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NOTE ON BERTRAND B-PAIRS OF CURVES IN

MINKOWSKI 3-SPACE

Kazım İlarslan∗, Ali Uçum, Nihal Kılıç Aslan, and Emilija
Nešović

Abstract. In this paper, we define null Cartan and pseudo null
Bertrand curves in Minkowski space E3

1 according to their Bishop
frames. We obtain the necessary and sufficient conditions for pseudo
null curves to be Bertand B-curves in terms of their Bishop curva-
tures. We prove that there are no null Cartan curves in Minkowski
3-space which are Bertrand B-curves, by considering the cases when
their Bertrand B-mate curves are spacelike, timelike, null Cartan
and pseudo null curves. Finally, we give some examples of pseudo
null Bertrand B-curve pairs.

1. Introduction

The Bishop frame or relatively parallel adapted frame {T,N1, N2} of
a regular curve in Euclidean 3-space is introduced by R.L. Bishop in
[3]. It contains the tangential vector field T and two relatively normal
vector fields N1 and N2 whose derivatives N ′1 and N ′2 with respect to
the arc-length parameter s of the curve are always collinear with the
tangential vector field T . The Bishop frame is also known as the frame
with minimal rotation property, since the vector fields N ′1 and N ′2 make
minimal rotations in the planes N⊥1 and N⊥2 respectively. Such frame
is well defined even in the points of the curve where the first Frenet
curvature κ vanishes, which is not the case with the Frenet frame. A
new versions of the Bishop frame in E3, known as N -Bishop frame and
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type-2 Bishop frame, are introduced in [12, 16]. In the Euclidean 4-
space, the Bishop frame is studied in [10]. In Minkowski 3-space E3

1, the
Bishop frames of the timelike curves and the spacelike curves with non-
null principal normal are obtained in [14]. Recently, the Bishop frames
of the pseudo null and null Cartan curves in E3

1 are defined in [11].
In classical differential geometry, a regular smooth curve α is called

Bertrand curve, if there exist another regular smooth curve α∗ such that
at the corresponding points of the curves the principal normal lines of
α coincide with the principal normal lines of α∗ ([8]). The curve α∗

is called a Bertrand mate curve of α. In particular, a pair of curves
(α, α∗) is called Bertrand pair. In Minkowski 3-space, non-null and null
Bertrand curves according to their Frenet and Cartan frame respectively
are studied in [1, 2]. In this paper, we define null Cartan and pseudo
null Bertrand curves according to their Bishop frames in Minkowski 3-
space. We call them null Cartan Bertrand B-curves and pseudo null
Bertrand B-curves. We obtain the necessary and the sufficient condi-
tions for pseudo null curves to be Bertand B-curves in terms of their
Bishop curvatures. In particular, we prove that there are no null Cartan
Bertrand B-curves, by considering the cases when their Bertrand B-mate
curves are the spacelike, the timelike, the null Cartan and the pseudo
null curves. Finally, we give some examples of pseudo null Bertrand
B-curve pairs.

2. Preliminaries

Minkowski space E3
1 is the real vector space E3 equipped with the

standard indefinite flat metric 〈·, ·〉 given by

〈x, y〉 = −x1y1 + x2y2 + x3y3,

for any two vectors x = (x1, x2, x3) and y = (y1, y2, y3) in E3
1. Since 〈·, ·〉

is an indefinite metric, an arbitrary vector x ∈ E3
1 can have one of three

causal characters: it can be a spacelike, a timelike, or a null (lightlike), if
〈x, x〉 > 0,〈x, x〉 < 0, or 〈x, x〉 = 0 and x 6= 0 respectively. In particular,
the vector x = 0 is said to be spacelike. The norm (length) of vector

x ∈ E3
1 is given by ‖x‖ =

√
|〈x, x〉|. If ‖x‖ = 1, the vector x is called a

unit. An arbitrary curve α : I → E3
1 can be the spacelike, the timelike

or the null (lightlike), if all of its velocity vectors α′ are the spacelike,
the timelike or the null ([13]).

