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ON DIFFERENT KINDS OF INJECTIVITY OF ACTS

Mohammad Ali Naghipoor∗, Majid Ershad, and Mohammad
Roueentan

Abstract. In this paper we introduce some new kinds of injectiv-
ities, namely, LC (resp. Ind, PInd) injectivity and investigate the
relation among various kinds of injectivities. Some classifications
of monoids by properties of these kinds of injective acts are pre-
sented. Among other results, it is shown that over a principal right
ideal monoid, right completely LC-injectivity implies right com-
pletely injectivity. Also over a monoid with a zero Ind-injective
(resp. PInd-injective) acts are injective.

1. Introduction

Throughout this note, unless otherwise stated, S is a monoid. A right
S−act AS is a non-empty set on which S acts unitarily. A right S−act
A is called an injective right S−act, if for any right S−act B, any right
subact C of B and any homomorphism f ∈ Hom(C,A), there exists a
homomorphism f ∈ Hom(B,A) which extends f, that is, f |C= f.

C
i
↪→ B

(I) f ↓ ↙ ∃f
A

If C in the above diagram is cyclic, then A is called C-injective, which is
studied in [7] and [8]. Recently in [5] new kinds of injectivity of acts have
been introduced by using the notion of indecomposability. In this paper
we will introduced some other types of injectivity and we will investigate
the relation between various kinds of injectivity.

A right S−act C is called locally cyclic if every finitely generated
subact of C is contained in a cyclic subact, that is, for all a, b ∈ C,
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there exists c ∈ C such that a, b ∈ cS. Also a non-empty right S−act
D is indecomposable, if it is not a disjoint union of any two non-empty
subacts, equivalently, for every x, y ∈ D, there exist z1, z2, . . . , zn ∈ D,
such that x ∈ z1S, y ∈ znS, and ziS ∩ zi+1S 6= ∅, for i = 1, 2, . . . , n −
1. Note that by Lemma 1.5.36 of [3], any homomorphic image of an
indecomposable act is indecomposable. Also it is easy to see that a
homomorphic image of a locally cyclic act is locally cyclic.

To introduce the new kinds of injectivity we follow diagram (I) of
injectivity and define the following notions of injectivity.

(i) A right S−act A is called locally cyclic weakly injective or LC-
weakly injective for short, if for any locally cyclic right ideal K of
S and any homomorphism f ∈ Hom(K,A), there exists a homo-
morphism f ∈ Hom(S,A) which extends f, that is, f |K= f.

(ii) If K is indecomposable instead of being locally cyclic in (i), then
A is called indecomposable weakly injective or Ind-weakly injective
for short.

(iii) If f exists for all monomorphisms f instead of homomorphisms
in (ii), then A is called pseudo indecomposable weakly injective
(PInd-weakly injective for short).

(iv) A right S−act A is called locally cyclic injective or LC-injective, if
for any right S−act B, any locally cyclic right subact C of B and
any homomorphism f ∈ Hom(C,A), there exists a homomorphism
f ∈ Hom(B,A) which extends f, that is, f |C= f.

(v) If C is indecomposable as a substitute for locally cyclic in (iv), then
A is called indecomposable injective or Ind-injective for short.

(vi) A right S−act A is called pseudo injective (resp. pseudo indecom-
posable injective) or P-injective (resp. PInd-injective) for short,
if for any right S−act B, any (resp. indecomposable) right sub-
act C of B and any monomorphism f ∈ Hom(C,A), there exists a
homomorphism f ∈ Hom(B,A) which extends f, that is, f |C= f.

Clearly every cyclic act is locally cyclic. Moreover, we have the fol-
lowing lemma.

Lemma 1.1. Every locally cyclic right act is indecomposable.

Proof. Lemma 3.4 of [4].

Thus the following implications are hold:

Cyclic act =⇒ Locally cyclic act =⇒ Indecomposable act

which imply,

Ind-injectivity =⇒ LC-injectivity =⇒ C-injectivity



On Different Kinds of Injectivity of Acts 319

and,

Ind-weakly injectivity =⇒ LC-weakly injectivity

=⇒ principally weakly injectivity

Examples 2.4, 3.1, 3.3 and 3.17 show that the above implications are
strict. The reader is referred to [3] for notations and preliminaries and
basic results related to acts.

