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CARDAN POSITIONS IN THE LORENTZIAN PLANE

Kemal Eren, and Soley Ersoy∗

Abstract. In this paper, we study the instantaneous geometric
properties of motion of rigid bodies in the Lorentzian plane. For
this purpose we define Lorentzian form of Bottemas instantaneous
invariants. In these regards, we obtain the necessary and sufficient
condition of a Lorentzian plane to be at Cardan position with re-
spect to these invariants.

1. Introduction

Geronimo Cardano (1501-1576), a doctor, engineer and mathemati-
cian from Milan, noticed that elliptic motion can also be obtained using
an internal planetary gear pair of 2:1 ratio in the 16-th century [1]. The
best known mechanism for generating ellipses is a perpendicular double-
slider, which may also be replaced by two circular centrodes (Cardan
circles, dedicated to name of Cardano) rolling on each other, with radii
of this ratio. The Cardan (Cardanic) motion is defined as being gener-
ated by a circle rolling within another circle with twice its radius, [2].
The trajectory of any point belonging to the circumference of the smaller
circle is a straight line segment along a diameter of the larger circle and
also any point on the moving body of the rolling circle, which is not on
the circumference, moves on an ellipse [3, 4, 5, 6]. Since several examples
of mechanisms and their inversions trace out an ellipse (or special case
of ellipse as circle or straight line), the Cardan motion has attracted the
attention of researchers. In Bottema and Roth’s book [7], this motion
is regarded as a special plane motion defined characterized by instanta-
neous invariants. A moving plane is said to be at a Cardan position if
there is a Cardan motion such that instantaneously the trajectories of
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the two motions hyper-osculate. There has been some incompatibility
related to this concept and the problem of instantaneous Cardan po-
sition has been elucidated by Bottema [8] and Freudenstein [9]. Also,
[10] brought new perspective by introducing the Cardan motion in the
elliptic plane. In a recent study [11] a new special motion called he-
lical Cardan motion has been introduced, in this way Cardan motion
becomes a special case with a zero pitch of this motion.

Most of these studies have been considered in Euclidean planes and it
is known that Euclidean plane corresponds to an idealized representation
of two dimensional space. Otherwise, the Lorentzian plane is a subge-
ometry of the affine planes similar to Euclidean planes. A large number
of studies have been performed to assess how the basic kinematics forms
in the Lorentzian plane. For instance the Lorentzian planar motion
has introduced in [12, 13] and the relations between the velocities, ac-
celerations and pole curves of these motions have been investigated in
[14, 15]. A survey of the theory of conics and roulettes (cycloids) in
hyperbolic, spherical, Minkowski and Lorentzian planes has been given
in [16] and the unifying theme of this study leads the comparison of the
non-Euclidean plane geometries. Moreover, the comparisons of the con-
cepts of angle measures, general rotations, and roulettes in Minkowski
plane with the same concepts in the Euclidean planes can be seen in
[17].

These are inspired us to examine the instantaneous geometric prop-
erties of the motion of rigid bodies in the Lorentzian plane and to char-
acterize Cardan motion by newly defined Lorentzian instantaneous in-
variants.

2. Instantaneous Invariants at Lorentzian Planes

The Lorentzian plane L is the plane R2 endowed with the Lorentzian
scalar product given by 〈u,w〉 = u1w1 − u2w2, where u = (u1, u2) and

w = (w1, w2). The norm of a vector is defined by ‖u‖ =
√
|〈u,u〉|.

An arbitrary vector u ∈ L is called timelike if 〈u,u〉 < 0, spacelike
if 〈u,u〉 > 0 or u = 0, lightlike if 〈u,u〉 = 0 whereby u 6= 0. Two
vectors u and w are said to be orthogonal if 〈u,w〉 = 0. A timelike
vector u is future-pointing (resp. past-pointing) if 〈u, e〉 < 0 (resp.
〈u, e〉 > 0) where e = (0, 1) is a unit timelike vector. If u and w are
both future-pointing or past-pointing vectors, then they have the same
time-orientation. If u and w are timelike vectors in L, then
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1. |〈u,w〉| ≥ ‖u‖ ‖w‖, with equality if and only if u and w are
collinear.