A spacelike curve α : I → E3
1 is called a pseudo null curve, if its

principal normal vector field N and binormal vector filed B are null
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vector fields. The Frenet formulae of a non-geodesic pseudo null curve
α have the form ([15]) T ′

N ′

B′

 =

 0 κ 0
0 τ 0
−κ 0 −τ

 T
N
B

 , (2.1)

where the curvature κ(s) = 1 and the torsion τ(s) is an arbitrary func-
tion in arc-length parameter s of α. The Frenet frame {T,N,B} of a
pseudo null curve satisfies the conditions

〈T, T 〉 = 〈N,B〉 = 1, 〈T,N〉 = 〈T,B〉 = 〈N,N〉 = 〈B,B〉 = 0. (2.2)

A curve β : I → E3
1 is called a null curve, if its tangent vector β′ = T

is a null vector. A null curve β is called a null Cartan curve, if it is
parameterized by the pseudo-arc function s defined by ([4])

s(t) =

∫ t

0

√
||β′′(u)|| du.

There exists a unique Cartan frame {T,N,B} along a non-geodesic null
Cartan curve β satisfying the Cartan equations ([7]) T ′

N ′

B′

 =

 0 κ 0
−τ 0 κ
0 −τ 0

 T
N
B

 ,
where the curvature κ(s) = 1 and the torsion τ(s) is an arbitrary func-
tion in pseudo-arc parameter s.

The Frenet equations of a timelike or a spacelike curve with non-null
principal normal in E3

1 according to Bishop frame {T1, N1, N2} have the
form  T ′1

N ′1
N ′2

 =

 0 −ε1k1 −ε2k2
ε0k1 0 0
ε0k2 0 0

 T1
N1

N2

 , (2.3)

where T1,N1 and N2 are mutually orthogonal vectors satisfying the con-
ditions 〈T1, T1〉 = ε0 = ±1, 〈N1, N1〉 = ε1 = ±1, 〈N2, N2〉 = ε2 = ±1,
ε0ε1ε2 = −1.

The Bishop frames of the pseudo null and the null Cartan curves in
Minkowski 3-space are introduced in [11]. If {T1, N1, N2} is the Bishop
frame of a pseudo null curve in E3

1, then it satisfies the conditions

〈T1, T1〉 = 1, 〈N1, N1〉 = 〈N2, N2〉 = 0,
〈T1, N1〉 = 〈T1, N2〉 = 0, 〈N1, N2〉 = 1.

(2.4)
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Analogously, if {T1, N1, N2} is the Bishop frame of null Cartan curve
in E3

1, then it satisfies the conditions

〈T1, T1〉 = 〈N2, N2〉 = 0, 〈N1, N1〉 = 1,
〈T1, N2〉 = −1, 〈T1, N1〉 = 〈N1, N2〉 = 0.

(2.5)

The next two theorems are proved in [11].

Theorem 2.1. Let α be a pseudo null curve in E3
1 parameterized by

arc-length parameter s with the curvature κ(s) = 1 and the torsion τ(s).
Then the Bishop frame {T1, N1, N2} and the Frenet frame {T,N,B} of
α are related by:

(i)  T1
N1

N2

 =

 1 0 0
0 1

k2
0

0 0 k2

 T
N
B


and the Frenet equations of α according to the Bishop frame read T ′1

N ′1
N ′2

 =

 0 k2 k1
−k1 0 0
−k2 0 0

 T1
N1

N2

 (2.6)

where k1(s) = 0, k2(s) = c0e
∫
τ(s)ds, c0 ∈ R+

0 are the first and the second
Bishop curvature respectively;

(ii)  T1
N1

N2

 =

 −1 0 0
0 0 −k1
0 − 1

k1
0

 T
N
B


and the Frenet equations of α according to the Bishop frame read T ′1

N ′1
N ′2

 =

 0 k2 k1
−k1 0 0
−k2 0 0

 T1
N1

N2

 (2.7)

where k1(s) = c0e
∫
τ(s)ds, k2(s) = 0, c0 ∈ R−0 are the first and the second

Bishop curvature respectively.

