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CONSTRUCTION OF ORDERED REGULAR

EQUIVALENCE RELATIONS ON ORDERED

SEMIHYPERRINGS

Saber Omidi and Bijan Davvaz∗

Abstract. In the present paper, we construct an ordered regular
equivalence relation on an ordered semihyperring by 2-hyperideals
such that the corresponding quotient structure is also an ordered
semihyperring.

1. Introduction

The notion of a regular congruence of ordered semigroups was intro-
duced in [18]. The study of ordered semihypergroups began with Heidari
and Davvaz in [10] and was further explored in [7, 9]. In [7], Davvaz et
al. introduced the concept of pseudoorders in ordered semihypergroups
generalizing the concept of pseudoorders in ordered semigroups [11, 12].
In 2015, Davvaz et al. [7] investigated the relationship between ordered
semihypergroups and ordered semigroups by using pseudoorders. Re-
cently, Gu and Tang [9] answered to the open problem given by Davvaz
et al. [7]. By an ordered semihypergroup, we mean an algebraic hyper-
structure (S, ◦,≤), which satisfies the following conditions: (1) (S, ◦) is
a semihypergroup together with a partial order ≤; (2) If x, y and z are
elements of S such that x ≤ y, then z ◦x ≤ z ◦ y and x ◦ z ≤ y ◦ z. Here,
z ◦ x ≤ z ◦ y means for any a ∈ z ◦ x there exists b ∈ z ◦ y such that
a ≤ b. The case x◦z ≤ y ◦z is defined similarly. In 2011, Gan and Jiang
[8] introduced the concept of ordered semirings. Recently, Davvaz and
Omidi [6] introduced the notion of ordered semihyperrings and obtained
some results in this respect.
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The theory of algebraic hyperstructures was first introduced by Marty
[13]. He introduced and studied some properties of hypergroups which
is a generalization of groups. Several books have been written on this
topic, for example, see [2, 3, 5, 17]. Further introduction to semihyper-
groups and hypergroups can be found in [2]. Another book [5] is devoted
especially to the study of hyperring theory. Several kinds of hyperrings
are introduced and analyzed.

In this paper, we study ordered regular equivalence relations on or-
dered semihyperrings. Moreover, we use 2-hyperideals to construct an
ordered regular equivalence relation on an ordered semihyperring such
that the corresponding quotient structure is an ordered semihyperring.
This is what we exploit in this paper.

2. Preliminaries

In this section, we collect basic notions and results about semihyper-
rings that will be used throughout the remainder of the paper.

A mapping ◦ : S × S → P∗(S), where P∗(S) denotes the family of
all non-empty subsets of S, is called a hyperoperation on S. The couple
(S, ◦) is called a hypergroupoid. In the above definition, if A and B are
two non-empty subsets of S and x ∈ S, then we denote

A ◦B =
⋃
a∈A
b∈B

a ◦ b, A ◦ x = A ◦ {x} and x ◦B = {x} ◦B.

A hypergroupoid (S, ◦) is called a semihypergroup if for all x, y, z ∈ S,
x ◦ (y ◦ z) = (x ◦ y) ◦ z, which means that⋃

u∈y◦z
x ◦ u =

⋃
v∈x◦y

v ◦ z.

A hypergroupoid (S, ◦) is called a quasihypergroup if for all x ∈ S, we
have S ◦ x = x ◦ S = S. This condition is also called the reproduction
axiom. A hypergroupoid (S, ◦) which is both a semihypergroup and a
quasihypergroup is called a hypergroup.

