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UNIT TANGENT SPHERE BUNDLES OF TWO-POINT

HOMOGENEOUS SPACES

Jong Taek Cho and Sun Hyang Chun∗

Abstract. We characterize two-point homogeneous spaces M by
means of the structural operator h = 1

2
Lξφ or the characteristic

Jacobi operator ` = R(·, ξ)ξ on the unit tangent sphere bundles
T1M .

1. Introduction

An intriguing study of a Riemannian manifold (M, g) is to investi-
gate the interaction of the manifold with its unit tangent sphere bundle
T1M endowed with the standard contact metric structure (η, ḡ, φ, ξ). In
contact metric geometry, apart from the defining structure tensors η,
ḡ, φ and ξ, two other operators play a fundamental role, namely the
structural operator h = 1

2 Lξφ and the characteristic Jacobi operator
` = R(·, ξ)ξ, where Lξ denotes Lie differentiation in the characteristic
direction ξ.

A type of symmetry occurs when some structure tensors are covari-
antly parallel along the integral curves of ξ. On a contact metric space,
it always holds ∇̄ξξ = ∇̄ξη = ∇̄ξ ḡ = ∇̄ξφ = 0, but the other structure
tensors need not be parallel in the ξ-direction. Recently, it was proved
that T1M satisfies the condition ∇̄ξh = 0 or, equivalently, ∇̄ξ` = 0, if
and only if (M, g) is of constant curvature c = 0 or c = 1 ([15, 16]). We
can easily show these results from the formulas in Section 3.

In this paper, we develop the above results. Specifically we investigate
the base manifold (M, g) when the unit tangent sphere bundle T1M
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satisfies some symmetry conditions of the operators h or `. The main
theorems are the following:

Theorem 1.1. Let M be a real analytic Riemannian manifold and
T1M be the unit tangent sphere bundle with the standard contact metric
structure (η, ḡ, φ, ξ). Then T1M satisfies ∇̄ξh = µhφ+νh for (µ, ν) ∈ R2

if and only if either (M, g) is a space of constant curvature or a locally
rank 1 symmetric space where the eigenvalues of Ru are 1 and 4 (or 1

4 ).

Theorem 1.2. Let M be an n-dimensional Riemannian manifold
and T1M be the unit tangent sphere bundle with the standard contact
metric structure (η, ḡ, φ, ξ). Then T1M satisfies ∇̄ξ` = k(φ`−`φ) (k 6= 2,
k ∈ R) if and only if either (M, g) is a space of constant curvature c
(c 6= 2) or a locally rank 1 symmetric space where the eigenvalues of Ru
are 1 and 4 ( or 1

4 ).

In an earlier work ([9]), we studied the unit tangent sphere bundles
whose base manifolds are complex space forms.

2. Preliminaries

All manifolds in the present paper are assumed to be connected and
of class C∞. We start by collecting some fundamental material about
contact metric geometry. We refer to [3] for further details. A (2n− 1)-
dimensional differentiable manifold M̄2n−1 is said to be a contact man-
ifold if it admits a global 1-form η such that η ∧ (dη)n 6= 0 everywhere.
Given a contact form η, we have a unique vector field ξ, the characteris-
tic vector field, satisfying η(ξ) = 1 and dη(ξ, X̄) = 0 for any vector field
X̄ on M̄ . It is well-known that there exists a Riemannian metric ḡ and
a (1, 1)-tensor field φ such that

(1) η(X̄) = ḡ(X̄, ξ), dη(X̄, Ȳ ) = ḡ(X̄, φȲ ), φ2X̄ = −X̄ + η(X̄)ξ,

where X̄ and Ȳ are vector fields on M̄ . From (1) it follows that

(2) φξ = 0, η ◦ φ = 0, ḡ(φX̄, φȲ ) = ḡ(X̄, Ȳ )− η(X̄)η(Ȳ ).

