeter of P with
(3.14)

l1 =
√
x2 + (y − a)2, l2 =

√
a2 + 1, l3 =

√
b2 + 1, l4 =

√
x2 + (y + b)2.

The centroid G2 of P is given by

(3.15) G2 =
1

3(x+ 1)
(x2 − 1, xy + (a− b)(x+ 1)).
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Since P is a circumscribed quadrilateral, we have

(3.16) l1 − l4 = l2 − l3.

Note that G1 = G2 is equivalent to the following:

(3.17) l1 + l4 =
2x+ 1

x+ 2
(l2 + l3),

(3.18) al1 − bl4 =
−y + (a− 2b)x− 2b

x+ 2
l2 +

−y + (2a− b)x+ 2a

x+ 2
l3.

It follows from (3.16) and (3.17) that

(3.19) 2(x+ 2)l1 = 3(x+ 1)l2 + (x− 1)l3,

(3.20) 2(x+ 2)l4 = (x− 1)l2 + 3(x+ 1)l3.

Together with (3.14), (3.19) and (3.20) imply

(3.21) {2(a+ b)y + b2 − a2}(x+ 2)2 = (x+ 2)(2x+ 1)(l23 − l22).

Since l23 − l22 = b2 − a2 and x+ 2 > 0, we get from (3.21)

(3.22) y =
(a− b)(1− x)

2(x+ 2)
.

Case 1. a = b or x = 1. Then (3.22) shows that y = 0. Since the
quadrilateral P is convex, it is a kite.

Case 2. a 6= b and x 6= 1. We rewrite (3.16) as follows.

(3.23) l1 = l4 + l2 − l3.

By squaring (3.23), we get

(3.24) 2sl4 = −2(a+ b)y + (a2 − b2)− s2,

where we put s = l2 − l3. Squaring (3.24) gives

(3.25) αy2 + βy + γ = 0,

where for t = a+ b we define

(3.26) α = 4(s2 − t2), β = 4(a− b)(t2 − s2), γ = 4s2(x2 − 1).

We substitute y in (3.22) into (3.25). Then we obtain

(3.27) 4(x+ 2)2 = 3{(l2 + l3)
2 − (a− b)2}.

Now, we use (3.18). It follows from (3.17) and (3.18) that

(3.28) (a+ b)(x+ 2)l1 = (ax− y − b)l2 + (bx− y + 2a+ b+ 2ax)l3
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and

(3.29) (a+ b)(x+ 2)l4 = (ax+ a+ y + 2b+ 2bx)l2 + (bx+ y − a)l3.

Together with (3.28) and (3.29), (3.16) implies

(3.30) φ̄l2 = ψ̄l3,

where

(3.31) φ̄ = 2y + (a+ 3b)x+ 3a+ 5b, ψ̄ = −2y + (3a+ b)x+ 5a+ 3b.

By substituting y in (3.22) into (3.31), we get from (3.30)

(3.32) φl2 = ψl3,

where we use
(3.33)
φ = (a+ 3b)x2 + 4(a+ 3b)x+ 7a+ 9b, ψ = (3a+ b)x2 + 4(3a+ b)x+ 9a+ 7b.

Hence, (3.32) shows that

(3.34) λ(x+ 2)2 = 4λ− µ,

where we put

(3.35) λ = l2(a+ 3b)− l3(3a+ b), µ = l2(7a+ 9b)− l3(9a+ 7b).

Together with (3.27), (3.34) implies

(3.36) 4(a− b)(l2 + l3) = (−λ){(l2 + l3)
2 − (a− b)2}.

Furthermore, it follows from (3.35) that

(3.37) −λ = l3(3a+ b)− l2(a+ 3b) = (a− b){2l2 −
(a+ b)(3a+ b)

l2 + l3
}.

Let us substitute −λ in (3.37) into (3.36). Then, using a 6= b we obtain
(3.38)

4(l2 + l3)
2 = {2l2(l2 + l3)− (a+ b)(3a+ b)}{(l2 + l3)

2 − (a− b)2}.

Since l22 = a2 + 1, l23 = b2 + 1, we get from (3.38) that

(3.39) (a+ b)2(l2l3 + ab+ 1) = 0,

which is a contradiction. This shows that case 2 can not occur.

