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TOPOLOGICAL ENTROPY OF ONE DIMENSIONAL

ITERATED FUNCTION SYSTEMS

Mehdi Fatehi Nia∗ and Fatemeh Moeinaddini

Abstract. In this paper, topological entropy of iterated function
systems (IFS) on one dimensional spaces is considered. Estimation
of an upper bound of topological entropy of piecewise monotone IFS
is obtained by open covers. Then, we provide a way to calculate
topological entropy of piecewise monotone IFS. In the following,
some examples are given to illustrate our theoretical results. Fi-
nally, we have a discussion about the possible applications of these
examples in various sciences.

1. Introduction

An important problem in the theory of dynamical systems is how to
measure the complexity of different dynamics. The most famous tool, in
this sense, is the topological entropy of a continuous map f : X −→ X
on a compact topological space X, introduced in 1965 by Adler, Kono-
heim and McAndrew[1]. In[15], Ito proves results which was formulated
as a conjecture by Adler, Konheim and McAndrow. Bowen in 1971 de-
fines the topological entropy htop,d(f) of a uniformly continuous map
f : X −→ X on an arbitrary metric space (X, d) via (n, ε) − spanning
and (n, ε)− separated sets [7]. In general this quantity depends on the
metric d. But for X being compact it coincides with the Adler et al.
definition. In 1971, Goodman proved the variational principle in the
following general form:
Let X be a compact Hausdorff space and f : X −→ X a continuous
map, then htop(f) = suphµ(f) where the supremum is taken over all
regular f -invariant Borel probability measures on X [13].
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As well Dinaburg[11], proved the variational principle for homeomor-
phisms of finite-dimensional space.
In 1980 Misiurewicz and Szlenk proved the following formula for the
topological entropy of a piecewise monotone map on a compact interval.
Let f : I −→ I be a continuous piecwise monotone map, where I = [0, 1]
is the unit interval, let Cn denote the number of pieces of monotonicity

of fn, then htop(f) = lim
n−→∞

1

n
logcn[18].

Dia et.al proved the following result, which generalized and improved
Ito’s early estimation in[14]: Let (X, d) be a compact metric space and
f : X −→ X a continuous map. Define the local Lipschitz constant of f

with respect to d by L(f, d) = lim
ε−→0

sup
d(f(x), f(y))

d(x, y)
where d(x, y) <

ε and x 6= y, then it holds that htop(f) ≤ (max{0, logL(f, d)}) ×
(dimH(X, d)), where dimH(X, d) denote the Hausdorff dimensional of
(X, d) [10].

Kolyada and Snoha [3], present different sets of axioms which char-
acterize the topological entropy function f 7−→ htop(f),
C : (I) −→ (0,+∞) for continuous maps on I.
In[8] Fatehi Nia et.al introduced topological entropy on Iterated Func-
tion Systems.
As it was seen, the estimation of entropy for continuous functions was
performed in various methods such as open sets and meters in the topo-
logical space X, therefore there are different theorems for the easy cal-
culation of entropy.
In this paper, we first define and describe some characteristics of the IFS
in Section 2. In Section 3, we extend a number of theorems related to
the classical system to the IFS system, which are applicable in the rest.
The most result of this paper is calculation and expression of the func-
tion is independent of space. In Section 4, we present two examples to
illustrate the applications of these theorems the entropy value of IFS is
positive in two examples, this property shows that system is suitable, as
well in the first example, entropy is zero and positive in classical system
and IFS systems, respectively. In the second example, we calculate the
entropy of Logistic and Tent maps which are applicable in the different
sciences. It is essential that we know the entropy of Logistic and Tent
maps, and composition of these is equal and positive. Their composition
is used to random numbers in the banking and financial mathematics
system.
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2. Preliminaries

In this section we give some definitions and result about topological
entropy that we need in the article. First, we develop the notations of
entropy by considering coverings of X.
Next, we explain the notations of spanning and separated sets and show
that entropy can be defined from both methods.
Let X be a compact Hausdorff topological space. For open covers
A1,A2, ...,An of X we denote:

n∨
i=1

Ai = A1 ∨ A2 ∨ ... ∨ An = {
n⋂
i=1

Ai : Ai ∈ Ai,
n⋂
i=1

Ai 6= ∅}.