A Riemannian manifold M̄ equipped with structure tensors (η, ḡ, φ, ξ)
satisfying (1) is said to be a contact metric manifold and is denoted by
M̄ = (M̄ ; η, ḡ, φ, ξ). Given a contact metric manifold M , we define the
structural operator h by h = 1

2Lξφ, where L denotes Lie differentiation.
Then we may observe that h is symmetric and satisfies

hξ = 0 and hφ = −φh,(3)

∇̄X̄ξ = −φX̄ − φhX̄,(4)
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where ∇̄ is the Levi-Civita connection. We denote by R̄ the Riemannian
curvature tensor defined by

R̄(X̄, Ȳ )Z̄ = ∇̄X̄∇̄Ȳ Z̄ − ∇̄Ȳ ∇̄X̄ Z̄ − ∇̄[X̄,Ȳ ]Z̄

for all vector fields X̄, Ȳ and Z̄. From (3) and (4) we see that ξ generates
a geodesic flow. Furthermore, we know that ∇̄ξφ = 0 in general (cf. p.67
in [3]). From the second equation of (3) it follows also that

(5) (∇̄ξh)φ = −φ(∇̄ξh).

Along a geodesic flow ξ, the Jacobi operator ` = R̄(·, ξ)ξ is a symmetric
(1, 1)-tensor field. We call it the characteristic Jacobi operator. From
the definition of R̄ by using (4) we have

(6) ` = φ∇̄ξh− (h2 + φ2).

From (6), using the second equation of (3) and (5), we have

(7) ∇̄ξh =
1

2
(`φ− φ`).

3. The contact metric structure of the unit tangent sphere
bundle

The basic facts and fundamental formulae about tangent bundles are
well-known (cf. [12, 14, 18]). We only briefly review some notations and
definitions. Let M = (M, g) be an n-dimensional Riemannian manifold
and let TM denote its tangent bundle with the projection π : TM →
M, π(p, u) = p. For a vector X ∈ TpM , we denote by Xh and Xv, the
horizontal lift and the vertical lift, respectively. Then we can define a
Riemannian metric g̃, the Sasaki metric on TM , in a natural way by

g̃(Xh, Y h) = g̃(Xv, Y v) = g(X,Y ) ◦ π, g̃(Xh, Y v) = 0

for all vector fields X and Y on M . Also, a natural almost complex
structure tensor J of TM is defined by JXh = Xv and JXv = −Xh.
Then we easily see that (TM ; g̃, J) is an almost Hermitian manifold.
We note that J is integrable if and only if (M, g) is locally flat ([12]).
Now we consider the unit tangent sphere bundle (T1M, g′), which is
an isometrically embedded hypersurface in (TM, g̃) with unit normal
vector field N = uv. For X ∈ TpM , we define the tangential lift of X to
(p, u) ∈ T1M by

Xt
(p,u) = Xv

(p,u) − g(X,u)N(p,u).
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Clearly, the tangent space T(p,u)T1M is spanned by vectors of the form

Xh and Xt where X ∈ TpM . We put

ξ′ = −JN, φ′ = J − η′ ⊗N.
Then we find g′(X̄, φ′Ȳ ) = 2dη′(X̄, Ȳ ). By taking ξ = 2ξ′, η = 1

2 η
′,

φ = φ′, and ḡ = 1
4 g
′, we get the standard contact metric structure

(η, ḡ, φ, ξ). Indeed, we easily check that these tensors satisfy (1). Here
we notice that ξ determines the geodesic flow. The tensors ξ and φ are
explicitly given by

(8) ξ = 2uh, φXt = −Xh +
1

2
g(X,u)ξ, φXh = Xt

where X and Y are vector fields on M . From now on, we consider
T1M = (T1M ; η, ḡ) with the standard contact metric structure. We list
the fundamental formulae which we need for the proof of our theorems.
They are derived in [6, 5, 11]. The Levi-Civita connection ∇̄ of (T1M, ḡ)
is given by

∇̄XtY t = −g(Y, u)Xt,

∇̄XtY h =
1

2
(R(u,X)Y )h,

∇̄XhY t = (∇XY )t +
1

2
(R(u, Y )X)h,

∇̄XhY h = (∇XY )h − 1

2
(R(X,Y )u)t.