Summarizing the above cases completes the proof of Theorem 1.6.
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4. Proofs of Theorem 1.7

In this section, we prove Theorem 1.7 stated in Section 1 as follows.

Proof of Theorem 1.7. Suppose that a convex quadrangle P has two
pairs of adjacent edges such that the total length of a pair equals to
that of the other pair. That is, the quadrangle P satisfies l1 + l2 =
l3 + l4. Using a similarity transformation if necessary, we may introduce
a coordinates system so that the vertices of P are given by

(4.1) A(x, y), B(0, a), C(−1, 0), D(0,−b),

where a, b and x are positive real numbers.
It follows from Lemma 2.1 that the perimeter centroid G1 of P is

given by
(4.2)

G1 =
1

2l
(x(l1 + l4)− (l2 + l3), y(l1 + l4) + a(l1 + l2)− b(l3 + l4)),

where we put by l the perimeter of P with
(4.3)

l1 =
√
x2 + (y − a)2, l2 =

√
a2 + 1, l3 =

√
b2 + 1, l4 =

√
x2 + (y + b)2.

The centroid G2 of P is given by

(4.4) G2 =
1

3(x+ 1)
(x2 − 1, xy + (a− b)(x+ 1)).

Since the quadrangle P satisfies l1 + l2 = l3 + l4, we have

(4.5) l1 − l4 = −l2 + l3.

Now, G1 = G2 is equivalent to the following:

(4.6) l1 + l4 =
2x+ 1

x+ 2
(l2 + l3),

(4.7) al1 − bl4 =
−y + (a− 2b)x− 2b

x+ 2
l2 +

−y + (2a− b)x+ 2a

x+ 2
l3.

It follows from (4.5) and (4.6) that

(4.8) 2(x+ 2)l1 = (x− 1)l2 + 3(x+ 1)l3,

(4.9) 2(x+ 2)l4 = 3(x+ 1)l2 + (x− 1)l3.

Let us substitute l1 and l4 in (4.3) into (4.8) and (4.9), respectively.
Then by squaring (4.8) and (4.9), we get

(4.10) {2(a+ b)y + b2 − a2}(x+ 2)2 = (x+ 2)(2x+ 1)(l22 − l23).
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Together with l22 − l23 = a2 − b2 and x+ 2 > 0, it follows from (4.10)

(4.11) 2y(x+ 2) = 3(a− b)(x+ 1).

Case 1. a = b. Then (4.11) shows that y = 0. Hence the quadrilateral
is a kite.

Case 2. a 6= b. In this case, (4.5) can be rewritten as follows.

(4.12) l1 = l4 − l2 + l3.

Squaring (4.12) and using the definition of l1 in (4.3) imply

(4.13) 2sl4 = −2(a+ b)y + (a2 − b2)− s2,
where we put s = l3 − l2. By squaring (4.13), we get

(4.14) αy2 + βy + γ = 0,

where we put t = a+ b and

(4.15) α = 4(s2 − t2), β = 4(a− b)(t2 − s2), γ = 4s2(x2 − 1).

Let us substitute y in (4.11) into (4.15). Then we have

(4.16) 4(x− 1){4s2(x+ 2)2 − 3(a− b)2(t2 − s2)} = 0.

Subcase 2-1. a 6= b and x = 1. In this subcase, it follows from (4.11)
that y = a− b. Hence the quadrilateral P is a parallelogram.

Subcase 2-2. a 6= b and x 6= 1. In this subcase, it follows from (4.16)
that

(4.17) 4s2(x+ 2)2 = 3(a− b)2(t2 − s2).
Combining (4.6) and (4.7), we get

(4.18) (a+ b)(x+ 2)l1 = (ax− y − b)l2 + (bx− y + 2a+ b+ 2ax)l3,

and

(4.19) (a+ b)(x+ 2)l4 = (ax+ a+ y + 2b+ 2bx)l2 + (bx+ y − a)l3.

Using (4.5), we obtain from (4.18) and (4.19) that

(4.20) (l2 + l3){2y − (a− b)(x+ 1)} = 0,

which implies

(4.21) 2y = (a− b)(x+ 1).

Together with (4.11), this shows that

(4.22) (a− b)(x+ 1)(x− 1) = 0,
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which is a contradiction. This shows that this subcase can not occur.

Summarizing the above cases completes the proof of Theorem 1.7.
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