Vandiver [15] gave the first formal definition of a semiring in 1934. In
[16], Vougiouklis introduced the concept of semihyperring, where both
the addition and multiplication are hyperoperations. Semihyperrings ex-
tend the classical notion of semirings. There exist different types of semi-
hyperrings. The more general structure that satisfies the semiring-like
axioms is the semihyperring in the general sense. In [4], Davvaz studied
the notion of semihyperrings in a general form. The algebraic hypersys-
tem (R,+, ·) is a semihyperring if addition and multiplication are both
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hyperoperations such that (R,+) and (R, ·) are semihypergroups and
the hyperoperation · is distributive with respect to the hyperoperation
+, which means that for all x, y, z ∈ R, we have x · (y+ z) = x · y+ x · z
and (x + y) · z = x · z + y · z. A non-empty subset A of R is called
a subsemihyperring of R if for all x, y ∈ A, we have x + y ⊆ A and
x · y ⊆ A. A subsemihyperring A of R is said to be a left hyperideal
of R if r · x ⊆ A, for all r ∈ R and x ∈ A. A right hyperideal of a
semihyperring R is defined in a similar way. A subsemihyperring A of R
which is both a left and a right hyperideal of R is said to be a hyperideal
of R. Let σ be an equivalence relation on a semihyperring (R,+, ·). If A
and B are non-empty subsets of R, then AσB means that for all a ∈ A,
there exists b ∈ B such that aσb and for all b′ ∈ B, there exists a′ ∈ A
such that a′σb′. An equivalence relation σ defined on a semihyperring
R is called a regular relation if it satisfies the following conditions: (i)
aσb implies that (a+ x)σ(b+ x) and (x+ a)σ(x+ b) for all a, b, x ∈ R;
(ii) aσb implies that (a ·x)σ(b ·x) and (x ·a)σ(x ·b) for all a, b, x ∈ R. By
R/σ we mean the set of all equivalence classes with respect to σ, that
is, R/σ = {σ(r) | r ∈ R}.

Theorem 2.1. Let σ be a regular equivalence relation on a semihy-
perring (R,+, ·). Then, (R/σ,⊕,�) by the following hyperoperations is
a semihyperring:

σ(x)⊕ σ(y) = {σ(z) | z ∈ x+ y},
σ(x)� σ(y) = {σ(z) | z ∈ x · y}.

Proof. The proof is similar to the proof of Proposition 3.12 in [1].

3. Main results

We present some basic notions of ordered semihyperrings.

Definition 3.1. An algebraic hypersructure (R,+, ·,≤) is called an
ordered semihyperring if (R,+, ·) is a semihyperring with a partial order
≤ such that for all a, b, c ∈ R:

(1) If a ≤ b, then a+ c ≤ b+ c, meaning that for any x ∈ a+ c, there
exists y ∈ b+ c such that x ≤ y. The case c+ a ≤ c+ b is defined
similarly.

(2) If a ≤ b and c ≥ 0, then a · c ≤ b · c, meaning that for any x ∈ a · c,
there exists y ∈ b ·c such that x ≤ y. The case c ·a ≤ c ·b is defined
similarly.
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An ordered subsemihyperring ofR is a subsemihyperring ofR equipped
with the restriction of the order on R.

Definition 3.2. Let (R,+, ·,≤R) and (T,�,�,≤T ) be two ordered
semihyperrings. A mapping ϕ : R → T is said to be a normal homo-
morphism if

(1) ϕ(x+ y) = ϕ(x) � ϕ(y);
(2) ϕ(x · y) = ϕ(x) � ϕ(y)
(3) a ≤R b implies ϕ(a) ≤T ϕ(b).

Definition 3.3. Let (R,+, ·,≤) be an ordered semihyperring and σ
a regular equivalence relation on R. Then, σ is called ordered regular if
there exists an ordered relation �σ on R/σ such that:

(1) (R/σ,⊕,�,�σ) is an ordered semihyperring;
(2) The mapping ϕ : R→ R/σ | x 7→ σ(x) is a normal homomorphism.

