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SUM FORMULAE OF GENERALIZED FIBONACCI

AND LUCAS NUMBERS

Zvonko Cerİn, Bahar Demİrtürk Bİtİm∗, and Refİk Keskİn

Abstract. In this paper we obtain some formulae for several sums
of generalized Fibonacci numbers Un and generalized Lucas num-
bers Vn and their dual forms Gn and Hn by using extensions of an
interesting identity by A. R. Amini for Fibonacci numbers to these
four kinds of generalizations and their first and second derivatives.

1. Introduction

The sums
n∑
j=1

jm Fj and
n∑
j=1

jm Lj for m ≥ 0 have been explored by

many authors. For m = 0 and m = 1, the explicit formulae of
n∑
j=1

Fj and

n∑
j=1

j Fj can be found in [5]. Furthermore, the formulae corresponding

to m = 2 and m = 3 were developed algebraically in [5] and [4]. The
idea in [5] is to consider the function

f(x) =
n∑
j=1

xj = x+ x2 + ...+ xn =
1− xn+1

1− x
− 1

with x 6= 1, and derive formulae for
n∑
j=1

jmLj by using
df

dx
=

n∑
j=1

j xj−1.

In a similar way, in [4], the author gives additional formulae for several
Fibonacci and Lucas sums.
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On the other hand, in 2008, Amini [1] considered the identity

(1) xn = (x2 − x− 1)

n−1∑
j=1

Fj x
n−1−j

+ Fn x+ Fn−1

for Fibonacci numbers.
In this study, using generalized Fibonacci sequence {Un}, we first

improve Amini’s identity as follows

(2) xn =
(
x2 − p x− 1

)n−1∑
j=0

Uj x
n−1−j

+ Un x+ Un−1.

Moreover we notice that an analogous relation also holds for the gen-
eralized Lucas, dual generalized Fibonacci and dual generalized Lucas
sequences {Vn}, {Gn} and {Hn}, respectively.

(3) 2xn+1 − p xn =
(
x2 − p x− 1

)n−1∑
j=0

Vj x
n−1−j

+ Vn x+ Vn−1.

(4) xn =
(
x2 − p x+ 1

)n−1∑
j=0

Gj x
n−1−j

+Gn x−Gn−1.

(5) 2xn+1 − p xn =
(
x2 − p x+ 1

)n−1∑
j=0

Hj x
n−1−j

+Hn x−Hn−1.

Recall that {Un} is the generalized Fibonacci sequence with param-
eter p, where p is any complex number. This sequence has a recurrence
relation given by Un = pUn−1 + Un−2 for n ≥ 2 with the initial con-
ditions U0 = 0, U1 = 1. Hence, Un is known as the n-th generalized
Fibonacci number.

Similarly, {Vn} is the generalized Lucas sequence with parameter p,
where p is again any complex number. This sequence has the same
recurrence relation Vn = p Vn−1 + Vn−2 for n ≥ 2 with the initial condi-
tions V0 = 2, V1 = p. Hence, Vn is known as the n-th generalized Lucas
number. Moreover, generalized Fibonacci and Lucas numbers with neg-
ative subscripts are defined as U−n = (−1)n+1 Un and V−n = (−1)n Vn
for n ≥ 1. For more information about generalized Fibonacci and Lucas
numbers one can consult [6], [7], [8], [9] and [10].
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When the above recurrence is Gn = pGn−1 − Gn−2 and G0 = 0,
G1 = 1, we shall obtain so called dual generalized Fibonacci number
Gn for every integer n. It is clear how to get dual generalized Lucas
numbers Hn also for every integer n.

Let ∆ =
√
p2 + 4 and δ =

√
p2 − 4. Note that Un = αn−βn

∆ and

Vn = αn + βn for every n ∈ Z where α = p+∆
2 and β = p−∆

2 . The
dual numbers have similar representations with δ replacing ∆. These
are known as Binet’s formulae. We omit the proof of the identities (2)
– (5), since they can be proved easily by using Binet’s formulae.

In this paper, we shall improve formulae in [4] and [5] and get some
new similar results using the first and second derivatives of polynomials
given in (2) – (5).

Some of our sums have been earlier considered by Čerin [3] and Bel-
bachir and Bencherif [2]. But we obtain these formulae by a different
method.

Hereafter we use P (x) and Q(x) to denote polynomials
n−1∑
j=0

Uj x
n−1−j

and
n−1∑
j=0

Vj x
n−1−j , where n is a natural number.