Theorem 2.2. Let α be a null Cartan curve in E3
1 parametrized by

pseudo-arc s with the curvature κ(s) = 1 and the torsion τ(s). Then
the Bishop frame {T1, N1, N2} and the Cartan frame {T,N,B} of α are
related by:  T1

N1

N2

 =

 1 0 0
−k2 1 0
k22
2 −k2 1

 T
N
B
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and the Cartan equations of α according to the Bishop frame read T ′1
N ′1
N ′2

 =

 k2 k1 0
0 0 k1
0 0 −k2

 T1
N1

N2

 (2.8)

where the first Bishop curvature k1(s) = 1 and and the second Bishop
curvature satisfies Riccati differential equation

k′2(s) = −1

2
k22(s)− τ(s).

3. Pseudo null and null Cartan Bertrand B-curves

In this section, we define pseudo null and null Cartan Bertrand curves
according to their Bishop frames in Minkowski 3-space. We called such
curves Bertrand B-curves. We obtain the necessary and sufficient con-
ditions for pseudo null curves to be Bertrand B-curves in terms of their
Bishop curvatures and provide the related examples. In particular, we
also prove that there are no null Cartan curves which are Bertrand B-
curves, by considering the cases when their Bertrand B-mate curves are
the spacelike, the timelike, the null Cartan and the pseudo null curves.

Definition 3.1. Let β : I → E3
1 be a pseudo null curve or a null

Cartan curve with the Bishop frame {T1, N1, N2} and β∗ : I∗ → E3
1

an arbitrary curve with the Bishop frame {T ∗1 , N∗1 , N∗2 }. If the Bishop
vector N1 is collinear with the Bishop vector N∗1 at the corresponding
points of the curves β and β∗, then β is called the Bertrand B-curve. In
particular, β∗ is called Bertrand B-mate curve of β and a pair of curves
(β, β∗) is called Bertrand B-pair.

Theorem 3.2. Let β and β∗ be two pseudo null curves in E3
1 param-

eterized by arc-length parameters s and s∗ respectively with the Bishop
curvatures κ1(s) = κ∗1(s

∗) = 0, κ2(s) and κ∗2(s
∗). Then (β, β∗) is a

Bertrand B-pair of curves if and only if

κ2(s) + λ′′(s) = cκ∗2(s),

where λ(s) is some differentiable function and c ∈ R0.

Proof. Assume that (β, β∗) is Bertrand B-pair of curves. Then we
can write the curve β∗ as

β∗(s∗) = β∗(f(s)) = β(s) + λ(s)N1(s), (3.1)
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where λ(s) is some differentiable function. Differentiating (3.1) with
respect to s and using (2.6), we get

T ∗1 f
′ = T1 + λ′N1. (3.2)

By taking the scalar product of (3.2) with T ?1 f
′ and using (2.4), we

obtain
〈T ∗1 f ′, T ∗1 f ′〉 = f ′2 = 1. (3.3)

Up to a parametrization, we may take f ′ = 1. Then we have

T ∗1 = T1 + λ′N1. (3.4)

Differentiating (3.4) with respect to s and using (2.6), we get

κ∗2N
∗
1 =

(
κ2 + λ′′

)
N1. (3.5)

Hence

N∗1 =
κ2 + λ′′

κ∗2
N1.

Differentiating the last equation with respect to s and using (2.6), we
find

κ2 + λ′′ = cκ∗2,

where c ∈ R0.
Conversely, assume that κ2(s) + λ′′(s) = cκ∗2(s), where λ(s) is some

differentiable function and c ∈ R0. Define the curve β∗ by

β∗(s) = β(s) + λ(s)N1(s). (3.6)

Differentiating (3.6) with respect to s and using (2.6), we find

dβ∗

ds
= T1 + λ′N1, (3.7)

which together with relation (2.4) leads to

〈dβ
∗

ds
,
dβ∗

ds
〉 = 1.