2. Locally Cyclic Weakly Injective and Indecomposable Weakly
Injective Acts

One can easily see the following two useful lemmas.

Lemma 2.1. Let A be an indecomposable right S−act contained in
a coproduct of right S−acts Bi, that is, A ⊆

∐
i∈I Bi. Then A ⊆ Bi, for

some i ∈ I. In particular the result is true when A is locally cyclic.

Lemma 2.2. A right S−act AS is LC-weakly injective (resp. Ind-
weakly injective), if and only if for every locally cyclic (resp. indecom-
posable) right ideal K of S and every f ∈ Hom(K,A), there exists
a ∈ A, such that f(k) = ak, for each k ∈ K.

Note that this lemma is also true for PInd-weakly injectivity if f is
a monomorphism.

Lemma 2.3. If K is a locally cyclic (resp. indecomposable) right
ideal of S which is also LC-weakly injective (resp. Ind-weakly injective,
PInd-weakly injective), then K is principal. Indeed K is generated by
an idempotent of S.

The following example shows that principally weak injectivity does
not imply LC-weak injectivity.

Example 2.4. Consider S = (N,min)∪̇{ε}, where ε is the adjoint
identity. Note that all finitely generated right ideals of S are generated
by an idempotent. Clearly K = S\{ε} is a locally cyclic right ideal of S.
Since K is not generated by an idempotent, by Lemma 2.3 it is not LC-
weakly injective (Ind-weakly injective). But KS is fg-weakly injective
and so principally weakly injective.

Proposition 2.5. Assume that S is a monoid. Then we have:

(i) Any retract of an LC-weakly injective (resp. an Ind-weakly injec-
tive, a PInd-weakly injective) act is also LC-weakly injective (resp.
Ind-weakly injective, PInd-weakly injective).
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(ii) If A =
∏

i∈I Ai, where each Ai is a right S−act, then A is LC-
weakly injective (resp. Ind-weakly injective) if and only if Ai is
LC-weakly injective (resp. Ind-weakly injective), for every i ∈ I.
Also if A is PInd-weakly injective, then each Ai is PInd-weakly
injective.

(iii) If A =
∐

i∈I Ai, where each Ai is a right S−act, then A is LC-
weakly injective (resp. Ind-weakly injective, PInd-weakly injec-
tive) if and only if Ai is LC-weakly injective (resp. Ind-weakly
injective, PInd-weakly injective), for every i ∈ I.

Proof. We will prove the proposition for LC-weakly injective case.
The proofs for Ind-weakly injectivity and PInd-weakly injectivity are
similar.

The proofs of parts (i) and (ii) are the same as for injectivity (see for
example [3]).

(iii) Necessity. Suppose that K is a locally cyclic right ideal of
S and f ∈ Hom(K,Aj), for j ∈ I. Let lj be the inclusion map from
Aj into A. Since A is LC-weakly injective, by Lemma 2.2, there exists
a ∈ A such that f(k) = lj(f(k)) = ak, for each k ∈ K. Again by Lemma
2.2, it suffices to show that a ∈ Aj . Since f(k) ∈ Aj , so ak ∈ Aj . Now
a ∈ A implies a ∈ Ai, for some i ∈ I. Then ak ∈ Ai. On the other hand
Ai ∩Aj = ∅, for each i 6= j. Therefore i = j, that is, a ∈ Aj .

Sufficiency. Assume that K is a locally cyclic right ideal of S and
f ∈ Hom(K,A). Then f(K) is a locally cyclic subact of A. By Lemma
2.1, f(K) ⊆ Aj , for some j ∈ I, that is, we may consider f as a
homomorphism into Aj . Since Aj is LC-weakly injective, there exists

f ∈ Hom(S,Aj) which extends f. It may be considered as a homomor-
phism from S into A extending f. So A is LC-weakly injective.

Theorem 2.6. Let S be a monoid. Then the following statements
are equivalent:

(i) All right S−acts are LC-weakly injective;
(ii) All locally cyclic right S−acts are LC-weakly injective;
(iii) All right ideals of S are LC-weakly injective;
(iv) All locally cyclic right ideals of S are LC-weakly injective;
(v) All locally cyclic right ideals of S are principal and S is regular;
(vi) All locally cyclic right ideals of S are projective and S is regular.