2. Identities from the first derivatives

Our first result is concerned with sums
n∑
j=0

Xj Yn−j , where n is a

natural number and X, Y ∈ {U, V }. Note that in the following identity
(bn) the right hand side is also equal to nVn − pUn.

Theorem 2.1. If n is a natural number, then

(an)
n∑
j=0

Vj Un−j =
n∑
j=0

Uj Vn−j = (n+ 1)Un

(bn) ∆2
n∑
j=0

Uj Un−j = (n+ 1)Vn − 2Un+1,

and

(cn)
n∑
j=0

Vj Vn−j = (n+ 1)Vn + 2Un+1.
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Proof. Let g(x) = nxn−1−Un and u(x) = 2(n+1)xn−n pxn−1−Vn.
By taking the derivatives of both sides in (2) and (3), we get

g(x) = (2x− p)P (x) + (x2 − p x− 1)P ′(x)

and

(6) u(x) = (2x− p)Q(x) + (x2 − p x− 1)Q′(x),

respectively. Hence, for x = α and x = β, this gives

g(α) = ∆P (α) , g(β) = −∆P (β)

and

u(α) = ∆Q(α) , u(β) = −∆Q(β).

The sum of g(α) and g(β) is

nVn−1 − 2Un = ∆2
n−1∑
j=0

Uj Un−1−j .

Finally, replacing n with n+ 1, we get the formula (bn).
On the other hand, the equalities

g(α)− g(β) = n∆Un−1 = ∆ [P (α) + P (β)]

and u(α)+u(β) = n∆2Un−1 = ∆[Q(α)−Q(β)] give the formula (an−1).
Moreover, the equality u(α)−u(β) = nVn−1+2Un implies the formula

(cn−1).

Remark 2.2. The formulae (an) in the previous theorem can be

extended to the formulae (avu) for the sums
v∑
j=u

Uj Vn−j and
v∑
j=u

Vj Un−j

for any integers u and v such that u ≤ v. It is clearly sufficient to find out

the following formulae (a−n) for the sums
0∑

j=−n
Uj Vn−j and

0∑
j=−n

Vj Un−j

when n is a natural number.

(a−n)

0∑
j=−n

Vj Un−j =

0∑
j=−n

Uj Vn−j = (−1)n+1 (n+ 1)Un.

An analogous remark could be done for any other sum in this paper.
However, to save the space we leave to the dedicated readers the task to
figure out those “negative” versions of our formulae.

For dual generalized numbers the previous Theorem 2.1 looks as fol-
lows.
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Theorem 2.3. If n is a natural number, then

(a∗n)

n∑
j=0

Hj Gn−j =

n∑
j=0

Gj Hn−j = (n+ 1)Gn,

(b∗n) δ2
n∑
j=0

Gj Gn−j = (n+ 1)Hn − 2Gn+1 = nHn − pGn,

and

(c∗n)

n∑
j=0

Hj Hn−j = (n+ 1)Hn + 2Gn+1.

Proof. The proof is almost the same as the proof of Theorem 2.1.

Let h(x) =
(n+ 1)xn − Un+1

xn ∆
with x 6= 0 and k(x) = n+1+xnUn+1.

Corollary 2.4. For every natural number n, the following formulae
hold:

n∑
j=0

Ujα
−j = h(α), (dn)

n∑
j=0

Ujβ
−j = −h(β), (en)

n∑
j=0

Vjα
−j = k(−β), (fn)

n∑
j=0

Vjβ
−j = k(−α). (gn)

Proof. It is easy to see that

g(α) = nαn−1 − Un = ∆
n−1∑
j=0

Ujα
n−1−j ,

which implies the formula (dn−1).
We get (en−1) starting from the equality g(β) = −∆P (β).
The proofs of the equalities (fn) and (gn) are similar.

We note that the version of Corollary 2.4 for dual generalized numbers
uses α∗ = p+δ

2 and β∗ = p−δ
2 instead of α and β and the functions

h∗ and k∗ defined by h∗(x) =
(n+ 1)xn −Gn+1

xn δ
with x 6= 0, δ 6= 0,

k∗(x) = n+ 1 + xnGn+1 instead of the functions h and k.
Let ν = (−1)n, A = ν Un Un+1, B = ν VnUn+1 and C = 2(n+ 1).
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Corollary 2.5. For every natural number n,
n∑
j=0

(−1)jU2j = A,(7)

∆2
n∑
j=0

(−1)jU2
j = B − C,(8)

n∑
j=0

(−1)jV 2
j = B + C,(9)

n∑
j=0

(−1)jV2j = B.(10)

Proof. By taking the sum of (dn) and (en), we get
n∑
j=0

Uj V−j = A.

