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ANTI-INVARIANT SUBMERSIONS FROM ALMOST

PARACONTACT RIEMANNIAN MANIFOLDS

Yılmaz Gündüzalp

Abstract. We introduce anti-invariant Riemannian submersions
from almost paracontact Riemannian manifolds onto Riemannian
manifolds. We give an example, investigate the geometry of folia-
tions which are arisen from the definition of a Riemannian submer-
sion and check the harmonicity of such submersions.

1. Introduction

Given a C∞−submersion π from a Riemannian manifold (M, g) onto
a Riemannian manifold (B, g′), there are several kinds of submersions
according to the conditions on it: e.g. Riemannian submersion ([1],[10],
[19]), slant submersion ([11],[13],[20],[21]), almost Hermitian submersion
([23]), paracontact semi-Riemannian submersion ([12]), quaternionic sub-
mersion [14], etc. As we know, Riemannian submersions are related with
physics and have their applications in the Yang-Mills theory ([4],[24]),
the Kaluza-Klein theory ([3],[15]), supergravity and superstring theories
([16],[18]), etc. In ([22]), Sahin introduced anti-invariant Riemannian
submersions from almost Hermitian manifolds onto Riemannian mani-
folds.

In this paper, we consider anti-invariant Riemannian submersions
from almost paracontact Riemannian manifolds onto Riemannian man-
ifolds. The paper is organized as follows: In Section 2 we recall some
notions needed for this paper. In section 3, we give the definition of
anti-invariant Riemannian submersions and introduce anti-invariant Rie-
mannian submersions from almost paracontact Riemannian manifolds
onto Riemannian manifolds. We survey main results of anti-invariant
submersions defined on paracontact Riemannian manifolds. We give an
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example of anti-invariant submersion such that characteristic vector field
ξ is vertical. Moreover, we obtain decomposition theorems for the total
manifold of such submersions.

2. Preliminaries

In this section, we define almost paracontact Riemannian manifolds,
recall the notion of Riemannian submersions between Riemannian man-
ifolds and give a brief review of basic facts of Riemannian submersions.

Let M be a (m + 1)-dimensional manifold. If there exist on a (1, 1)
type tensor field F, a vector field ξ, and 1-form η satisfying

(1) F 2 = I − η ⊗ ξ, η(ξ) = 1,

then M is said to be an almost paracontact manifold (see [5],[7]), where
⊗, the symbol, denotes the tensor product. In the almost paracontact
manifold, the following relations hold good:

(2) Fξ = 0, η ◦ F = 0, rank(F ) = m.

An almost paracontact manifold M is said to be an almost paracontact
metric manifold if there exists a Riemannian metric g on M satisfying

(3) g(FX,FY ) = g(X,Y )− η(X)η(Y ), η(X) = g(X, ξ)

for all X,Y ∈ Γ(TM). From (2) and (3), we can easily derive the relation

(4) g(FX, Y ) = g(X,FY ).

An almost paracontact metric manifold is said to be an almost paracon-
tact Riemannian manifold with (F, g, ξ, η)− connection if

(5) ∇F = 0

and

(6) ∇η = 0,

where ∇ denotes the connection on M (see [6] for almost paracomplex
structures). Since F 2 = I − η⊗ ξ, the vector field ξ is also parallel with
respect to ∇([11],[17]).

Let (M, g) and (B, g′) be two Riemannian manifolds. A surjective
C∞−map π : M → B is a C∞−submersion if it has maximal rank at
any point of M. Putting Vx = kerπ∗x, for any x ∈ M, we obtain an
integrable distribution V, which is called vertical distribution and corre-
sponds to the foliation of M determined by the fibres of π. The comple-
mentary distribution H of V, determined by the Riemannian metric g, is
called horizontal distribution. A C∞−submersion π : M → B between
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two Riemannian manifolds (M, g) and (B, g′) is called a Riemannian
submersion if, at each point x of M, π∗x preserves the length of the
horizontal vectors. A horizontal vector field X on M is said to be basic
if X is π−related to a vector field X ′ on B. It is clear that every vector
field X ′ on B has a unique horizontal lift X to M and X is basic.