2. If u and w are with the same time-orientations, there is a unique
number θ ≥ 0, called the hyperbolic angle between u and w, such
that 〈u,w〉 = −‖u‖ ‖w‖ cosh θ, [18, 19].

Let Lm be a Lorentzian plane in continuous motion relative to a fixed
Lorentzian Lf . The Lorentzian planar motion is represented by

(1)
X = x cosh θ + y sinh θ + a
Y = x sinh θ + y cosh θ + b

with respect to Cartesian frames of reference xoy and XOY in Lm and
Lf , respectively. Here a, b and θ are functions depending on time t.
The Lorentzian plane Lm is chosen to rotate with a constant angular
velocity relative to fixed Lorentzian plane f , that is, θ = t since we
aim to study the geometric properties of Lorentzian planes. Let the
coordinate systems of Lm and Lf be coincident at t = 0 by considering
θ0 = 0 and a0(0) = b0(0) = 0, such that the suffix 0 denotes the variables
for the time of origin. The successive differentiations of the equation (1)
are
(2)

X ′ = x sinh θ + y cosh θ + a′, Y ′ = x cosh θ + y sinh θ + b′,
X ′′ = x cosh θ + y sinh θ + a′′, Y ′′ = x sinh θ + y cosh θ + b′′,
X ′′′ = x sinh θ + y cosh θ + a′′′, Y ′′′ = x cosh θ + y sinh θ + b′′′.

Under consideration X ′ = Y ′ = 0 the instantaneous center of rotation
P can be found as

(3) x = a′ sinh θ − b′ cosh θ, y = −a′ cosh θ + b′ sinh θ

and

(4) X = −b′ + a, Y = −a′ + b.

The moving and fixed pole curves pm and pf are determined with the
equations (3) and (4), respectively. At the initial position t = 0 the
coordinates of the instantaneous center of rotation P become X = x =
−b′0, Y = y = −a′0. Moreover, if we choose the instantaneous center
of rotation to be coincident with the origin we have a′0 = b′0 = 0. Let the
real the axis of the moving and fixed Lorentzian planes be collinear with
principal tangent of moving pole curve at first order pole, then a′′0 = 0.
By this way we obtain the canonical relative system for which

(5) a0 = b0 = a′0 = b′0 = a′′0 = 0.
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Then it seen from the equation (2) the instantaneous invariants a
(n)
0

and b
(n)
0 characterize completely the infinitesimal properties of motion

of Lorentzian planes up the n-th order as

(6)
X = x, X ′ = y, X ′′ = x, X ′′′ = y + a′′′0 ,
Y = y, Y ′ = x, Y ′′ = y + b′′0, Y ′′′ = x+ b′′′0 .

for t = 0. The geometric interpretation of the coefficient |b′′0| is mani-
fested as the diameter of inflection circle. Indeed at initial position the
points are located on inflection circle if

κ = X′Y ′′−X′′Y ′

|(X′)2−(Y ′)2|
3
2

= 0

is satisfied. So considering the fact X ′′ : Y ′′ = X ′ : Y ′ and the equalities
of (6) we get

(7) x2 − y2 − b′′0y = 0.

This is the equation of inflection circle, see Fig. 1.
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Figure 1. The inflection circle in Lorentzian plane
where b′′0 = −1.

If two Lorentzian motions have the same rotation center and the same
inflection circle than they are coincident up to second order.

3. Cardan Positions for the Lorentzian Plane Motion

Let us define a more general motion by considering the fixed pole
curve X2 − Y 2 + R2 = 0 and the moving pole curve x2 − y2 + r2 = 0
where Lm is moving with respect to Lf with hyperbolic rotation angle
θ, see Fig. 2.
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Figure 2. The circle with imaginary radius r rolling on
a circle with imaginary radius R.

