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A NOTE ON EINSTEIN-LIKE PARA-KENMOTSU

MANIFOLDS

Rajendra Prasad, Sandeep Kumar Verma,
and Sumeet Kumar∗

Abstract. The objective of this paper is to introduce and study
Einstein-like para-Kenmotsu manifolds. For a para-Kenmotsu man-
ifold to be Einstein-like, a necessary and sufficient condition in
terms of its curvature tensor is obtained. We also obtain the scalar
curvature of an Einstein-like para-Kenmotsu manifold. A necessary
and sufficient condition for an almost para-contact metric hypersur-
face of a locally product Riemannian manifold to be para-Kenmotsu
is derived and it is shown that the para-Kenmotsu hypersurface of a
locally product Riemannian manifold of almost constant curvature
is always Einstein.

1. Introduction

Para-Kenmotsu manifold known as not only a special case of almost
para-contact structures but also an analogous of para-Sasakian manifold
and closely related to almost product structure. K. Kenmotsu [6] intro-
duced Kenmotsu manifold in 1972, later such manifolds were generalized
by D. Janssens and L. Vanhecke [5]. In 1976, I. Sato [7] introduced the
notion of an almost para-contact structure on a differentiable manifold.
Further, T. Adati and K. Mostumoto [1] defined and studied p−Sasakian
manifold and special p−Sasakian manifolds in 1977, which are consid-
ered as a special kind of an almost contact Riemannian manifold. B. B.
Sinha and Sai Prasad [9], in 1995, have defined a class of almost para-
contact metric manifolds known as para-Kenmotsu (p−Kenmotsu) and
special para-Kenmotsu manifolds. Further such structures were stud-
ied by several authors [2, 4, 10]. An almost contact manifold is always
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odd dimensional but an almost para-contact manifold could be even-
dimensional as well.

R. Sharma [8] introduced and studied Einstein-like para-Sasakian
manifolds in 1982. Motivated from his study, in this paper we intro-
duce and study Einstein-like para-Kenmotsu manifold. The paper is
organized as follows. In section 2, we give some preliminaries about
para-Kenmotsu manifold. Section 3 contains definition of an Einstein-
like para-Kenmotsu manifold and some basic properties. We also find
necessary and sufficient condition for para-Kenmotsu manifold to be
Einstein-like in terms of its curvature tensor as well as scalar curvature
for this manifold. In section 4, we obtain a necessary and sufficient
condition for almost para-contact metric hypersurface of a locally Rie-
mannian product manifold to be para-Kenmotsu manifold. Finally, we
prove that para-Kenmotsu manifold of a locally Riemannian product
manifold of almost constant curvature is always Einstein.

2. Preliminaries

Let Mn be an n-dimensional differentiable manifold endowed with
structure (φ, ξ, η) where φ is a tensor of type (1, 1), ξ is a vector field
and η is a 1- form such that

(1) η(ξ) = 1,

(2) φ2(U) = U − η(U)ξ,

(3) φ(ξ) = 0, η(φU) = 0, rank (φ) = n− 1,

where U is a vector field on M, then M is called an almost para-
contact manifold.

Let g be a Riemannian metric satisfying the following equations for
all vector fields U and V on Mn

(4) g(U, ξ) = η(U),

(5) g(φU, φV ) = g(U, V )− η(U)η(V ).
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Then the manifold Mn is said to admit an almost para-contact Rie-
mannian structure (φ, ξ, η, g).

A manifold of dimension n with Riemannian metric g admitting a
tensor field φ of type (1, 1), a vector field ξ and a 1-form η satisfying
(1)− (5) along with

(6) (∇Uη)V − (∇V η)U = 0,

(7) (∇Uη)V = g(U, V )− η(U)η(V ),

(8) ∇Uξ = φ2(U) = U − η(U)ξ,

(9) (∇Uφ)V = −g(φU, V )ξ − η(V )φU,

is called a para-Kenmotsu manifold or p−Kenmotsu manifold.
A para-Kenmotsu manifold admitting 1−form η, satisfying

(10) (∇Uη)V = g(U, V )− η(U)η(V ),

(11)
g(U, ξ) = η(U) and (∇Uη)V = Φ(φU, V ), where Φ(U, V ) = g(φU, V ),

is called as special para-Kenmotsu manifold or an sp−Kenmotsu man-
ifold.