We recall that the sections of V, respectively H, are called the ver-
tical vector fields, respectively horizontal vector fields. A Riemannian
submersion π : M → B determines two (1, 2) tensor fields T and A on
M, by the formulas:

(7) T (E,F ) = TEF = h∇vEvF + v∇vEhF
and

(8) A(E,F ) = AEF = v∇hEhF + h∇hEvF
for any E,F ∈ Γ(TM), where v and h are the vertical and horizontal
projections (see [9]). From (7) and (8), one can obtain

(9) ∇UW = TUW + ∇̂UW ;

(10) ∇UX = TUX + h(∇UX);

(11) ∇XU = v(∇XU) +AXU ;

(12) ∇XY = AXY + h(∇XY ),

for any X,Y ∈ Γ((kerπ∗)
⊥), U,W ∈ Γ(kerπ∗). Moreover, if X is basic

then

(13) h(∇UX) = h(∇XU) = AXU.

We note that for U, V ∈ Γ(kerπ∗), TUV coincides with the second
fundamental form of the immersion of the fibre submanifolds and for
X,Y ∈ Γ((kerπ∗)

⊥), AXY = 1
2v[X,Y ] reflecting the complete integra-

bility of the horizontal distribution H. It is known that A is alternating
on the horizontal distribution: AXY = −AYX, for X,Y ∈ Γ((kerπ∗)

⊥)
and T is symmetric on the vertical distribution: TUV = TV U, for
U, V ∈ Γ(kerπ∗).

We now recall the following result which will be useful for later.

Lemma 2.1. (see [9],[19]). If π : M → B is a Riemannian submer-
sion and X,Y basic vector fields on M, π−related to X ′ and Y ′ on B,
then we have the following properties

1. h[X,Y ] is a basic vector field and π∗h[X,Y ] = [X ′, Y ′] ◦ π;
2. h(∇XY ) is a basic vector field π−related to (∇′X′Y ′), where ∇ and
∇′ are the Levi-Civita connection on M and B;
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3. [E,U ] ∈ Γ(kerπ∗), for any U ∈ Γ(kerπ∗) and for any basic vector
field E.

Let (M, g) and (N, g′) be Riemannian manifolds and π : M → N is
a smooth map. Then the second fundamental form of π is given by

(14) (∇π∗)(X,Y ) = ∇πXπ∗Y − π∗(∇XY )

for X,Y ∈ Γ(TM), where we denote conveniently by ∇ the Levi-Civita
connections of the metrics g and g′. Recall that π is said to be harmonic if
trace(∇π∗) = 0 and π is called a totally geodesic map if (∇π∗)(X,Y ) = 0
for X,Y ∈ Γ(TM)[2]. It is known that the second fundamental form is
symmetric.

3. Anti-invariant Riemannian submersions

In this section, we will study anti-invariant submersions from an al-
most paracontact Riemannian manifold onto a Riemannian manifold
such that the characteristic vector field ξ is vertical.

Definition 3.1. Let (M,F, ξ, η, g) be an almost paracontact Rie-
mannian manifold and (N, g′) a Riemannian manifold. Suppose that
there exists a Riemannian submersion π : M → N such that kerπ∗ is
anti-invariant with respect to F, i.e., F (kerπ∗) ⊆ (kerπ∗)

⊥. Then we say
π is an anti-invariant Riemannian submersion.

Let π : (M,F, ξ, η, g)→ (N, g′) be an anti-invariant Riemannian sub-
mersion from an almost paracontact Riemannian manifold (M,F, ξ, η, g)
to a Riemannian manifold (N, g′). First of all, from Definition 3.1, we
have F (kerπ∗)

⊥∩(kerπ∗) 6= 0. We denote the complementary orthogonal
distribution to F (kerπ∗) in (kerπ∗)

⊥ by µ. Then we have

(15) (kerπ∗)
⊥ = F (kerπ∗)⊕ µ.