Proof. First we show that (i), (iii), (iv) and (v) are equivalent.
The implications (i)=⇒(iii)=⇒(iv) are clear.
(iv)=⇒(v) Assume all locally cyclic right ideals are LC-weakly injec-

tive. So all locally cyclic right ideals of S are principal, by Lemma 2.3.
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Also by assumption all principal right ideals are LC-weakly injective,
and so are principally weakly injective. Thus S is regular, by Theorem
4.1.6 of [3].

(v)=⇒(i) Since all locally cyclic right ideals are principal, LC-weakly
injectivity and principally weakly injectivity coincide and the result fol-
lows by regularity of S (Theorem 4.1.6 of [3]).

The implication (i)=⇒(ii) is also clear. It suffices to prove (ii)=⇒(vi)
and (vi)=⇒(v).

(ii)=⇒(vi) By (ii), all cyclic right S−acts are LC-weakly injective. So
all principal right ideals are LC-weakly injective, and so are principally
weakly injective. Thus S is regular, by Theorem 4.1.6 of [3]. Also by
assumption, all locally cyclic right ideals are LC-weakly injective. Hence
all locally cyclic right ideal are generated by an idempotent, by Lemma
2.3. Hence every locally cyclic right ideal is projective.

(vi)=⇒(v) Suppose that I is a locally cyclic right ideal of S. So I
is indecomposable, by Lemma 1.1. Also I is projective by assumption.
Thus I is a principal right ideal of S, by Proposition 3.17.7 of [3].

Theorem 2.7. Let S be a monoid. Then the following statements
are equivalent:

(i) All right S−acts are Ind-weakly injective;
(ii) All indecomposable right S−acts are Ind-weakly injective;
(iii) All right ideals of S are Ind-weakly injective;
(iv) All indecomposable right ideals of S are Ind-weakly injective;
(v) All indecomposable right ideals of S are principal and S is regular;
(vi) All indecomposable right ideals of S are projective;

(vii) S is a right hereditary monoid.

Proof. First note that by Proposition 3.17.7 of [3], if an indecompos-
able right ideal is projective, then it is principal. By the same proof as
Theorem 2.6, it follows that part (i) to (vi) are equivalent. It suffices to
show that (vi) and (vii) are equivalent. The part (vii)=⇒(vi) is clear.

(vi)=⇒(vii) Let I =
∐

j∈A Ij be the decomposition of an arbitrary

right ideal I into indecomposable right ideals of S. Then by (vi) each
Ij is projective and so is I by Proposition 3.17.8 of [3]. Thus S is right
hereditary.

The proofs of the following propositions are similar to the proofs of
Proposition 3.1 and Proposition 3.7 of [2], respectively.

Proposition 2.8. All principally weakly injective right S−acts are
LC-weakly injective (resp. Ind-weakly injective), if and only if all locally
cyclic (resp. indecomposable) right ideals of S are principal.
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Proposition 2.9. All finitely generated weakly injective right S−acts
are LC-weakly injective (resp. Ind-weakly injective), if and only if all
locally cyclic (resp. indecomposable) right ideals of S are finitely gener-
ated.

3. Locally Cyclic Injective and Indecomposable Injective Acts

Recall that every Ind-injective act is LC-injective and also every LC-
injective act is C-injective. The following example and Example 3.17
show that these implications are strict. As in [6], a right ideal K of
a monoid S is said to be strictly large in a right ideal K ′ if K ⊆ K ′

and for any distinct x, y ∈ K ′, there is an element s ∈ S satisfying
xs 6= ys, xs, ys ∈ K.

Example 3.1. Let S and K be as in Example 2.4. It is easy to see
that S is a commutative band with the property that each right ideal
is strictly large in a principal right ideal of S. So by Theorem 3.2 of [6],
S is a regular self-injective monoid. Hence by Theorem 9 of [7], K is
C-injective. But it is not LC-injective (Ind-injective), since by Example
2.4 it is not LC-weakly injective.

The following result is easy to see.

Proposition 3.2. Every LC-injective right S−act (and so every Ind-
injective right S−act) contains a zero. The same is true for every pseudo
injective and PInd-injective right S−acts.

Example 3.3. Let S = (N,max). Then S is regular and every right
ideal of S is generated by an idempotent. So SS is Ind-weakly injective
(resp. LC-weakly injective, PInd-weakly injective), but it is not Ind-
injective (resp. LC-injective, PInd-injective), since it does not contain a
zero.