This is known that in a para-Kenmotsu manifold the following rela-
tion hold [9]

(12) S(U, ξ) = −(n− 1)η(U) where g(QU, V ) = S(U, V ),

(13) g[R(U, V )W, ξ] = η[R(U, V,W )] = g(U,W )η(V )− g(V,W )η(U),

(14) R(ξ, U)V = η(V )U − g(U, V )ξ,

(15) R(U, V )ξ = η(U)V − η(V )U,
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where S is the Ricci tensor and Q is the symmetric endomorphism of
the tangent space at each point corresponding to the Ricci tensor and
R is the Riemannian curvature.

If the Ricci curvature tensor S is of the form

(16) S(U, V ) = ag(U, V ) + bη(U)η(V ),

where a and b are C∞− function on Mn, then Mn is called η−Einstein
manifold and if b = 0 then it is an Einstein manifold.

Moreover, it is also known that if a para-Kenmotsu manifold is pro-
jectively flat then it is an Einstein manifold and the scalar curvature has
a negative constant value −n(n− 1) [9].

In this case,

(17) S(U, V ) = −(n− 1)g(U, V )

and hence

(18) S(φU, φV ) = S(U, V ) + (n− 1)η(U)η(V ).

Also if a para-Kenmotsu manifold is of constant curvature, we have

(19) ′R(U, V,W,P ) =
1

n− 1
[S(V,W )g(U,P )− S(U,W )g(V, P )].

The above results will be used further in the next sections.

Example 2.1. Let a 3−dimensional manifold M3 = {(x, y, z) ∈ R3},
where (x, y, z) are standard coordinates of R3. Let e1, e2 and e3 be vector
fields on M3 given by

e1 = e−z
∂

∂x
, e2 = e−z

∂

∂y
, and e3 =

∂

∂z
= ξ,

which are linearly independent vector fields at each point of M3 and
form a basis of TpM3 at each point p of M3. Define a Riemannian metric
g on M3 as

g(ei, ei) = 1, for 1 ≤ i ≤ 3
and g(ei, ej) = 0, for i 6= j and 1 ≤ i, j ≤ 3.
Let η be a 1−form on M3 defined as η(U) = g(U, e3) = g(U, ξ), for

all U ∈ χ(M3), and let φ be a (1, 1) tensor field on M3 defined as

φ(e1) = e2, φ(e2) = e1, φ(e3) = 0.
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By applying linearity of φ and g, we have

η(ξ) = 1, φ2(U) = U − η(U)ξ, η(φU) = 0

and

g(φU, φV ) = g(U, V )− η(U)η(V ) for all U, V ∈ χ(M3).

Let ∇ be a Levi-Civita connection with respect to the Riemannian
metric g. Then we have

[e1, e2] = 0, [e2, e3] = e2, [e1, e3] = e1,

The Riemannian connection ∇ of the metric g is given by

2g(∇UV,W ) = Ug(V,W ) + V g(W,U)−Wg(U, V )

−g(U, [V,W ])− g(V, [U,W ]) + g(W, [U, V ]),

which is known as Koszul’s formula, we can easily calculate
∇e1e1 = −e3, ∇e1e2 = 0, ∇e1e3 = e1,
∇e2e1 = 0, ∇e2e2 = −e3, ∇e2e3 = e2,
∇e3e1 = 0, ∇e3e2 = 0, ∇e3e3 = 0,
From the above it follows that the manifold satisfies ∇Uξ = U −

η(U)ξ, for ξ = e3 and (∇Uφ)V = −g(φU, V )ξ − η(V )φU. Hence the
manifold is para-Kenmotsu manifold.

Example 2.2. Let a 3−dimensional manifold M3 = {(u, v, w) ∈ R3 :
w > 0}, where (u, v, w) are standard coordinates of R3. Let e1, e2 and
e3 be vector fields on M3 given by

e1 = w
∂

∂u
, e2 = w

∂

∂v
, and e3 = −w ∂

∂w
= ξ,

which are linearly independent vector fields at each point of M3 and
form a basis of TpM3 at each point p of M3. Define a Riemannian metric
g on M3 as

g(ei, ei) = 1, for 1 ≤ i ≤ 3
and g(ei, ej) = 0, for i 6= j and 1 ≤ i, j ≤ 3.