Example 3.4. Let R = {a, b, c, d, e} be a set with two hyperopera-
tions + and · defined as follows:

+ a b c d e
a {b, c} {b, d} {b, d} {b, d} e
b {b, d} {b, d} {b, d} {b, d} e
c {b, d} {b, d} {b, d} {b, d} e
d {b, d} {b, d} {b, d} {b, d} e
e {b, d} {b, d} {b, d} {b, d} e

· a b c d e
a {b, d} {b, d} {b, d} {b, d} {b, d}
b {b, d} {b, d} {b, d} {b, d} {b, d}
c {b, d} {b, d} {b, d} {b, d} {b, d}
d {b, d} {b, d} {b, d} {b, d} {b, d}
e {b, d} {b, d} {b, d} {b, d} {b, d}

Then, (R,+, ·) is a semihyperring [14]. We have (R,+, ·,≤) is an ordered
semihyperring where the order relation ≤ is defined by:

≤:= {(a, a), (b, b), (c, b), (c, c), (d, b), (d, d), (e, b), (e, e)}.

The covering relation and the figure of R are given by:

≺= {(c, b), (d, b), (e, b)}.
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Consider

σ = {(a, a), (b, b), (c, c), (c, d), (d, c), (d, d), (e, e)}.

Then, R/σ = {u1, u2, u3, u4}, where u1 = {a}, u2 = {b}, u3 = {c, d} and
u4 = {e}. It is a routine matter to verify that σ is a regular equivalence
relation on R. Now, (R/σ,⊕,�,�σ) is an ordered semihyperring, where
⊕ and � are defined in the following tables:

⊕ u1 u2 u3 u4
u1 {u2, u3} {u2, u3} {u2, u3} u4
u2 {u2, u3} {u2, u3} {u2, u3} u4
u3 {u2, u3} {u2, u3} {u2, u3} u4
u4 {u2, u3} {u2, u3} {u2, u3} u4

� u1 u2 u3 u4
u1 {u2, u3} {u2, u3} {u2, u3} {u2, u3}
u2 {u2, u3} {u2, u3} {u2, u3} {u2, u3}
u3 {u2, u3} {u2, u3} {u2, u3} {u2, u3}
u4 {u2, u3} {u2, u3} {u2, u3} {u2, u3}

and �σ= {(u1, u1), (u2, u2), (u3, u2), (u3, u3), (u4, u2), (u4, u4)}. We see
that ϕ : R → R/σ | x 7→ σ(x) is a normal homomorphism. Hence, σ is
ordered regular.

Here is an example of a regular equivalence relation which is not
ordered regular.

Example 3.5. We come back to Example 3.4 and consider semihy-
perring (R,+, ·). We have (R,+, ·,≤) is an ordered semihyperring where
the order relation ≤ is defined by:

≤:= {(a, a), (b, b), (b, c), (c, c), (d, b), (d, c), (d, d), (e, e)}.

The covering relation and the figure of R are given by:

≺= {(c, b), (d, b), (e, b)}.
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Set

σ = {(a, a), (a, b), (b, a), (b, b), (c, c), (c, d), (d, c), (d, d), (e, e)}.
Observe that

R/σ = {{a, b}, {c, d}, {e}}.
By routine checking, we can easily verify that σ is a regular equivalence
relation on R. We show that σ is not ordered. Suppose that there exists
an order relation �σ on R/σ such that (R/σ,⊕,�,�σ) is an ordered
semihyperring and the mapping ϕ : R → R/σ | x 7→ σ(x) is a normal
homomorphism. Since b ≤ c, it follows that σ(b) �σ σ(c). This im-
plies that {a, b} �σ {c, d}. Since d ≤ b, it follows that σ(d) �σ σ(b).
This means that {c, d} �σ {a, b}. Hence, {a, b} = {c, d}, which is a
contradiction.

We now introduce the term 2-hyperideal of an ordered semihyperring.

Definition 3.6. Let (R,+, ·,≤) be an ordered semihyperring. A
non-empty subset I of R is said to be a 2-hyperideal of R if it satisfies
the following conditions:

(1) I +R ⊆ I and R+ I ⊆ I;
(2) I ·R ⊆ I and R · I ⊆ I;
(3) When x ∈ I and y ∈ R such that y ≤ x, imply that y ∈ I.

The following is a natural question to ask:

Question. Is there a regular relation σ on an ordered semihyperring R
for which R/σ is an ordered semihyperring?

Our main aim in the following is reply to the above question.