Proposition 3.4. Every indecomposable PInd-injective right S−act
is injective. Also every locally cyclic (resp. indecomposable) LC-injective
(resp. Ind-injective) right S−act is injective.

Proof. We give the proof for PInd-injectivity. The proofs for the
other cases are comparable. Suppose that A is an indecomposable PInd-
injective right S−act. Let E(A) be the injective envelope of the act A
and i be the inclusion map from A into E(A). Since A is PInd-injective,
for the identity map, idA of A there exists a homomorphism idA ∈
Hom(E(A), A) which extends idA, that is, idA ◦ i = idA. So A is a
retract of the injective act E(A). Thus A is injective.
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Theorem 3.5. A right S−act C is LC-injective (resp. Ind-injective,
PInd-injective), if and only if C has a zero and for each locally cyclic
(resp. indecomposable) subact A of every indecomposable S−act B and
each S−homomorphism (resp. S−homomorphism, S−monomorphism)
f ∈ Hom(A,C) there exists g ∈ Hom(B,C) which extends f.

Proof. Necessity. It is clear by Proposition 3.2.

Sufficiency. Let A be a locally cyclic right S−act and B a right
S−act containing A with decomposition B =

∐
i∈I Bi into indecom-

posable S−acts Bi, and f ∈ Hom(A,C). By Lemma 2.1, A ⊆ Bi,
for some i ∈ I. Since Bi is indecomposable, by assumption there ex-
ists f ∈ Hom(Bi, C) which extends f. Now define, g : B −→ C by
g(x) = f(x), for each x ∈ Bi and g(x) = 0, the zero of C, for each
x ∈ B \ Bi. Then g is a well-defined S−homomorphism from B into C.
So C is LC-injective. The proofs for Ind-injectivity and PInd-injectivity
are exactly the same.

Proposition 3.6. Suppose that S is a monoid. Then,

(i) Any retract of an LC-injective (resp. Ind-injective, PInd-injective)
act is also LC-injective (resp. Ind-injective, PInd-injective).

(ii) If A =
∏

i∈I Ai, where each Ai is a right S−act, then A is LC-
injective (resp. Ind-injective) if and only if Ai is LC-injective (resp.
Ind-injective), for every i ∈ I. Also if A is PInd-injective, then each
Ai is PInd-injective.

(iii) If A =
∐

i∈I Ai, where each Ai is a S−act, then A is LC-injective
(resp Ind-injective, PInd-injective) and each Ai contains a zero, if
and only if Ai is LC-injective (resp Ind-injective, PInd-injective),
for each i ∈ I.

Proof. The proof of parts (i) and (ii) is the same as for injectivity
(see for example [3]).

(iii) Necessity. Suppose that D is a locally cyclic right S−act, B is
a right S−act containing D and consider the following diagram of right
S−acts and S− homomorphisms:

ı

D ↪→ B

f ↓
Aj

 ↓
A
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where ı and  are inclusions.
SinceA is LC-injective, there exists g ∈ Hom(B,A) such that gı = f.

Since each Aj has a zero, there exists a well-defined S−homomorphism

h : A −→ Aj , which is fixed on Aj and zero on A\Aj . Now define f = hg

from B into A. Then f(ı(d)) = h(g(ı(d))) = h((f(d)) = h(f(d)), that
is, fı = f. Thus Aj is LC-injective.

Sufficiency. Assume that D is a locally cyclic right S−act, B is a
right S−act containing D and f ∈ Hom(D,A). Then f(D) is a locally
cyclic subact of A. By Lemma 2.1, f(D) ⊆ Aj , for some j ∈ I, that is,
we may consider f as a homomorphism into Aj . Since Aj is LC-injective,

there exists f ∈ Hom(B,Aj) which extends f. It may be considered as
a homomorphism from B into A extending f. So A is LC-injective.

The proofs for Ind-injectivity and PInd-injectivity are the same and
are given in Proposition 3.4 of [5].

Recall that a right S−act A is called quasi injective if it is injective
with respect to all inclusions from its subacts into A, that is, B = A in
diagram (I). Also a monoid S is called a right quasi injective monoid
or a right QI monoid for short (resp. right pseudo injective monoid or
right PI monoid for short), if each quasi injective (resp. pseudo injective)
right S−act with a zero is injective.

Lemma 3.7. Let S be a monoid. The following statements are equiv-
alent.