Let η be a 1−form on M3 defined as η(U) = g(U, e3) = g(U, ξ), for
all U ∈ χ(M3), and let φ be a (1, 1) tensor field on M3 defined as

φ(e1) = e1, φ(e2) = e2, φ(e3) = 0.

By applying linearity of φ and g, we have

η(ξ) = 1, φ2(U) = U − η(U)ξ, η(φU) = 0
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and

g(φU, φV ) = g(U, V )− η(U)η(V ) for all U, V ∈ χ(M3).

Let ∇ be a Levi-Civita connection with respect to the Riemannian
metric g. Then we have

[e2, e3] = e2, [e1, e3] = e1, [e2, e1] = 0,

The Riemannian connection ∇ of the metric g is given by

2g(∇UV,W ) = Ug(V,W ) + V g(W,U)−Wg(U, V )

−g(U, [V,W ])− g(V, [U,W ]) + g(W, [U, V ]),

which is known as Koszul’s formula, we can easily calculate
∇e1e1 = −e3, ∇e1e2 = 0, ∇e1e3 = e1, ∇e2e1 = 0, ∇e2e2 = −e3,

∇e2e3 = e2, ∇e3e1 = 0, ∇e3e2 = 0, ∇e3e3 = 0,
From the above it follows that the manifold satisfies ∇Uξ = U −

η(U)ξ, for ξ = e3 and (∇Uφ)V = −g(φU, V )ξ − η(V )φU. Hence the
manifold is para-Kenmotsu manifold.

3. Einstein-like para-Kenmotsu Manifolds

We begin with the following definition analogous to Einstein-like
para-Sasakian manifolds [8].

Definition 3.1. An almost para contact metric manifold is said to
be Einstein-like if its Ricci tensor S satisfies

(20) S(U, V ) = ag(U, V ) + bg(φU, V ) + cη(U)η(V ),

for some real constants a, b and c.

Proposition 3.2. In an Einstein-like almost para contact metric
manifold, we have

(21) S(φU, V ) = ag(φU, V ) + bg(φU, φV ),

(22) S(U, ξ) = (a+ c)η(U).

Moreover, if the manifold is para-Kenmotsu, then from (5) and (22),
we have

(23) a+ c = 1− n,
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(24) r = na+ btrace(φ) + c.

Proof. The equation (21) and (22) are obvious from the equation (3) ,
(5) and (20). In a para-Kenmotsu manifold, it follows that S(U, ξ) =
−(n−1)η(U), which in view of (22) implies (23). Now, let {e1, e2, .......en}
be a local orthonormal frame. Then from (20), we have

r = Σn
i=1{ag(ei, ei) + bg(φei, ei) + cg(ξ, ei)g(ξ, ei)}

which gives (24).

Remark 3.3. From (20), it follows that the Ricci operator Q satisfies

g(QU, V ) = ag(U, V ) + bg(φU, V ) + cη(U)g(ξ, V ),

this implies

(25) QU = aU + bφU + cη(U)ξ.

Differentiating (25), we find

(∇VQ)U +Q(∇V U) = a∇V U + b(∇V φ)U + bφ(∇V U) +

c(∇V η)(U)ξ + cη(∇V U)ξ + cη(U)∇V ξ.

Using (7), (8), (9) and (25) in the above equation, we get

(∇VQ)U = cη(U)V − bη(U)φV − {bg(φU, V )(26)

−cg(U, V ) + 2cη(U)η(V )}ξ.

Using (26), we have

(27) (divQ)U = {−btrace (φ) + c (n− 1)} η (U) .

From (24) and (23), we get

(28) r = btrace(φ)− (n− 1)(n+ c).

Using Ur = 2(divQ)U and (28) in (27) we obtain that in an Einstein-
like para-Kenmotsu manifold, the scalar curvature r satisfies the follow-
ing differential equation

(29) ξr + 2r = −2n(n− 1).
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Proposition 3.4. In an Einstein-like para-Kenmotsu manifold, if
trace(φ) is constant then

(30) btrace(φ) = (n− 1)c.

Proof. Using Ur = 2(divQ)U in (27), we get

(31) dr = 2{−btrace(φ) + c(n− 1)}η.