Lemma 3.7. Let I be a 2-hyperideal of an ordered semihyerring
(R,+, ·,≤). We consider the Rees relation on R as follows:

σI := (I × I) ∪ {(x, y) ∈ R \ I ×R \ I | x = y}
Then, σI is a regular equivalence relation on R.
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Proof. Clearly, σI is an equivalence relation on R. Let a, b, x ∈ R and
aσIb. Now, one of two following cases happens:
Case 1. a, b ∈ I. Since I is a 2-hyperideal of R, we have a+ x ⊆ I and
b+x ⊆ I. Hence, for every u ∈ a+x and v ∈ b+x, we have (u, v) ∈ σI .
This means that (a + x)σI(b + x). Similarly, we have (x + a)σI(x + b),
(a · x)σI(b · x) and (x · a)σI(x · b). Therefore, σI is a regular equivalence
relation on R.
Case 2. a = b ∈ R \ I. Then a + x = b + x and so for every u ∈
a+ x, we have (u, u) ∈ σI . Hence, (a+ x)σI(b+ x). Similarly, we have
(x + a)σI(x + b), (a · x)σI(b · x) and (x · a)σI(x · b). Therefore, σI is a
regular equivalence relation on R.

Let I be a 2-hyperideal of an ordered semihyerring (R,+, ·,≤). Then,
R/σI = {I} ∪ {{x} | x ∈ R \ I}.

Theorem 3.8. Let I be a 2-hyperideal of an ordered semihyerring
(R,+, ·,≤). Then, σI is an ordered regular equivalence relation on R.

Proof. By Lemma 3.7, σI is a regular equivalence relation on R. By
Theorem 2.1, (R/σI ,⊕I ,�I) is a semihyperring where for all x, y ∈ R:

σI(x)⊕I σI(y) = {σI(z) | z ∈ x+ y},

σI(x)�I σI(y) = {σI(z) | z ∈ x · y}.

We define a relation �I on R/σI as follows:

�I := {(I, I)}∪ {(I, {x}) | x ∈ R \ I}∪ {({x}, {y}) | x, y ∈ R \ I, x ≤ y}.

We first prove that �I is an order, that is, �I is reflexive, antisymmetric
and transitive.

(i) Let σI(x) ∈ R/σI . Then, σI(x) = I or σI(x) = {x}, x ∈ R \ I.
If σI(x) = I, then σI(x) �I σI(x) since I �I I. If σI(x) = {x},
x ∈ R \ I, then σI(x) �I σI(x) since x ≤ x. Hence �I is reflexive.

(ii) Let σI(x) �I σI(y) and σI(y) �I σI(x). If σI(x) = I, then σI(y) =
I since σI(y) �I σI(x). Thus, σI(x) = σI(y). If σI(x) = {x}, x ∈
R \ I, then σI(y) = {y}, y ∈ R \ I and x ≤ y since σI(x) �I σI(y).
Also, y ≤ x since σI(y) �I σI(x). Then, x = y which implies that
σI(x) = σI(y).

(iii) Let σI(x) �I σI(y) and σI(y) �I σI(z). If σI(x) = I, then
σI(x) �I σI(z) since I is the minimum element in R/σI . If
σI(x) = {x}, x ∈ R \ I, then σI(y) = {y}, y ∈ R \ I and x ≤ y
since σI(x) �I σI(y). Also, σI(z) = {z}, z ∈ R \ I and y ≤ z since
σI(y) �I σI(z). Then, x ≤ z which implies that σI(x) �I σI(z).
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Now, we need to show that �I is compatible with ⊕I and �I . Let
σI(x), σI(y), σI(z) ∈ R/σI and σI(x) �I σI(y). We can consider the
following two cases:
Case 1. σI(x) = I. Since I is a 2-hyperideal of R, it follows that
x+ z ⊆ I. So, we have

σI(x)⊕I σI(z) = {σI(w) | w ∈ x+ z} = {I}.