This is clear that

n∨
i=1

Ai is an open cover of X. Let f : X −→ X be a

continuous map, for an open cover A we denote:

f−n(A) = {f−n(A) : A ∈ A} and An =
n∨
i=1

f−i(A). Since for each i,

f−i(A) is an open cover of X, then An is also an open cover of X.
Let N (A) be the minimal possible cardinality of a subcover of A. In
order to prove the theorems, we need the inf of sequence that is shown
in the following line and its value.

Lemma 2.1. [7] Let {an}n≥1 be a subadditive sequence, that is

am+n ≤ am + an for every m,n ∈ N. Then lim
n−→∞

an
n

exists and it is

equal to inf{an
n
}n≥0.

We have [2],

N (Ak+n) ≤ N (Ak)N (An).

Therefor

LogN (Ak+n) ≤ Log(N (Ak)N (An)) = Log(N (Ak)) + LogN (An)).

Hence LogN (An) is a subadditive sequence, then by Lemma 2.1, the

lim
n−→∞

LogN (An)

n
exists and is equal to inf{ 1

n
LogN (An)}.

Consider the open cover A of X, we denote the topological entropy of f
on A by

h(f,A) = lim
n−→∞

1

n
logN (An)(1)
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this is clear that h(f,A) ≥ 0 for every open cover A[7].
Let h(f) = sup h(f,A), denote the topological entropy, where supre-
mum is taken over all covers A of X [7]. The cover A is finer than a
cover B, when each element of A is contained in some element of B, and
we write A � B. At this point we have h(f,A) ≥ h(f,B).
Let X and Y be topological spaces. If the continuous maps f : X −→ X
and g : Y −→ Y satisfy the relation foh = hog, for some homeomor-
phism h : Y −→ X, then we say that f is topological conjugat to g.
When the relation foh = hog holds for some continuous surjection h,
we say that f is topologically semi conjugat to g [7].
Some well known basic properties of topological entropy are [19]:
1) h(fn) = nh(f),
2) If Y ⊆ X is an invariant closed set then h(f |Y ) ≤ h(f),
3) If A is finer than B, we have h(f,A) ≥ h(f,B),
4) If f is conjugated to g then h(f) = h(g),
5) h(f1 × f2) = h(f1) + h(f2).
Given a compact metric space (X, d) and a map f : X −→ X, we define

the map dn : X × X −→ R by dn(x, y) = max0≤k≤n(d(fk(x), fk(y))),
for each n ∈ N. Since d is a metric on X then dn is a metric on X, for
n ∈ N.
Fix ε > 0 and let n ∈ N. A set A ⊆ X is a (n, ε) − spanning set if for
every x ∈ X there exists y ∈ A such that dn(x, y) < ε. A set A ⊆ X
is a (n, ε) − separated set if for all distinct points x, y ∈ A we have
dn(x, y) ≥ ε.

Let span(n, ε, f) be the minimum cardinality of a (n, ε) − spanning
set, and sep(n, ε, f) be the maximum cardinality of a (n, ε)− separated
set [7]. So, we have the following notation of metric entropy for f .

Lemma 2.2. [8] The metric entropy of a f ∈ (X, d) is:

h(f) = lim
ε−→0+

lim
n−→∞

1

n
log(sep(n, ε, f)) =

lim
ε−→0+

lim
n−→∞

1

n
log(span(n, ε, f)).