In the initial position the coordinates of the tangent point A0 of the
circles with imaginary radii R and r is (0, R) and (0,−r) on fixed and
moving Lorentzian planes, respectively. If the hyperbolic angle between
the timelike vectors MA0 and MB1 (resp. m1B0 and m1B1) with the
same time-orientations is denoted by β (resp. by α), then

arcA0B1 =

β∫
0

√∣∣R2cosh2t−R2sinh2t
∣∣dt = Rβ

and

arcB0B1 = arcA0B0 =

α∫
0

√∣∣r2cosh2t− r2sinh2t
∣∣dt = rα.
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Since the moving pole curve rolls without slipping (or without friction)
on the fixed pole curve arcA0B1 = arcB0B1, that is, Rβ = rα.
This means that the imaginary circle (m1, r) is rotating with the hy-
perbolic angle θ = α + β = R+r

r β and the coordinates of this circle is(
(R+ r) sinh

(
r

R+rθ
)
, (R+ r) cosh

(
r

R+rθ
))

on Lm, see Fig. 3.
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Figure 3. Hyperbolic Rotation Angles.

As a consequence the equation of this motion becomes

X = x cosh θ + y sinh θ + (R+ r) sinh kθ
Y = x sinh θ + y cosh θ + (R+ r) cosh kθ
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such that k = r
R+r . As it is easily seen that the trajectory of a point

depends on x, y and k.
In order to compare this new defined motion with the known cy-

cloidal motion in a visual example let the ratios of the radii of the fixed
circle to the moving circle be 2:1, in Euclidean and Lorentzian planes,
respectively, see Fig. 4.
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Figure 4. The trajectory of a point (blue) is drawn with
respect to Lorentzian motion and Euclidean cycloidal
motion, respectively.

By considering X ′ = X, Y ′ = Y − R and x′ = x, y′ = y − r we can
determine the instantaneous invariants of this motion. We obtain the
equation of this Lorentzian motion by omitting the primes as follows;

(8)
X = x cosh θ + y sinh θ + (R+ r) sinh kθ − r sinh θ,

Y = x sinh θ + y cosh θ −R+ (R+ r) cosh kθ − r cosh θ.

These equations match the equations (1) in the case of

(9)
a = (R+ r) sinh kθ − r sinh θ,

b = −R+ (R+ r) cosh kθ − r cosh θ.

The successive derivatives of the last equations are

a′ = (R+ r)k cosh kθ − r cosh θ, b′ = (R+ r)k sinh kθ − r sinh θ,
a′′ = (R+ r)k2 sinh kθ − r sinh θ, b′′ = (R+ r)k2 cosh kθ − r cosh θ,
a′′′ = (R+ r)k3 cosh kθ − r cosh θ, b′′′ = (R+ r)k3 sinh kθ − r sinh θ.

For θ = 0 it is easily seen that a0 = b0 = a′0 = b′0 = a′′0 = 0 and

(10) b′′0 = − Rr
R+r

which is the diameter of Lorentzian inflection circle. Moreover

(11) a′′′0 = − r(R+2r)

(R+r)2
, b′′′0 = 0.
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For the Lorentzian Cardan motion it is considered that R = −2r and
we obtain

(12) a′′′0 = 0, b′′′0 = 0.

Theorem 3.1. The Lorentzian plane moving under the law (1) is in
the Cardan position if and only if n if and only if a′′′0 = 0 and b′′′0 = 0.

This necessary and sufficient condition gives us the relationship be-
tween the radii of curvature of moving and fixed pole curves. From the
equation (4) at the initial position we get

X ′ = −b′′0, Y ′ = 0, X ′′ = −b′′′0 , Y ′′ = −a′′′0 + b′′0.

The curvature of a curve traced by a point in Lf is

(13) κf =
1

ρf
=

X ′Y ′′ −X ′′Y ′∣∣∣(X ′)2 − (Y ′)2
∣∣∣ 32 =

a′′′0 − b′′0
(b′′0)2

.

From the equation (3) we obtain x = b′, y = −a′ and these satisfy

x′ = −b′′0, y′ = 0, x′′ = −b′′′0 , y′′ = −a′′′0 + 2b′′0.

The curvature of a curve traced by a point in Lm is

(14) κm =
1

ρm
=

x′y′′ − x′′y′∣∣∣(x′)2 − (y′)2
∣∣∣ 32 =

a′′′0 − 2b′′0
(b′′0)2

.

If we consider the equations (13) and (14) the following corollaries can
be proved easily.

Corollary 3.2. If the moving Lorentzian plane is in the Cardan
position then ρf = 2ρm.