(i) Any coproduct of pseudo injective (resp. quasi injective) right
S−acts is pseudo injective (resp. quasi injective);

(ii) S is a left reversible PI monoid (resp. QI monoid).

Proof. (i)=⇒ (ii) Let A be a pseudo injective right S−act and E(A)
be its injective envelope. Consider the following diagram of right S−acts
and S− homomorohisms.

ı 2
A ↪→ E(A) ↪→ A t E(A)
id ↓
A

1 ↓
A t E(A)

where ı, 1 and 2 are inclusions. Let p ∈ Hom(A t E(A), A) with
p(a) = a, for each a ∈ A, and zero of A, otherwise. Then p1 = idA.
Since 1id is a monomorphism and A t E(A) is pseudo injective, there
exists f ∈ End(A t E(A)), such that, f2ı = 1id. Thus (pf2)ı =
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pf2ı = p1id = id, that is, A is a retract of E(A). So A is injective.
In particular ΘS t ΘS as a coproduct of two quasi injective S−acts is
injective. So S is left reversible by Theorem 3.1.13 of [3].

(ii)=⇒ (i) It is easy to see by Theorem 3.1.13 of [3]. The proof for
quasi injectivity with a zero is the same.

The following Proposition is proved in Proposition 3.7 of [5].

Proposition 3.8. Let A be a right S−act with a zero and AtE(A)
be pseudo injective (quasi injective). Then A is an injective S−act. In
particular the result is true if A is C-injective or LC-injective or Ind-
injective or PInd-injective.

Proposition 3.9. Let S be a monoid. The following statements are
equivalent.

(i) Every C-injective (resp. LC-injective, Ind-injective, PInd-injective)
right S−act is injective;

(ii) Every C-injective (resp. LC-injective, Ind-injective, PInd-injective)
right S−act is quasi injective.

Proof. We will prove the proposition for LC-injective case. The proofs
for the other cases are the same. (i)=⇒ (ii) It is clear. (ii)=⇒ (i) Let A be
an LC-injective S−act. Then AtE(A) is LC-injective by Proposition 3.6
and so is quasi injective by assumption. So A is injective by Proposition
3.8.

Proposition 3.10. Let S be a monoid. The following statements
are equivalent:

(i) A right S−act is C-injective (resp. LC-injective, Ind-injective,
PInd-injective) if and only if it is quasi injective;

(ii) S is a left reversible right QI monoid whose C-injective (resp. LC-
injective, Ind-injective, PInd-injective) right acts are injective.

Also this proposition is true if S is a right PI monoid instead of being a
right QI monoid.

Proof. (ii)=⇒ (i) It is clear. (i)=⇒ (ii) Since all C-injective (resp. LC-
injective, Ind-injective, PInd-injective) right S−acts are quasi injective,
they are injective by Proposition 3.9. Thus every quasi injective right
S−act is injective, that is, S is a QI monoid. Also by assumption, a
coproduct of two quasi injective right S−acts is a coproduct of two C-
injective (resp. LC-injective, Ind-injective, PInd-injective) right S− acts
which is C-injective (resp. LC-injective, Ind-injective, PInd-injective) by
Proposition 8 of [7] and Proposition 3.6. Thus by Lemma 3.7 S is left
reversible. The proof for pseudo injectivity is the same.
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For a monoid S and S−acts A and B, if {s ∈ S|Bs ⊆ A} is non-empty,
then it is a right ideal of S, and is called the colon of A and is denoted
by (A : B). Also for an arbitrary element b ∈ B, by (A : b) we mean the
set {s ∈ S| bs ∈ A}. Note that (A : b) is also a right ideal of S, if it is
non-empty.

Lemma 3.11. Let S be a monoid and B a right S−act and A a
subact of B.

(i) If B = bS, is cyclic, for some b ∈ B for which the right ideal (A : b)
is principal, then A is cyclic. In particular, S is a principal right
ideal monoid, if and only if every right subact of any cyclic S−act
is cyclic.

(ii) If B is locally cyclic and (A : b), for each b ∈ B \ A, are locally
cyclic, then A is locally cyclic. In particular, all right ideals of
S are locally cyclic, if and only if every subact of a locally cyclic
right S−act is locally cyclic.