It is easy to see that µ is an invariant distribution of (kerπ∗)
⊥, under

the endomorphism F. Thus, for X ∈ Γ((kerπ∗)
⊥), we have

(16) FX = BX + CX,

where BX ∈ Γ(kerπ∗) and CX ∈ Γ(µ). On the other hand, since
π∗((kerπ∗)

⊥) = TN and π is a Riemannian submersion, using (16)
we derive g′(π∗FV, π∗CX) = 0, for every X ∈ Γ((kerπ∗)

⊥) and V ∈
Γ(kerπ∗), which implies that

(17) TN = π∗(F (kerπ∗))⊕ π∗(µ).
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Let

R2m+1 = {(x1, x2, ..., xm, y1, y2, ..., ym, t) : xi, yi, t ∈ R, i = 1, 2, ...,m}.

The almost paracontact Riemannian structure (F, g, ξ, η) is defined
on R2m+1 in the following way:

F (
∂

∂xi
) =

∂

∂xi
, F (

∂

∂yi
) = − ∂

∂yi
, F (

∂

∂t
) = 0, ξ =

∂

∂t
, η = dt.

If Z = ai(
∂
∂xi

) + bi(
∂
∂yi

) + v( ∂∂t) ∈ T (R2m+1), then we have

g(Z,Z) =

m∑
i=1

a2i +

m∑
i=1

b2i + v2.

From this definition, it follows that

g(Z, ξ) = η(Z) = v, g(FZ,FZ) = g(Z,Z)− η2(Z), F ξ = 0, η(ξ) = 1

for an arbitrary vector field Z. Thus (R2m+1, F, g, ξ, η) becomes an al-
most paracontact Riemannian manifold, where g and { ∂

∂xi
, ∂
∂yi
, ∂∂t} de-

note usual inner product and standard basis of T (R2m+1), respectively.
We first give an example of anti-invariant Riemannian submersions.

Example 3.2. Let π : R5 → R2 be a map defined by

π(x1, x2, y1, y2, t) = (
x1 + y1√

2
,
x2 + y2√

2
).

Then, by direct calculations

V = Kerπ∗ = Span{V1 =
∂

∂ x1
− ∂

∂ y1
, V2 =

∂

∂ x2
− ∂

∂ y2
, ξ =

∂

∂t
}

and

H = (Kerπ∗)
⊥ = Span{X =

∂

∂ x1
+

∂

∂ y1
, Y =

∂

∂ x2
+

∂

∂ y2
}.

Then it is easy to see that π is a Riemannian submersion. Moreover
FV1 = X, FV2 = Y, Fξ = 0 imply that F (kerπ∗) = (kerπ∗)

⊥. As
a result, π is an anti-invariant Riemannian submersion such that ξ is
vertical.

Using (5) one can easily obtain

(18) ∇XY = F∇XFY

for X,Y ∈ Γ((kerπ∗)
⊥).
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Lemma 3.3. Let π be an anti-invariant Riemannian submersion
from an almost paracontact Riemannian manifold (M, ξ, η, g, F ) to a

Riemannian manifold (N, g
′
). Then we have

(19) g(CX,FV ) = 0

and

(20) g(∇XCY, FV ) = −g(CY, FAXV )

for X,Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗).

Proof. For X ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗), by virtue of (3) and

(16) we have

g(CX,FV ) = g(FX −BX,FV )

= g(X,V )− η(X)η(V )− g(FBX, V ).

Since ξ ∈ Γ(kerπ∗) and FBX ∈ Γ((kerπ∗)
⊥), we have (19). Then using

(5), (11) and (19) we get

g(∇XCY, FV ) = −g(CY, FAXV )− g(CY, Fv∇XV ).