Since V−j = (−1)jVj and Uj Vj = U2j , we obtain the identity (7).
Similarly, since U−j = (−1)j+1Uj , from the difference (dn)− (en) we

get the formula (8). On the other hand, if we notice that

V 2
j = ∆2 U2

j + 4(−1)j ,

then from (8) we obtain the equality (9).
Finally, using the equality

V2j = V 2
j − 2(−1)j

and (9), we get the identity (10).

Here is a version of Corollary 2.5 for dual generalized numbers.
Let A∗ = ν HnGn+1, B∗ = ν HnHn+1 and C∗ = ν GnGn+1.

Corollary 2.6. For every natural number n,

p
n∑
j=0

(−1)jG2j = A∗ − ν − 1,(11)

p
n∑
j=0

(−1)jG2
j = C∗,(12)

p

n∑
j=0

(−1)jH2
j = B∗ + 2 p,(13)

p

n∑
j=0

(−1)jH2j = B∗ − p (ν − 1) .(14)
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Now we give some relations that are connected with (an) and (bn).
The identities U−n = −ν Un and G−n = −Gn imply that

n∑
j=0

(−1)jUn−2j = 0 and p

n∑
j=0

(−1)jGn−2j = (1− ν)Gn+1

hold for any natural number n.
Similar sums for (dual) generalized Lucas numbers are as follows.

Corollary 2.7. For every natural number n, the sums
n∑
j=0

(−1)j+1Vn+1−2j and
n∑
j=0

(−1)jVn−1−2j

are both equal to Un − Un+2, while

p

n∑
j=0

(−1)j+1Hn+1−2j = −Hn+2 − ν Hn

and

p
n∑
j=0

(−1)jHn−1−2j = ν Hn+2 +Hn.

Proof. Since Vn−j + pUn−j = 2Un−j+1, the sum of the identities
p(bn)

∆2
and (an) is the following equality

2

n∑
j=0

Uj Un−j+1 =
p(nVn − pUn)

∆2
+ (n+ 1)Un.

Hence,
n∑
j=0

∆2 Uj Un−j+1 =
n
[
p Vn + ∆2 Un

]
+ 4Un

2
.

If we use the identities p Vn + ∆2 Un = 2Vn+1 and

∆2 Uj Un−j+1 = Vn+1 − (−1)jVn+1−2j

given in [11], we obtain

n∑
j=0

[
Vn+1 − (−1)jVn+1−2j

]
= nVn+1 + 2Un.

This clearly implies that the first sum is equal to Un−Un+2 since 2Un−
Vn+1 = Un − Un+2.
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That the second sum is equal to Un − Un+2 is proved similarly using

the difference
p(bn)

∆2
−(an).

The formulae given in Corollaries 2.5–2.7 can be easily proved using
Binet’s formulae for (dual) generalized Fibonacci and (dual) generalized
Lucas numbers. But we found them by the above short-cut method
using the identities (an) and (bn).

3. Identities from the second derivatives

Now we obtain several formulae using the second derivatives of iden-
tities (2)–(5).

Theorem 3.1. For every natural number n,

(hn) 2 ∆2
n∑
j=0

j Uj Un−j = n (nVn − pUn) ,

(in) 2 ∆2
n∑
j=0

j Uj Vn−j = 2nVn+1 +
[
∆2 n(n+ 1) + 4

]
Un,

(jn) 2 ∆2
n∑
j=0

j Vj Un−j = n(n− 1)Vn+1 + (n2 + n− 4)Vn−1 + 4Un−2,

(kn) 2

n∑
j=0

j Vj Vn−j = n [(n+ 1)Vn + 2Un+1] .

Proof. Let f(x) = n(n−1)xn−2. By taking second derivative of both
sides of (2), we get

f(x) = 2P (x) + 2(2x− p)P ′(x) + (x2 − p x− 1)P ′′(x).

Hence, for x = α and x = β, this gives

f(α) = 2P (α) + 2 ∆P ′(α)

and
f(β) = 2P (β)− 2 ∆P ′(β).