(9)

For the Riemann curvature tensor R̄, we give only the two expressions,
which we need for the characteristic Jacobi operator `:

R̄(Xt, Y h)Zh =− 1

2
{R(Y, Z)(X − g(X,u)u)}t

+
1

4
{R(Y,R(u,X)Z)u}t

− 1

2
{(∇YR)(u,X)Z}h,

R̄(Xh, Y h)Zh =(R(X,Y )Z)h +
1

2
{R(u,R(X,Y )u)Z}h

− 1

4
{R(u,R(Y,Z)u)X −R(u,R(X,Z)u)Y }h

+
1

2
{(∇ZR)(X,Y )u}t

(10)

for all vector fields X, Y and Z on M . In the above, we denote by ∇
the Levi-Civita connection and by R the Riemannian curvature tensor
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associated with g. From (8) and (9), it follows that

(11) ∇̄Xtξ = −2φXt − (RuX)h, ∇̄Xhξ = −(RuX)t,

where Ru = R(·, u)u is the Jacobi operator associated with the unit
vector u. From (4) and (11), it follows that

hXt = Xt − (RuX)t,

hXh = −Xh +
1

2
g(X,u)ξ + (RuX)h.

(12)

Using the formulae (10), we get

`Xt = (R2
uX)t + 2(R′uX)h,

`Xh = 4(RuX)h − 3(R2
uX)h + 2(R′uX)t,

(13)

where R′u = (∇uR)(·, u)u and R2
u = R(R(·, u)u, u)u. By using (7), (8)

and (13) we obtain

h′Xt = −2(RuX)h + 2(R2
uX)h − 2(R′uX)t,

h′Xh = −2(RuX)t + 2(R2
uX)t + 2(K ′uX)h,

(14)

where we put h′ = ∇̄ξh.
The above formulae (11)–(14) are also found in [4, 5]. Finally, from

(9) and (13) we compute

`′Xt = 4(R′uRuX +RuR
′
uX)t + 4(R′′uX +R2

uX −R3
uX)h,

`′Xh = 8(R′uX −R′uRuX −RuR′uX)h + 4(R′′uX +R2
uX −R3

uX)t,

(15)

where `′ = (∇̄ξR̄)(·, ξ)ξ. We also refer the formula (15) to [8, 10].

4. Proof of Theorems

In this section, we prove our main theorems.

Proof of Theorem 1.1. Suppose that T1M = (T1M ; η, ḡ) satisfies

(16) ∇̄ξh = µhφ+ νh

for (µ, ν) ∈ R. From (8) and (12), we compute

(µhφ+ νh)(Xt) = µ(X −RuX)h + ν(X −RuX)t,

(µhφ+ νh)(Xh) = µ(X −RuX)t − ν(X −RuX)h
(17)
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for all X ⊥ u. From (14) and (17), we have

(18) 2R′uX + νX − νRuX = 0

and

(19) 2R2
uX + (µ− 2)RuX − µX = 0

for all X ⊥ u. From (18), we get

(20) ν(R′uRuX −RuR′uX) = 0.

At first, we take a look at the case (i) ν = 0. Then (18) yields again
R′uX = 0. Due to Cartan’s result ([7]), this condition is satisfied if
and only if (M, g) is locally symmetric. Further, from (19), we see
that the eigenvalues λ of Ru are equal 1 or −µ

2 , that is, (M, g) is a
globally Osserman space (i.e., the eigenvalues of Ru neither depend on
the point p nor on the choice of unit vector u at p). However, a locally
symmetric globally Osserman space is locally flat or locally isometric
to a rank 1 symmetric space ([13]). To show the converse, we treat
first a Riemannian space (M, g) of constant curvature c. Then we have
RuX = cX and R′uX = 0 for all X ⊥ u. Thus, from (14) we get

h′Xt = 2c(c− 1)Xh,

h′Xh = 2c(c− 1)Xt.