Since Fv∇XV ∈ Γ(Fkerπ∗), we obtain (20).

We now study the integrability of the distribution (ker π∗)
⊥ and then

we investigate the geometry of leaves of ker π∗ and (kerπ∗)
⊥. We note

that the distribution ker π∗ is integrable.

Theorem 3.4. Let π be an anti-invariant Riemannian submersion
from an almost paracontact Riemannian manifold (M, ξ, η, g, F ) to a

Riemannian manifold (N, g
′
). Then the following assertions are equiva-

lent to each other;

(i) (kerπ∗)
⊥ is integrable.

(ii) g
′
((∇π∗)(X,BY ), π∗FV )

= g
′
((∇π∗)(Y,BX), π∗FV )− g(CY, FAXV ) + g(CX,FAY V ).

(iii) g(FV,AYBX −AXBY ) = −g(CY, FAXV ) + g(CX,FAY V ),

for X,Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗).

Proof. Using (18), for X,Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗), we

obtain

g([X,Y ], V ) = g(∇XY, V )− g(∇YX,V )

= g(∇XFY, FV )− g(∇Y FX,FV ).
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Then from (16) we get

g([X,Y ], V ) = g(∇XBY,FV ) + g(∇XCY, FV )

−g(∇YBX,FV )− g(∇Y CX,FV ).

Since π is a Riemannian submersion, we have

g([X,Y ], V ) = g
′
(π∗∇XBY, π∗FV ) + g(∇XCY, FV )

−g′
(π∗∇YBX, π∗FV )− g(∇Y CX,FV ).

Thus, from (20) and (14) we obtain

g([X,Y ], V ) = g
′
(−(∇π∗)(X,BY ) + (∇π∗)(Y,BX), π∗FV )

−g(CY, FAXV ) + g(CX,FAY V )

which proves (i)⇔(ii). On the other hand, using (14) we have

(∇π∗)(X,BY )− (∇π∗)(Y,BX) = −π∗(∇XBY −∇YBX).

Then (11) implies that

(∇π∗)(X,BY )− (∇π∗)(Y,BX) = −π∗(AXBY −AYBX).

Since AYBX −AXBY ∈ Γ((kerπ∗)
⊥), this shows that (ii)⇔(iii).

If F (kerπ∗) = (kerπ∗)
⊥ then we get C = 0 and moreover (17) implies

that TN = π∗(F (kerπ∗)). Hence we get the following result.

Corollary 3.5. Let π be an anti-invariant Riemannian submersion
from an almost paracontact Riemannian manifold (M, ξ, η, g, F ) to a

Riemannian manifold (N, g
′
) such that F (kerπ∗) = (kerπ∗)

⊥. Then the
following assertions are equivalent to each other;

(i) (kerπ∗)
⊥ is integrable.

(ii) (∇π∗)(X,FY ) = (∇π∗)(Y, FX)
(iii) AY FX = AXFY,

for X,Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗).

Theorem 3.6. Let π be an anti-invariant Riemannian submersion
from an almost paracontact Riemannian manifold (M, ξ, η, g, F ) to a

Riemannian manifold (N, g
′
). Then the following assertions are equiva-

lent to each other;

(i) (kerπ∗)
⊥ defines a totally geodesic foliation on M.

(ii) g(AXBY,FV ) = g(CY, FAXV ).

(iii) g
′
((∇π∗)(X,FY ), π∗FV ) = −g(CY, FAXV ),

for X,Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗).
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Proof. From (3), (5) and (11) we obtain

g(∇XY, V ) = g(AXBY,FV ) + g(∇XCY, FV )

for X,Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗). Then by (20) we have

g(∇XY, V ) = g(AXBY,FV )− g(FAXV,CY )

which shows (i)⇔(ii). On the other hand, from (11) and (14) we get

g(AXBY,FV ) = g
′
(−(∇π∗)(X,BY ), π∗FV ).

This shows (ii)⇔(iii).