Their sum is

n(n− 1)Vn−2 = 2

n−1∑
j=0

Uj Vn−1−j + 2 ∆2
n−2∑
j=0

(n− 1− j)Uj Un−2−j .
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The first sum on the right hand side is 2nUn−1 by the identity (an−1).
Hence,

(15) 2 ∆2
n−2∑
j=0

(n− 1− j)Uj Un−2−j = n(n− 1)Vn−2 − 2nUn−1,

Finally replace n with n + 1 and use (bn−1) in (15) to get the formula
(hn).

On the other hand, the equality

f(α)− f(β) = 2 [P (α)− P (β)] + 2 ∆
[
P ′(α) + P ′(β)

]
is another form of the formula (in−1). By taking the derivative of both
sides in the identity (6), we have

u′(x) = 2Q(x) + 2(2x− p)Q′(x) + (x2 − p x− 1)Q′′(x).

Let S1 = 2
n−1∑
j=0

Vj Vn−1−j and S2 = 2 ∆2
n−2∑
j=0

(n − 1 − j)Vj Un−2−j . The

sum of u′(α) and u′(β) gives,

(16) n [2(n+ 1)Vn−1 − (n− 1)p Vn−2] = S1 + S2.

Replacing n with n+ 1 and using (cn) and (an−1) in (16), we get (jn−1).

Let S3 = 2
n−1∑
j=0

Vj Un−1−j and S4 = 2
n−2∑
j=0

(n− 1− j)Vj Vn−2−j . On the

other hand, u′(α)− u′(β) gives

(17) n [2(n+ 1)Un−1 − (n− 1)pUn−2] = S3 + S4.

If we take n instead of n + 1 in (17) and use (cn−1) and (an), then we
obtain the expected result for (kn−1).

For dual generalized Fibonacci and Lucas numbers Theorem 3.1 has
the following form. Its proof is very similar to the above proof of Theo-
rem 3.1.

Theorem 3.2. For every natural number n,

2 δ2
n∑
j=0

j Gj Gn−j = n (nHn − pGn) ,

2 δ2
n∑
j=0

j Gj Hn−j = 2nHn+1 +
[
δ2 n(n+ 1)− 4

]
Gn,

2 δ2
n∑
j=0

j Hj Gn−j = n(n− 1)Hn+1 − (n2 + n− 4)Hn−1 + 4Gn−2,
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2
n∑
j=0

j Hj Hn−j = n [(n+ 1)Hn + 2Gn+1] .

We conclude with two corollaries.

Corollary 3.3. For every natural number n,

(18) ∆2
n∑
j=0

(−1)j j U2j = ν [nV2n+1 + U2n] ,

(19) ∆2
n∑
j=0

(−1)j j U2
j = ν

[
n (VnUn+1 − ν(n+ 2)) + U2

n

]
,

(20)
n∑
j=0

(−1)j j V2j = ν
[
n (Vn Un+1 − ν) + U2

n

]
,

(21)

n∑
j=0

(−1)j j V 2
j = ν

[
n (Vn Un+1 + ν n) + U2

n

]
.

Proof. Multiplying f(α) by βn−1 and f(β) by αn−1, we obtain

(22)

n−2∑
j=0

(n− 1− j)Ujα−j =
∆n(n− 1)− 2α(n− Unα−n+1)

2 ∆2

and

(23)

n−2∑
j=0

(n− 1− j)Ujβ−j =
−∆n(n− 1)− 2β(n− Unβ−n+1)

2 ∆2
,

respectively.
Taking the sum of (22) and (23) and replacing n with n+2 by using

the identity (7), we obtain the formula (18). In a similar way we get
(19) starting from the difference of (22) and (23). Finally, if we use the
equalities

V2j = V 2
j − 2(−1)j ,

and

V 2
j = ∆2 U2

j + 4(−1)j

with the formulae (18) and (19), then we shall get (20) and (21).

For dual generalized Fibonacci and Lucas numbers the above corol-
lary takes the following form.
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Corollary 3.4. For every natural number n,

p2
n∑
j=0

(−1)j j G2j = ν [nH2n+1 + (2n+ 1)G2n] ,

2 p2
n∑
j=0

(−1)j j G2
j = 2 ν

[
n pGnGn+1 +G2

n

]
+ ν − 1,

p2
n∑
j=0

(−1)j j H2j = ν [nH2n+2 + (n+ 1)H2n]− 2,

2 p2
n∑
j=0

(−1)j j H2
j = 2 ν

[
n pHnHn+1 + δ2G2

n

]
+ (ν − 1)∆2.
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