Therefore, the curve β∗ is parameterized by arc-length parameter s.
From (3.7) we have

T ∗1 = T1 + λ′N1. (3.8)

Differentiating (3.8) with respect to s and using (2.6), we find

dT ∗1
ds

= κ∗2N
∗
1 =

(
κ2 + λ′′

)
N1. (3.9)

By using the assumption, we get

N∗1 =
κ2 + λ′′

κ∗2
= cN1.
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Therefore, (β, β∗) is Bertrand B-pair of pseudo null curves.

Example 3.3. Let us consider a unit speed pseudo null curve β in
E3
1 with parameter equation

β(s) =

(
s3

3
+
s2

2
,
s3

3
+
s2

2
, s

)
.

By using the relations (2.1) and (2.2), we find that the Frenet frame of
β reads

T (s) =
(
s2 + s, s2 + s, 1

)
,

N(s) = (2s+ 1) (1, 1, 0) ,

B(s) = (−(s2 + s)2 + 1

2(2s+ 1)
,
1−

(
s2 + s

)2
2(2s+ 1)

,− s
2 + s

2s+ 1
).

The Frenet curvatures of β are given by

κ(s) = 1, τ(s) =
2

2s+ 1
.

By using the statement (i) of Theorem 2.1, we get that the Bishop
curvatures of β read

κ1 (s) = 0, κ2 (s) = c0(2s+ 1), c0 ∈ R+
0 ,

and that the Bishop frame of β has the form

T1(s) =
(
s2 + s, s2 + s, 1

)
,

N1 (s) =
1

c0
(1, 1, 0) ,

N2 (s) =
c0
2

(−(s2 + s)2 − 1, 1−
(
s2 + s

)2
,−2s2 − 2s).

Let us take λ(s) =
s4

4
− s3

3
. Define the curve β∗ by

β∗ (s) = β(s) + λ(s)N1(s).

According to relations (2.1) and (2.2), the Frenet frame of β∗ reads

T ∗(s) = (a(s), a(s), 1) ,

N∗(s) = a′(s) (1, 1, 0) ,

B∗(s) = (−1 + a2(s)

2a′(s)
,
1− a2(s)

2a′(s)
,− a(s)

a′(s)
),

where

a(s) = s2 + s+
1

c0
(s3 − s2), c0 ∈ R+

0 .
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The Frenet curvatures of β∗ are given by

κ∗(s) = 1, τ∗(s) =
a′′(s)

a′(s)
.

By using the statement (i) of Theorem 2.1, we obtain that the Bishop
curvatures of β∗ are given by

κ∗1 (s) = 0, κ∗2 (s) = c1(2s+ 1 +
1

c0
(3s2 − 2s)), c1 ∈ R+

0 ,

and that the Bishop frame of β∗ has the form

T ∗1 (s) = (a(s), a(s), 1) ,

N∗1 (s) =
1

c1
(1, 1, 0) ,

N∗2 (s) = c1

(
−1 + a(s)2

2
,
1− a(s)2

2
,−a(s)

)
.

Since the vectors N1 and N∗1 are collinear, a pair of pseudo null curves
(β, β∗) is Bertrand B-pair (Figure 1). It can be easily verified that the
equation κ2(s) + λ′′(s) = c2κ

?
2(s) is satisfied, where c2 = c0/c1 ∈ R+

0 .