Corollary 3.7. Let π be an anti-invariant Riemannian submersion
from an almost paracontact Riemannian manifold (M, ξ, η, g, F ) to a

Riemannian manifold (N, g
′
) such that F (kerπ∗) = (kerπ∗)

⊥. Then the
following assertions are equivalent to each other;

(i) (kerπ∗)
⊥ defines a totally geodesic foliation on M .

(ii) AXFY = 0.
(iii) (∇π∗)(X,FY ) = 0

for X,Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗).

Theorem 3.8. Let π be an anti-invariant Riemannian submersion
from an almost paracontact Riemannian manifold (M, ξ, η, g, F ) to a

Riemannian manifold (N, g
′
). Then the following assertions are equiva-

lent to each other;

(i) (kerπ∗) defines a totally geodesic foliation on M.

(ii) g
′
((∇π∗)(V, FX), π∗FW ) = 0.

(iii) TVBX +ACXV ∈ Γ(µ),

for X ∈ Γ((kerπ∗)
⊥) and V,W ∈ Γ(kerπ∗).

Proof. Using (3) and (5) we have g(∇VW,X) = g(∇V FW,FX).
Hence we get g(∇VW,X) = −g(h∇V FX,FW ). Then a Riemannian
submersion π and (14) imply that

g(∇VW,X) = g
′
((∇π∗)(V, FX), π∗FW )

which is (i)⇔(ii). By direct calculation, we derive

g(∇V FX,FW ) = −g′
((∇π∗)(V, FX), π∗FW ).

Using (16) we obtain

g(∇VBX +∇V CX,FW ) = −g′
((∇π∗)(V, FX), π∗FW ).

Hence we have

g(∇VBX + [V,CX] +∇CXV, FW ) = −g′
((∇π∗)(V, FX), π∗FW ).
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Since [V,CX] ∈ Γ(kerπ∗), using (9) and (11), we get

g(TVBX +ACXV, FW ) = −g′
((∇π∗)(V, FX), π∗FW ).

This shows (ii)⇔(iii).

Corollary 3.9. Let π be an anti-invariant Riemannian submersion
from an almost paracontact Riemannian manifold (M, ξ, η, g, F ) to a

Riemannian manifold (N, g
′
) such that F (kerπ∗) = (kerπ∗)

⊥. Then the
following assertions are equivalent to each other;

(i) (kerπ∗) defines a totally geodesic foliation on M .
(ii) (∇π∗)(V, FX) = 0.
(iii) TV FW = 0.

for X ∈ Γ((kerπ∗)
⊥) and V,W ∈ Γ(kerπ∗).

We note that a differentiable map π between two Riemannian man-
ifolds is called totally geodesic if ∇π∗ = 0. For an anti-invariant Rie-
mannian submersions such that (kerπ∗)

⊥ = F (kerπ∗) we have following
result.

Theorem 3.10. Let π be an anti-invariant Riemannian submersion
from an almost paracontact Riemannian manifold (M, ξ, η, g, F ) to a

Riemannian manifold (N, g
′
) such that F (kerπ∗) = (kerπ∗)

⊥. Then π is
a totally geodesic map if and only if

TWFV = 0, ∀W,V ∈ Γ(kerπ∗)

and

AXFW = 0, ∀X ∈ Γ((kerπ∗)
⊥).

Proof. First of all, we recall that the second fundamental form of a
Riemannian submersion satisfies

(21) (∇π∗)(X,Y ) = 0, X, Y ∈ Γ((kerπ∗)
⊥).

For W,V ∈ Γ(kerπ∗), by using (1), (5), (9) and (14), we get

(22) (∇π∗)(W,V ) = −π∗(FTWFV ).

On the other hand, from (5) and (14), we have

(∇π∗)(X,W ) = −π∗(F∇XFW )

for X ∈ Γ((kerπ∗)
⊥). Then using (1) and (11) we get

(23) (∇π∗)(X,W ) = −π∗(FAXFW ).