Since trace(φ) is constant, then from (24), it follows that r is constant.
Hence (31) gives (30).

From now on this section the trace(φ) will be assumed to be constant.

Theorem 3.5. A para-Kenmotsu manifold with constant trace(φ)
is Einstein-like if and only if the (0, 2)−tensor field C1

1 (φR) is a linear
combination of g,Φ and η ⊗ η formed with constant coefficients.

Proof. In an para-Kenmotsu manifold the curvature tensor R satisfies

R(U, V )φW = ∇U∇V φW −∇V∇UφW −∇[U,V ]φW

= φR(U, V )W + g(∇Uφ)V,W )ξ − g(∇V φ)U,W )ξ

+Φ(V,W ){U − η(U)ξ} − (Uη(W ))φV + (V η(W ))φU

−Φ(U,W ){V − η(V )ξ}−η(W )(∇Uφ)V +η(W )(∇V φ)U

−η(∇VW )φU + η(∇UW )φV.

Using equations (9) and (11) in the above equation, we have

R(U, V )φW = φR(U, V )W − Φ(V,W )U + Φ(U,W )V

+g(V,W )φU − g(U,W )φV.

Then we have

(32) S(V, φW ) = C1
1 (φR)(V,W )− nΦ(V,W ) + g(V,W )trace(φ).

Now, if manifold is Einstein-like then from definition we have
S(U, φV ) = S(φU, V ) and using (21), (30) and (32). The above equation
reduces to
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(33) bC1
1 (φR) = (b2 + (1− n)c)g − b2η ⊗ η + b(a+ n)Φ,

which shows that C1
1 (φR) is a linear combination of g, Φ and η ⊗ η

formed with constant coefficients. The converse is easy to follow.

Corollary 3.6. In an Einstein-like para-Kenmotsu manifold with
constant trace(φ), the (0, 2)− tensor field C1

1 (φR) is parallel along the
vector field ξ.

Proof. In a para-Kenmotsu manifold,

(∇ξΦ)(U, V ) = ∇ξΦ(U, V )− Φ(∇ξU, V )− Φ(U,∇ξV ),

from (11),

(∇ξΦ)(U, V ) = g(∇ξφU − φ∇ξU, V )

= g((∇ξφ)U, V ).

Since in a para-Kenmotsu manifold ∇ξη = 0 and ∇ξφ = 0, this
implies ∇ξΦ = 0 for para-Kenmotsu manifold,

then from (33) we conclude that C1
1 (φR) is parallel along the vector

field ξ.

Theorem 3.7. In an Einstein-like para-Kenmotsu manifold, we have

(34) LξS = 2bΦ + 2a(g − η ⊗ η).

Proof. In a para-Kenmotsu manifold, we obtain

(35) Lξη = ∇ξη = 0, LξΦ = 2Φ, Lξg = 2(g − η ⊗ η).

Now, taking Lie derivative of S in the direction of ξ in (20) and using
(35), we obtain (34).

Theorem 3.8. In an Einstein-like para-Kenmotsu manifold with
constant trace(φ), we have

(36) b(Lξ(C
1
1 (φR))) = 2(b2 + (1− n))(g − η ⊗ η) + 2b(a+ n)Φ.

Proof. Taking Lie derivative of C1
1 (φR) in the direction of ξ in (33)

and using (35) we obtain (36). Hence the proof.
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4. Para-Kenmotsu Hypersurfaces

Let Mn+1 be a real (n + 1) dimensional manifold. Suppose Mn+1 is
endowed with an almost product structure J and a Riemannian metric
g̃ satisfying

(37) g̃(JŨ , JṼ ) = g̃(Ũ , Ṽ ),

for all vector fields Ũ , Ṽ in Mn+1. Then we say that Mn+1 is an indefinite
almost product Riemannian manifold. Moreover, if on Mn+1, we have

(38) (∇̃
Ũ
J)Ṽ = 0

for all Ũ , Ṽ ∈ Γ(TMn+1), where ∇̃ is the Levi-Civita connection with
respect to g̃, we say that Mn+1 is a locally Riemannian product manifold.

Now, let Mn be an orientable hypersurface of Mn+1. Suppose that N
is the unit normal vector field of Mn such that g̃(N,N) = 1, ξ belongs
to Mn and

(39) JN = ξ

Let

(40) JU = φU + η(U)N, where U ∈ Γ(TMn).