Also, I �I σI(v) for every σI(v) ∈ R/σI . This shows that σI(x) ⊕I
σI(z) �I σI(y)⊕I σI(z). Similarly, we have σI(z)⊕I σI(x) �I σI(z)⊕I
σI(y), σI(x)�I σI(z) �I σI(y)�I σI(z) and σI(z)�I σI(x) �I σI(z)�I
σI(y).
Case 2. σI(x) = {x}, x ∈ R \ I. Since σI(x) �I σI(y), it follows that
σI(y) = {y}, y ∈ R\I and x ≤ y. By hypothesis, we have x+z ≤ y+z. If
x+z ⊆ I, then σI(x)⊕I σI(z) = {I}. Since I �I σI(a) for every σI(a) ∈
R/σI , we have σI(x)⊕I σI(z) �I σI(y)⊕I σI(z). If (x+ z) ∩ S \ I 6= ∅,
then (y + z) ∩ S \ I 6= ∅. Indeed: Let y + z ⊆ I. By hypothesis, we
have x + z ≤ y + z. Since I is a 2-hyperideal of R, it follows that
x + z ⊆ I, which is a contradiction. For every σI(w) ∈ σI(x) ⊕I σI(z),
we have σI(w) = I or σI(w) = {w}, w ∈ (x+ z) \ I. If σI(w) = I, then
σI(x)⊕I σI(z) �I σI(y)⊕I σI(z). If σI(w) = {w}, w ∈ (x+ z) \ I, then
there exists v ∈ y + z such that w ≤ v. If v ∈ I, then w ∈ I, which
is a contradiction. This leads to v /∈ I. So, we have σI(w) = {w} �I
{v} = σI(v). Therefore, σI(x)⊕I σI(z) �I σI(y)⊕I σI(z). Similarly, we
have σI(z)⊕I σI(x) �I σI(z)⊕I σI(y), σI(x)�I σI(z) �I σI(y)�I σI(z)
and σI(z) �I σI(x) �I σI(z) �I σI(y). Hence, (R/σI ,⊕I ,�I ,�I) is an
ordered semihyperring.

Finally, we need prove that ϕ : R → R/σI | x 7→ σI(x) is a normal
homomorphism. For any x, y ∈ S, we have

ϕ(x)⊕I ϕ(y) = σI(x)⊕I σI(y)
= {σI(z) | z ∈ x+ y}
= σI(x+ y)
= ϕ(x+ y).

Similarly, we have

ϕ(x)�I ϕ(y) = ϕ(x · y).

Let x ≤ y. If x ∈ I, then σI(x) = I. Also, I �I σI(v) for every
σI(v) ∈ R/σI . This means that σI(x) = I �I σI(y). Hence, ϕ(x) �I
ϕ(y). If x ∈ R \ I, then y ∈ R \ I. In fact, if y ∈ I, then x ∈ I. This
is a contradiction. So, we have σI(x) = {x} �I {y} = σI(y). Hence,
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ϕ(x) �I ϕ(y). Therefore, σI is an ordered regular equivalence relation
on R.

We illustrate this result with an example.

Example 3.9. Let (R,+, ·,≤) be the ordered semihyperring defined
as in Example 3.5. It is not difficult to verify that I = {b, d, e} is a 2-
hyperideal of R. By Lemma 3.7, σI is a regular equivalence relation on
R and R/σI = {u1, u2, u3}, where u1 = {a}, u2 = {b, d, e} and u3 = {c}.
By Theorem 3.8, (R/σI ,⊕I ,�I ,�I) is an ordered semihyperring, where
⊕ and � are defined in the following tables:

⊕I u1 u2 u3
u1 {u2, u3} u2 u2
u2 u2 u2 u2
u3 u2 u2 u2

�I u1 u2 u3
u1 u2 u2 u2
u2 u2 u2 u2
u3 u2 u2 u2

and �I= {(u1, u1), (u2, u1), (u2, u2), (u2, u3), (u3, u3)}. With a small
amount of effort one can verify that ϕ : R → R/σI | x 7→ σI(x) is a
normal homomorphism. Hence, σI is ordered regular.
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