Since F is non-singular, the proof comes from (21)-(23).
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Now, we give a necessary and sufficient condition for an anti-invariant
Riemannian submersion such that F (kerπ∗) = (kerπ∗)

⊥ to be harmonic.

Theorem 3.11. Let π be an anti-invariant Riemannian submersion
from an almost paracontact Riemannian manifold (M, ξ, η, g, F ) to a

Riemannian manifold (N, g
′
) such that F (kerπ∗) = (kerπ∗)

⊥. Then π is
harmonic if and only if TraceFTV = 0 for V ∈ Γ(kerπ∗).

Proof. From [8] we know that π is harmonic if and only if π has
minimal fibres. Thus π is harmonic if and only if

∑r
i=1 Teiei = 0. On

the other hand, from (5), (9) and (10), we obtain

(24) TV FW = FTVW

for any V,W ∈ Γ(kerπ∗). Using (24), we get
r∑
i=1

g(TeiFei, V ) =

r∑
i=1

g(Teiei, FV )

for any V ∈ Γ(kerπ∗). Thus using the properties of the O’Neill tensor T
we have

−
r∑
i=1

g(TeiV, Fei) =
r∑
i=1

g(Teiei, FV ).

Since T is symmetric, we obtain

−
r∑
i=1

g(TV ei, Fei) =
r∑
i=1

g(Teiei, FV ).

Using [22], Theorem 3.6 and Theorem 3.8 we will give our first de-
composition theorem for an anti-invariant Riemannian submersions.

Theorem 3.12. Let π be an anti-invariant Riemannian submersion
from an almost paracontact Riemannian manifold (M, ξ, η, g, F ) to a

Riemannian manifold (N, g
′
). Then M is a locally product manifold if

and only if

g
′
((∇π∗)(X,FY ), π∗FV ) = −g(CY, FAXV )

and
g
′
((∇π∗)(V, FX), π∗FW ) = 0

for X,Y ∈ Γ((kerπ∗)
⊥) and V,W ∈ Γ(kerπ∗).

From Corollary 3.7 and Corollary 3.9 we obtain following decompo-
sition theorem.
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Theorem 3.13. Let π be an anti-invariant Riemannian submersion
from an almost paracontact Riemannian manifold (M, ξ, η, g, F ) to a

Riemannian manifold (N, g
′
) such that F (kerπ∗) = (kerπ∗)

⊥. Then M
is a locally product manifold if and only if AXFY = 0 and TV FW = 0
for X,Y ∈ Γ((kerπ∗)

⊥) and V,W ∈ Γ(kerπ∗).
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[17] Ianus, S., Matsumoto, K. and Mihai, I., Almost semi-invariant submanifolds of
some almost paracontact Riemannian manifolds, Bulletin of Yamagata Univer-
sity, 11(2), (1985) 121-128.

[18] Mustafa, M.T., Applications of harmonic morphisms to gravity. J. Math. phys.
41, (2000) 6918-6929.

[19] O’Neill, B., The fundamental equations of a submersion, Michigan Math. J. 13,
(1996) 459-469.

[20] Park, K.S., H-slant submersions. Bull. Korean Math. Soc. 49, 329-338(2012).
[21] S. ahin, B., Slant submersions from almost Hermitian manifolds, Bull. Math.

Soc.Sci. Math. Roumanie Tome 54(102), (2011) 93-105.
[22] S. ahin, B., Anti-invariant Riemannian submersions from almost Hermitian man-

ifolds, Cent. Eur. J. Math. 8(3), (2010) 437-447.
[23] Watson, B., Almost Hermitian submersions. J. Diff. Geom. 11, (1976) 147-165.
[24] Watson, B., G,G’-Riemannian submersions and nonlinear gauge field equa-

tions of general relativity, Global analysis on manifolds Teubner-Texte
Math.,57,Teubner, Leipzig, (1983) 324-249.

Yılmaz Gündüzalp
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