Proposition 4.1. The set (φ, ξ, η, g) is an almost para contact metric
structure, where g is induced metric on Mn.

Proof. We have, from (39) and (40)

U = J2U = φ2U + η(φU)N + η(U)ξ,

Equating tangential and normal parts we get φ2U = U − η(U)ξ and
η(φU) = 0, respectively. Also from (39) and (40), we have

N = J2N = Jξ = φξ + η(ξ)N,

Equating tangential and normal parts we get φξ = 0 and η(ξ) = 1,

respectively. Finally, we have g(U, V ) = g̃(JŨ , JṼ ), which in view of
(40) gives (5).
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The Gauss and Weingarten formulas are given respectively by [3]

(41) ∇̃UV = ∇UV + g(AU, V )N,

(42) ∇̃UN = −AU,
where∇ is the Levi-Civita connection with respect to the Riemannian

metric g induced by g̃ on Mn and A is the shape operator of M.

Proposition 4.2. The almost para-contact metric structure on Mn

satisfies

(43) (∇Uφ)V = η(V )AU + g(AU, V )ξ,

(44) (∇Uη)V = −g(AU, φV ),

(45) ∇Uξ = −φAU, where U, V ∈ Γ(TMn).

Proof. Using the equations (39), (40), (41) and (42) in (∇̃UJ)V = 0,
we get

0 = (∇Uφ)V − η(V )AU − g(AU, V )ξ + ((∇Uη)V )N + g(AU, φV )N,

Equating tangential and normal parts, we get (43) and (44), respec-
tively. Equation (44) implies (45).

Now we obtain the following theorem of characterization for para-
Kenmotsu hypersurfaces.

Theorem 4.3. Let Mn be an orientable hypersurfaces of a locally
Riemannian product manifold. Then Mn is a para-Kenmotsu manifold
if and only if the shape operator is given by

(46) A = −φ.

Proof. Let Mn be a para-Kenmotsu manifold. Using (8) and (45) ,
we get

(47) AU = −φU + η(AU)ξ.

In particular, we have Aξ = η(Aξ)ξ. Thus we have
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(48) η(AU) = g(ξ, AU) = g(Aξ,U) = g(η(Aξ)ξ, U) = η(Aξ)η(U).

Using this in (47), we get

(49) A = −φ+ η(Aξ)η ⊗ ξ.

Using (49) in (43), we get

(∇Uφ)V = −η(V )φU + 2η(Aξ)η(U)η(V )ξ − g(φU, V )ξ.

Using equation (9), we have

η(Aξ)η(U)η(V ) = 0.

From above, we have η(Aξ) = 0, which when used in (49) yields (46).
Conversely, using (46) in (43) we see that Mn is para-Kenmotsu man-

ifold.

Now, assume that almost product Riemannian manifold Mn+1 is of

almost constant curvature so that its curvature tensor R̃ is given [11] by

R̃(Ũ , Ṽ , W̃ , Z̃) = k{g̃(Ṽ ,W )g̃(Ũ , Z̃)− g̃(Ũ , Z̃)g̃(Ṽ , Z̃)(50)

+g̃(JṼ , W̃ )g̃(JŨ , Z̃)− g̃(JŨ , W̃ )g̃(JṼ , Z̃)})

for all vector fields Ũ , Ṽ , W̃ and Z̃ on Mn+1. If Mn be a para-
Kenmotsu hypersurface, then in view of (41), (46) and (50) , we have

R(U, V,W,Z) = k{g(V,W )g(U,Z)− g(U,W )g(V,Z)}
+(k + 1){g(φV,W )g(φU,Z)− g(φU,W )g(φV,Z)}(51)

for all vector fields U, V,W and Z on Mn. After calculating from (51),
we have

(52) R(U, V )ξ = k{η(V )U − η(U)V }.

Comparing the resulting expression with (15), we find that k = −1.
With this value of k, from (51), we obtain

S = −(n− 1)g.

Thus we have proved the following:
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Theorem 4.4. A para-Kenmotsu hypersurface of a locally Riemann-
ian product manifold of almost constant curvature (k = −1) is always
Einstein.
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