Moreover, we have from (8) and (12)

(µhφ+ νh)Xt = (1− c)(µXh + νXt),

(µhφ+ νh)Xh = (1− c)(µXt − νXh).

Hence, we see that the condition (16) is satisfied with µ = −2c and
ν = 0. Next, we consider a two-point homogeneous spaces of non-
constant sectional curvature. Those are the compact symmetric spaces
of rank 1: CPn/2, HPn/4, the Cayley plane CaP 2 and their non-compact
duals. In such spaces the Jacobi operator Ru has only two eigenvalues α
and α

4 . Thus, we see that µ = −8 (or µ = −1
2) and ν = 0. For example,

assuming RuX = X and RuY = 4Y , where X and Y are orthogonal,
then we get

h′Xt = 0, h′Y t = 24Y h,

h′Xh = 0, h′Y h = 24Y t.
(21)

Moreover, we have from (12)

(µhφ+ νh)Xt = 0, (µhφ+ νh)Y t = 24Y h,

(µhφ+ νh)Xh = 0, (µhφ+ νh)Y h = 24Y t.
(22)
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Next, we treat the case (ii) ν 6= 0. Then from (20), we get R′u ◦ Ru =
Ru ◦ R′u, that is, two operators R′u and Ru commute. But, since M is
real analytic and the eigenvalues of Ru are constants from (19), we find
that M is locally symmetric, that is, ∇R = 0 (cf. [1]). By using (18)
again we get RuX = X, which implies that M is a space of constant
curvature 1. But, from (12), if M is a space of constant curvature 1, then
we have h = 0. And thus, T1M satisfies the condition (16). Therefore,
M is either a space of constant curvature or a locally symmetric space
of rank 1 with λ = 1, 4(or 1

4). This completes the proof of Theorem
1.1.

From Theorem 1.1, we obtain the following result.

Corollary 4.1. (1) T1M satisfies ∇̄ξh = 2hφ (i.e., µ = 2 and ν = 0)
if and only if M is a space of constant curvature 1 or −1 (cf. [2]).
(2) T1M satisfies ∇̄ξh = 2φh (i.e., µ = −2 and ν = 0) if and only if M
is a space of constant curvature 1.

Proof of Theorem 1.2. Suppose that T1M satisfies ∇ξ` = k(φ`− `φ),
k 6= 2 (k ∈ R). From (8) and (13), we compute

(φ`− `φ)(Xt) = 4(RuX −R2
uX)h + 4(R′uX)t,

(φ`− `φ)(Xh) = 4(RuX −R2
uX)t − 4(R′uX)h

(23)

for all X ⊥ u. Then from (15) and (23), we have

(24) R′uRuX +RuR
′
uX − kR′uX = 0,

(25) R′′uX − kRuX + (k + 1)R2
uX −R3

uX = 0

and

(26) (k + 2)R′uX − 2(R′uRuX +RuR
′
uX) = 0

for all X ⊥ u. Combining (24) and (26), then we get (k − 2)R′uX = 0.
From the assumption(k 6= 2), we have M is locally symmetric, and from
(25) we have R3

uX − (k + 1)R2
uX + kRuX = 0. Assuming RuX = λX,

then we get λ(λ− 1)(λ− k) = 0. Using similar arguments in the proof
of Theorem 1, we find that M is a space of constant curvature or a rank
1 locally symmetric space with λ = 1, 4 (or 1

4). Conversely, we assume
that M is a space of constant curvature c. Then from (15) and (23), we
get

`′Xt = 4c2(1− c)Xh,

`′Xh = 4c2(1− c)Xt
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and

(φ`− `φ)Xt = 4c(1− c)Xh,

(φ`− `φ)Xh = 4c(1− c)Xt.