Proof. (i) By assumption (A : b) is a principal right ideal, say (A :
b) = tS, for some t ∈ S. Then A = (bt)S is cyclic. For the sufficiency of
the second part of (i), consider S as a cyclic right S−act.

(ii) Let a, a′ ∈ A ⊆ B. Since B is locally cyclic, there exists b ∈ B
such that a, a′ ∈ bS, that is, a = bs and a′ = bs′, for some s, s′ ∈ S. If
b ∈ A, then A is locally cyclic. If b ∈ B \ A, then s, s′ ∈ (A : b) which
is locally cyclic by assumption. So there exists t ∈ (A : b) such that
s, s′ ∈ tS, that is s = tu and s′ = tu′, for some u, u′ ∈ S. Thus a = btu
and a′ = btu′, that is a, a′ ∈ (bt)S, where bt ∈ A, since t ∈ (A : b). So
A is locally cyclic. The proof of the sufficiency of the second part of (ii)
follows from the fact that S is a locally cyclic right S−act.

Proposition 3.12. Suppose that S is a principal right ideal monoid.
Then all C-injective right S−acts are injective. In particular, all LC-
injective and Ind-injective right S−acts are injective.

Proof. Let C be a C-injective right S−act. Since C has a zero, it suf-
fices to show that C is injective relative to all inclusions into cyclic acts.
Let A be a right subact of a cyclic right S−act B. Then by part (i) of
Lemma 3.11, A is cyclic. Since C is C-injective, for each f ∈ Hom(A,C)
there exists f ∈ Hom(B,C) which extends f. So C is injective. The
second part is clear, since every LC-injective (Ind-injective) act is C-
injective.
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A monoid S over which all right acts are LC-injective (resp. Ind-
injective, PInd-injective) is called right completely locally cyclic (resp.
indecomposable, pseudo indecomposable) injective monoid.

As a corollary to Proposition 3.12, we have the following theorem
which shows that over a principal right ideal monoid, injectivity and
C-injectivity (and so Ind-injectivity and LC-injectivity) are equivalent.

Theorem 3.13. The following statements are equivalent for a monoid
S.

(i) S is right completely injective;
(ii) S is a right completely indecomposable injective principal right

ideal monoid;
(iii) S is a right completely locally cyclic injective principal right ideal

monoid;
(iv) S is a right completely cyclic injective principal right ideal monoid.

Lemma 3.14. If all Ind-injective right S−acts are injective, then
S is left reversible. In particular, if all C−injective (LC-injective or
PInd-injective) right S−acts are injective, then S is left reversible.

Proof. Consider the one element S−act, ΘS . Clearly ΘS is Ind-injective.
Then by Proposition 3.6, ΘS tΘS is Ind-injective and so is injective, by
assumption. So S is left reversible, by Theorem 3.1.13 of [3].

Theorem 3.15. Let S be a right hereditary monoid. The following
statements are equivalent:

(i) All Ind-injective S−acts are injective;
(ii) All LC-injective S−acts are injective;
(iii) All C-injective S−acts are injective;
(iv) S is a principal right ideal monoid (indeed every right ideal is

generated by an idempotent);
(v) S is left reversible.

Proof. (iv)=⇒ (iii) It is clear by Proposition 3.12. (iii)=⇒ (ii) and
(ii)=⇒ (i) are clear. (i)=⇒ (v) It is clear by Lemma 3.14. It suffices
to prove (v)=⇒ (iv). Consider a right ideal I of S. Since S is left
reversible, I is indecomposable, for if I = J ∪K, for some right ideals
J and K of S, then J ∩ K 6= ∅. Also since S is right hereditary, I is
projective. So by Proposition 3.17.7 of [3], I is principal and generated
by an idempotent.

The following theorem give a characterization of a monoid S over
which all right ideals are LC-injective. A similar result is given for Ind-
injectivity in Theorem 3.9 of [5].
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Theorem 3.16. Let S be a monoid. Then the following statements
are equivalent:

(i) All right ideals of S are LC-injective;
(ii) All locally cyclic right ideals of S are LC-injective;
(iii) All locally cyclic right ideals of S are injective;
(iv) S is a regular monoid, SS is self-injective and every locally cyclic

right ideal of S is principal.

Moreover, if S is a right Noetherian monoid, these statements are equiv-
alent to:

(v) All right ideals of S are C-injective.

Proof. The implication (i)=⇒(ii) is clear and (ii)=⇒(iii) follows from
Proposition 3.4.