Theorem 3.4. Let β and β∗ be two pseudo null curves in E3
1 param-

eterized by arc-length parameters s and s∗ respectively with the Bishop
curvatures κ1(s), κ

∗
1(s
∗) and κ2(s) = κ∗2(s

∗) = 0. Then (β, β∗) is a
Bertrand B-pair of curves if and only if

κ∗1(s) =
κ1(s) (λ′(s))2

c0(1 + λ(s)κ1(s))3
, (3.10)

where c0 ∈ R\ {0} and λ(s) is differentiable function satisfying differen-
tial equation

λ′(s)

∫
κ1(s)ds+ 2(1 + λ(s)κ1(s)) = 0. (3.11)

Proof. Assume that (β, β?) is Bertrand B-pair of curves. Then we
can write the curve β∗ as

β∗(s∗) = β∗(f(s)) = β(s) + λ(s)N1(s), (3.12)

where λ(s) is some differentiable function. Differentiating the relation
(3.12) with respect to s and using (2.7), we get

T ∗f ′ = T + λ′N1 − λκ1T1.
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Figure 1. The graphics of Bertrand B-pair of curves
(β, β?) obtained for c0 = 1. The blue graphic is for β
and the red graphic is for β∗

According to statement (ii) of Theorem 2.1 we have T = −T1 and T ∗ =
−T ∗1 . Substituting this in the previous equation, we obtain

T ∗1 f
′ = (1 + λκ1)T1 − λ′N1. (3.13)

By taking the scalar product of (3.13) with T ∗1 f
′ and using (2.4), we

obtain

f ′2 = (1 + λκ1)
2 . (3.14)

Let us take f ′ = 1+λκ1. Then 1+λκ1 6= 0. Putting a = λ′/f ′ in (3.13),
we find

T ∗1 = T1 − aN1. (3.15)

Differentiating (3.15) with respect to s and using (2.7), we find

κ∗1f
′N∗2 = aκ1T1 − a′N1 + κ1N2. (3.16)
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Since N∗2 is a null vector, by using (2.4) and (3.16), we get

2a′κ1 − a2κ21 = 0.

Integrating the previous equation, we obtain

a(s) = − 2∫
κ1(s)ds

.

Substituting a = λ′/f ′ in the last equation, it follows that λ(s) satisfies
the differential equation given by (3.11). By taking the scalar product
of (3.16) with N1 = µN∗1 , where µ(s) 6= 0 is some differentiable function
and using (2.4), we find

µκ?1f
′ = κ1. (3.17)

Substituting (3.17) in (3.16), we have

N?
2 = aµT1 −

µa′

κ1
N1 + µN2. (3.18)

Differentiating (3.18) with respect to s and using (2.7), we find(
aµ′ + 2µa′

)
T1 −

(
µa′

κ1

)′
N1 +

(
µ′ + aµκ1

)
N2 = 0,

which implies that

aµ′ + 2µa′ = 0,
µa′

κ1
= constant, µ′ + aµκ1 = 0. (3.19)

From the first equation of (3.19) , we get

µ =
c0
a2

(3.20)

where c0 ∈ R\ {0}. The other two equations of (3.19) hold automatically.
Substituting f ′ = 1+λκ1 and (3.20) in (3.17), we get that the first Bishop
curvature κ∗1 satisfies relation (3.10).

Conversely, assume relation (3.10) holds and that λ(s) satisfies differen-
tial equation (3.11). Define a curve β∗ by

β∗(s∗) = β∗(f(s)) = β(s) + λ(s)N1(s). (3.21)

Differentiating (3.21) with respect to s and using the equations T = −T1
and T ∗ = −T ∗1 , we get

T ∗1 f
′ = (1 + λκ1)T1 − λ′N1. (3.22)

By taking the scalar product of (3.22) with T ∗1 f
′ and using (2.4), we

obtain f ′2 = (1 + λκ1)
2. We may take f ′ = 1 + λκ1. Then from (3.22)

we have
T ∗1 = T1 − aN1, (3.23)
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where a = λ′/f ′. Differentiating (3.23) with respect to s and using (2.7),
we find

κ∗1f
′N∗2 = aκ1T1 − a′N1 + κ1N2. (3.24)

Therefore,

N∗2 =
aκ1
f ′κ∗1

T1 −
a′

f ′κ∗1
N1 +

κ1
f ′κ∗1

N2. (3.25)

By using the conditions

〈N∗1 , N∗1 〉 = 〈N∗1 , T ∗1 〉 = 0, 〈N∗1 , N∗2 〉 = 1

and relations (3.10), (3.23) and (3.25), we find

N∗1 =
κ∗1f

′

κ1
N1 = µN1.