However the inverse statement is not true in general.

Corollary 3.3. If ρf = 2ρm then a′′′0 = 0.

As a consequence ρf = 2ρm is a necessary but not a sufficient condi-
tion for a Lorentzian plane to be in Cardan position.

Hereinafter the interpretations of a′′′0 = 0, b0
′′′ 6= 0 and a′′′0 6= 0,

b0
′′′ = 0 are presented.
If X ′ : Y ′ = X ′′ : Y ′′ = X ′′′ : Y ′′′ then the tangent has consecutive

points in common with the trajectory of a point. Such point lies on the
inflection circle and by the virtue of (6) it satisfies

(15) a′′′0 x− b′′′0 y = 0.
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The circling point curve in Lorentzian planes passes through the point
the intersection of inflection circle x2−y2− b0′′y = 0 and the line a′′′0 x−
b′′′0 y = 0 which is called Ball point at the initial position. From the
equations (7) and (15) the coordinates of Ball point is given by

(16) x =
−a′′′0b′′′0 b′′0

(a′′′0)
2−(b′′′0 )

2 , y =
−(a′′′0 )

2
b′′0

(a′′′0 )
2−(b′′′0 )

2

provided that (a′′′0 )2− (b′′′0 )2 6= 0. That is a′′′ 6= ∓b′′′0 and also a′′′0 and b′′′0
are not both zero.

In the case of a′′′0 = 0 and b′′′0 6= 0 the following corollary is obvious.

Corollary 3.4. If ρf = 2ρm then Ball point coincident with the
rotation center.

On the other hand if b′′′0 = 0 and a′′′0 6= 0 then x = 0, y = −b′′0.
This determines the location of Ball point by recalling |b′′0| is diameter
of inflection circle.

In Cardan position we can say that each point of the inflection circle
corresponds to a Ball point from the equation (15).

If we substitute the equation (2) into X ′ : Y ′ = X ′′ : Y ′′ we the locus
of the inflection point of a trajectory as follows

(17)
x2 − y2 − x ((a′ + b′′) sinh θ − (a′′ + b′) cosh θ)

−y (((a′ + b′′) cosh θ − (a′′ + b′) sinh θ))− a′b′′ + a′′b′ = 0.

At the initial point this equation is privatized (7). If we denote the
diameter of the inflection circle by ω we get

(18) ω2 = (a′′ − b′)2 − (a′ − b′′)2.
dω
dθ = 0 is satisfied whenever

(a′′ − b′) (a′′′ − b′′)− (a′ − b′′) (a′′ − b′′′) = 0.

At the initial position the last equation becomes

(19) b′′′0 = 0.

As a consequence b′′′0 = 0 if and only if the diameter of inflection circle is
constant. If this interpretation is taken together with Theorem 3.1 and
Corollary 3.2, the following theorem is obtained.

Theorem 3.5. The moving Lorentzian plane is in the Cardan posi-
tion if and only if the ratio of moving and fixed pole curves is 1:2 and
the diameter of inflection circle is constant.
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κ = X′Y ′′−X′′Y ′

|(X′)2−(Y ′)2|
3
2

is the curvature of the trajectory and dκ
dθ = 0 in

the case of

(20)(
X ′2 − Y ′2

)
(X ′Y ′′′ −X ′′′Y ′)− 3 (X ′X ′′ − Y ′Y ′′) (X ′Y ′′ −X ′′Y ′) = 0.

If we substitute the equation (6) into the equation (20) we get the
equation of the trajectory with constant curvature at the initial position
as follows

(21)
(
x2 − y2

)
(a′′′0 x− b′′′0 y) + 3b′′0x

(
x2 − y2 − b′′0y

)
= 0.

This is called cubic stationary curvature, see Fig. 5.
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Figure 5. The cubic stationary curvature where a′′′0 =
b′′′0 = 1 and b′′0 = −1.

In the Cardan position the cubic stationary curvature breaks up to
in the inflection circle and normal of the rotation center as can be seen
in the Fig. 6.
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Figure 6. The cubic stationary curvature in the Cardan
position where a′′′0 = b′′′0 = 0 and b′′0 = −1.
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