(iii)=⇒(iv) By (iii) all principal right ideals are injective. So by The-
orem 4.5.10 of [3], S is a regular self-injective monoid. Also by Propo-
sition 3.5.5 of [3], every locally cyclic right ideal of S is generated by an
idempotent, i.e., it is principal.

(iv)=⇒(i) Since S is a regular self-injective monoid, all principal right
ideals of S are injective, by Theorem 4.5.10 of [3]. So all locally cyclic
right ideals of S are injective, since by assumption every locally cyclic
right ideal is principal. Now let I be an arbitrary right ideal of S.
Let A be a locally cyclic right S−act, B an S−act containing A and
f ∈ Hom(A, I). Then f(A) is a locally cyclic right ideal of S and so it
is injective. So there exists f ∈ Hom(B, f(A)), which extends f. Then
f is also a map from B into I, since f(A) ⊆ I. So I is LC-injective.

For the second part, note that in a right Noetherian monoid every
right ideal is finitely generated and so every locally cyclic right ideal is
principal. So the result follows by Theorem 9 of [7].

The following example shows that an LC-injective right act need not
be Ind-injective.

Example 3.17. Let S be a semilattice given by the following multi-
plication table. It is easy to see that each ideal of S is strictly large in
a principal ideal. So by Theorem 3.2 of [6], S is a self-injective monoid.
Thus by Theorem 9 of [7], all ideals of S are C-injective. Also by Theo-
rem 3.16 the ideals of S are LC-injective, since S is Noetherian. However
by Lemma 2.3, the ideal K = {0, c, d, f, g} is not Ind-injective, for it is
indecomposable but it is not generated by an idempotent.
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0 1 a b c d e f g
0 0 0 0 0 0 0 0 0 0
1 0 1 a b c d e f g
a 0 a a d c d g f g
b 0 b d b f d e f g
c 0 c c f c f 0 f 0
d 0 d d d f d g f g
e 0 e g e 0 g e 0 g
f 0 f f f f f 0 f 0
g 0 g g g 0 g g 0 g

The proof of the following theorem is the same as the proof of The-
orem 3.16. Also a similar result is given for Ind-injectivity in Theorem
3.10 of [5].

Theorem 3.18. If S is a monoid, then the following statements are
equivalent.

(i) All right S−acts are LC-injective;
(ii) All locally cyclic right S−acts are LC-injective;
(iii) All locally cyclic right S−acts are injective.

Proof. The implication (i)=⇒(ii) is clear and (ii)=⇒(iii) follows from
Proposition 3.4.

(iii)=⇒(i) Let C be a right S−act, A a locally cyclic right S−act,
B a right S−act containing A and f ∈ Hom(A,C). Then f(A) is a
locally cyclic right S−act and so it is injective, by (iii). So there exists
f ∈ Hom(B, f(A)), which extends f. Then f is also a map from B into
C, since f(A) ⊆ C. So C is LC-injective.

Recall that an idempotent e ∈ S is called right especial if for any
right congruence ρ of S, there exists an element k ∈ eS such that, (ke)ρ
e and sρ t, s, t ∈ S, implies (ks)ρ(kt) (see, Definition 4.4.2 of [3]).

Proposition 3.19. If S is a right completely locally cyclic (resp.
indecomposable, pseudo indecomposable) injective monoid, then S is
a regular self-injective monoid and all locally cyclic (resp. indecompos-
able) right ideals of S are principal and all idempotents of S are especial.

Proof. By assumption and Theorem 3.18, all locally cyclic right S−acts
are injective and so are all locally cyclic right ideals of S. Hence by The-
orem 3.16, S is a regular self-injective monoid and all locally cyclic right
ideals of S are principal. The rest of the proof is the same as the proof
of Theorem 4.5.13 of [3].
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Remark 3.20. Let S be a left reversible monoid and A an Ind-
injective (resp. PInd-injective) right S−act and A =

∐
i∈I Ai be the

decomposition of A into indecomposable subacts. If each Ai contains a
zero, then each of them is Ind-injective (resp. PInd-injective) by Propo-
sition 3.6. Thus by Proposition 3.4 each Ai is injective. So A is injective,
since S is left reversible. In particular if S contains a zero, then every
Ind-injective (resp. PInd-injective) right S−act is injective.
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