Consequently, (β, β∗) is Bertrand B-pair of pseudo null curves.

Example 3.5. Consider a unit speed pseudo null curve in E3
1 with

parameter equation

β(s) =
(
s3, s3, s

)
.

By using the relations (2.1) and (2.2), we get that the Frenet frame of
β reads

T (s) =
(
3s2, 3s2, 1

)
,

N(s) = 6s (1, 1, 0) ,

B(s) = (−9s4 + 1

12s
,
1− 9s4

12s
,−s

2
),

and that the Frenet curvatures of β are given by

κ(s) = 1, τ(s) =
1

s
.

According to statement (ii) of Theorem 2.1, the Bishop curvatures of β
read

κ1 (s) = c0s, κ2 (s) = 0, c0 ∈ R−0 .
Hence the Bishop frame of β has the form

T1(s) = −
(
3s2, 3s2, 1

)
,

N1 (s) = c0

(
1 + 9s4

12
,
9s4 − 1

12
,
s2

2

)
,

N2 (s) = − 6

c0
(1, 1, 0) .
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Substituting κ1(s) = c0s in (3.11), we get

λ(s) = − 4

3c0s
.

Let us define the curve β∗ by (Figure 2)

β∗ (s) = β(s) + λ(s)N1(s).

Figure 2. The graphics of Bertrand B-pair of curves
(β, β∗). The blue graphic is for β∗ and the red graphic is
for β

Then β∗ has parameter equation

β∗(s) = (− 1

9s
,

1

9s
,
s

3
).

In particular, the arc-length parameter of β∗ is given by

s∗ =
s

3
.

By using the relations (2.1) and (2.2), we get that the Frenet frame of
β∗ reads

T ∗(s) = (
1

27s∗ 2
,− 1

27s∗ 2
, 1),

N∗(s) = (− 2

27s∗ 3
,

2

27s∗ 3
, 0),

B∗(s) = (
27

4
s∗ 3 +

1

108s∗
,
27

4
s∗ 3 − 1

108s∗
,
s∗

2
),
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and that the Frenet curvatures of β∗ are given by

κ∗(s) = 1, τ∗(s) = − 3

s∗
.

According to statement (ii) of Theorem 2.1, the Bishop curvatures of β∗

read

κ∗1 (s) =
c1
s∗ 3

κ∗2 (s) = 0, c1 ∈ R−0 .

Therefore, the Bishop frame of β∗ has the form

T ∗1 (s) = (− 1

27s∗ 2
,

1

27s∗2
,−1),

N∗1 (s) = −c1(
729s∗ 4 + 1

108s∗ 4
,
729s∗ 4 − 1

108s∗ 4
,

1

2s∗ 2
),

N∗2 (s) =
2

c1
(1,−1, 0) .

By using the relation s = 3s∗, it can be easily verified that

N∗1 =
(1 + λκ1)κ

∗
1

κ1
N1.

Consequently, (β, β∗) is Bertrand B-pair of pseudo null curves.

Theorem 3.6. There are no Bertrand B-pairs of curves (β, β∗) in E3
1,

where β and β∗ are pseudo null curves with Bishop curvatures κ1(s) = 0,
κ2(s), κ

∗
1(s
∗), κ∗2(s

∗) = 0.

Proof. Assume that there exists Bertrand B-pair (β, β∗) of pseudo
null curves β and β∗. Then we can write the curve β∗ as

β∗(s∗) = β∗(f(s)) = β(s) + λ(s)N1(s), (3.26)

where λ(s) is some differentiable function. Differentiating (3.26) with
respect to s and using relation T ∗1 = −T ∗, we get

−T ∗1 f ′ = T1 + λ′N1. (3.27)

By taking the scalar product of (3.27) with T ∗1 f
′ and using (2.4), we

obtain

〈T ∗1 f ′, T ∗1 f ′〉 = f ′2 = 1. (3.28)

Let us take f ′ = 1. Substituting this in (3.23), we find

−T ∗1 = T1 + λ′N1. (3.29)

Differentiating (3.29) with respect to s and using (2.6) and (2.7), we get

−κ∗1N∗2 =
(
κ2 + λ′′

)
N1. (3.30)
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This implies

N∗2 = −κ2 + λ′′

κ∗1
N1.