From the above equations, we see that T1M satisfies the condition∇ξ` =
k(φ`− `φ) (k = c). Actually, assuming RuX = X and RuY = 4Y , then
we have from (15)

`′Xt = 0, `′Y t = 4(16Y − 64Y )h

`′Xh = 0, `′Y h = 4(16Y − 64Y )t.

Moreover, we have from (13)

(φ`− `φ)Xt = 0, (φ`− `φ)Y t = 4(4Y − 16Y )h

(φ`− `φ)Xh = 0, (φ`− `φ)Y h = 4(4Y − 16Y )t.

After all, we have that M is either a space of constant curvature or
a locally symmetric space of rank 1 with λ = 1, 4(or 1

4). This completes
the proof of Theorem 1.2.

From Theorem 1.2, we immediately have the following:

Corollary 4.2. (1) T1M satisfies ∇̄ξ` = φ`− `φ (k = 1) if and only
if M is a space of constant curvature 0 or 1.
(2) T1M satisfies ∇̄ξ` = `φ− φ` (k = −1) if and only if M is a space of
constant curvature 0, 1 or −1.

Also, from (23), we easily obtain that

Corollary 4.3. T1M satisfies φ`− `φ = 0 if and only if M is a space
of constant curvature 0 or 1.

Remark 4.4. From the result of Perrone([15]), Corollary 4.2 and
Corollary 4.3, we see that the following conditions on T1M are equiva-
lent:

(1) ∇̄ξ` = 0,
(2) ∇̄ξ` = φ`− `φ,
(3) φ` = `φ.
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edition, Progr. Math. 203, Birkhäuser Boston, Inc., Boston, MA, 2010.

[4] E. Boeckx, J. T. Cho and S. H. Chun, Flow-invariant structures on unit tangent
sphere bundles, Publ. Math. Debrecen 70 (2007), 167-178.

[5] E. Boeckx, D.Perrone and L.Vanhecke, Unit tangent sphere bundles and two-
point homogeneous spaces, Periodica Math. Hungarica 36 (1998), 79-95.

[6] E. Boeckx and L.Vanhecke, Characteristic reflections on unit tangent sphere bun-
dles, Houston J. Math. 23 (1997), 427-448.

[7] E. Cartan, Geometry of Riemannian spaces, Math. Sci. Press, Brooklyn, Mass.,
1983.

[8] J. T. Cho and S. H. Chun, On the classification of contact Riemannian manifolds
satisfying the condition (C), Glasgow Math. J. 45 (2003), 99-113.

[9] J. T. Cho and S. H. Chun, The unit tangent sphere bundle of a complex space
form, J. Korean Math. Soc. 41 (2004), 1035-1047.

[10] J. T. Cho and S. H. Chun, Reeb flow invariant unit tangent sphere bundles,
Honam Math. J. 36(4) (2014), 805-812.

[11] J. T. Cho and S. H. Chun, Pseudo-symmetry on unit tangent sphere bundles,
Honam Math. J. 38(2) (2016), 375-384.

[12] P. Dombrowski, On the geometry of the tangent bundle, J. Reine Angew. Math.
210 (1962), 73-88.

[13] P. Gilkey, A. Swann and L. Vanhecke, Isoparametric geodesic spheres and a
conjecture of Osserman concerning the Jacobi operator, Quart. J. Math. Oxford
46 (1995), 299-320.

[14] O. Kowalski, Curvature of the induced Riemannian metric of the tangent bundle
of a Riemannian manifold, J. Reine Angew. Math. 250 (1971), 124-129.

[15] D. Perrone, Torsion tensor and critical metrics on contact (2n + 1)-manifolds,
Monatsh. Math. 114 (1992), 245-259.

[16] D. Perrone, Tangent sphere bundles satisfying ∇ξτ = 0, J. Geom. 49 (1994),
178-188.

[17] Y. Tashiro, On contact structures of unit tangent sphere bundles, Tôhoku
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