Therefore, a null vector vector N1 is collinear with linearly independent
null vectors N∗1 and N∗2 , which is a contradiction.

The proofs of the next two theorems follow from the fact that the
null vector can not be collinear with non-null vector.

Theorem 3.7. There are no Bertrand B-pair of curves (β, β∗) in E3
1,

where β is a pseudo null curve and β∗ is a timelike or spacelike curve
with non-null Bishop vector N∗1 .

Theorem 3.8. There are no Bertrand B-pair of curves (β, β∗) in E3
1,

where β is a pseudo null curve and β∗ is a null Cartan curve.

Theorem 3.9. There are no Bertrand B-pair of curves (β, β∗) in E3
1,

where β and β∗ are null Cartan curves.

Proof. Assume that there exists Bertrand B-pair of curves (β, β∗) in
E3
1, where β and β∗ are null Cartan curves parameterized by pseudo-

arcs s and s∗ respectively with the Bishop frames {T1, N1, B1} and
{T ∗1 , N∗1 , B∗1}. Then β∗ is given by

β∗(s∗) = β∗(f(s)) = β(s) + λ(s)N1(s), (3.31)

where λ(s) is some differentiable function. Differentiating (3.31) with
respect to s and using (2.8), we get

T ∗1 f
′ = T1 + λ′N1 + λκ1N2. (3.32)

By taking the scalar product of (3.32) with N1 = µN∗1 , where µ 6= 0
is some differentiable function and using (2.5), we obtain λ′ = 0. This
implies

T ∗1 f
′ = T1 + λκ1N2.

By taking the scalar product of the last equation with T ∗1 f
′ and using

(2.5), we get 2λκ1 = 0. Since the first Bishop curvature κ1 = 1, it
follows λ = 0 which is a contradiction.

Theorem 3.10. There are no Bertrand B-pair of curves (β, β∗) in
E3
1, where β is null Cartan curve and β∗ is timelike or spacelike curve

with non-null Bishop vector N∗1 .

Proof. Assume that there exists Bertrand B-pair of curves (β, β∗).
Denote by s and s∗ pseudo-arc and arc-length of β and β∗ respectively
and by {T1, N1, B1} and {T ∗1 , N∗1 , B∗1} their Bishop frames. It is sufficient
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to assume that N∗1 is a spacelike vector. Otherwise, we easily get a
contradiction. The curve β can be written as

β(s) = β(f(s∗)) = β∗(s∗) + λ(s∗)N∗1 (s∗), (3.33)

where λ(s∗) is some differentiable function. Differentiating the relation
(3.33) with respect to s∗ and using the relation (2.3), we get

T1f
′ = T ∗1 + λ′N∗1 + ε0λκ

∗
1T
∗
1 .

By taking the scalar product of the previous equation with N1 = µN∗1
where µ 6= 0 is some differentiable function and using (2.5) and the
conditions 〈T ∗1 , N∗1 〉 = 0, 〈N∗1 , N∗1 〉 = 1, we get λ′ = 0. Hence

T1f
′ = (1 + ε0λκ

∗
1)T
∗
1 .

This means that null vector T1 is collinear with non-null vector T ∗1 , which
is a contradiction.
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Kazım İlarslan
Department of Mathematics, Kırıkkale University,
Kırıkkale-Turkey.
E-mail: kilarslan@yahoo.com

Ali Uçum
Department of Mathematics, Kırıkkale University,
Kırıkkale-Turkey.
E-mail: aliucum05@gmail.com

Nihal Kılıç Aslan
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