Let cov(n, ε, f) denote the minimal cardinality of a covering of X
by sets of dn − diameter less than ε, where the diameter of a set is
given by the supremum of distances between pairs of points in the set.
Compactness of X implies that cov(n, ε, f) is a finite quantity. It has
been shown that both entropy are equivalent[7].

Lemma 2.3. cov(n, 2ε, f)≤ span(n, ε, f)≤ sep(n, ε, f)≤ cov(n, ε, f).



Topological entropy of one dimensional IFS 685

Let hε(f) = lim
n−→∞

1

n
log(cov(n, ε, f)), and the topological entropy of

f is given by

h(f) = lim
ε−→0+

hε(f).

2.1. Iterated Function System (IFS)

The IFS was introduced by Barnsley [4] and it has many application
in dynamical systems. An Iterated Function System(IFS) defined
by F = {X, fλ | λ ∈ Λ}, where Λ is a finite nonempty set and
fλ : X → X,λ is continuous map for every λ ∈ Λ.
Let T = Z+ = {n ∈ Z : n ≥ 0} and ΛT denote the set of all infinite
sequences {λi}i∈T of symbols belonging to Λ. A typical element of ΛZ+

can be denoted by σ = {λ1, λ2, ...} and we use the shorted notation,
Fσn(x) = fλnofλn−1o...ofλ1(x) and Fσ−n(x) = f−1λ1 of

−1
λ2
o...of−1λn (x).

Let A be an open cover for a compact topological space X, we define
Fn(A) =

⋃
σ Fσn(A) and F−n(A) =

⋃
σ Fσ−n(A), also F0(A) = A. It

is clear that for each i ∈ N0, the set F−i(A) is an open cover for X.
A sequence {xn}n∈T in X is called an orbit of the IFS F if there exists
σ ∈ ΛT such that xn+1 = fλn(xn), for each λn ∈ σ. Let N(A) be the
number of sets in A with the smallest cardinality(the number of its the
members) which cover the space X, then we put

H(A) = logN(A).

For two covers α = {A1, ..., An} and β = {B1, ..., Bm} and
F = {X, fλ : λ ∈ Λ} where |λ| = N , we define

F−1(α ∨ β) = {f−1λ (Ai ∩Bj) : λ ∈ Λ, 1 ≤ i ≤ n, 1 ≤ j ≤ m}
and

F−1(α) ∨F−1(β) = {f−1λ (Ai) ∩ f−1l (Bj) : λ ∈ Λ, 1 ≤ i ≤ n, 1 ≤ j ≤ m}.
Let f−1λ (Ai ∩ Bj) be a member of F−1(α ∨ β), then f−1λ (Ai ∩ Bj) ⊆
f−1λ (Ai)∩f−1λ (Bj), hence for each covers α and β, we have that F−1(α)∨
F−1(β) ≺ F−1(α ∨ β). This implies that, N(F−1(α) ∨ F−1(β)) ≤
N(F−1(α ∨ β)), similarly F−i(α) ∨ F−i(β) ≺ F−i(α ∨ β) for each i ≥ 1

and a simple argument shows that
∨n−1
j=0 F−i(αj) ≺ F−k(

∨n−1
j=0 (αj)).

Thus for every finite cover αj [8]

H(
∨n−1
j=0 F−i(αj)) ≤ H(F−i(

∨n−1
j=0 (αj)))

.

Lemma 2.4. lim
n−→∞

1

n
H(

n−1∨
j=0

F−i(α)) is exists.
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Topological entropy for IFSs is defined either based on metric mea-
sure or topology.
We give a definition of topological entropy for F , based on open cover of
X, where (X, τ) is a compact topological space. We defined topological
entropy for F relative to α by

hτ (F , α) = lim
n−→∞

1

n
H(

n−1∨
i=0

F−iα),

and the topological entropy of the IFS F by

hτ (F) = supαhτ (F , α).

Given a metric space (X, d) and let F = {X, fλ | λ ∈ Λ} be an IFS
with continuous maps fλ : X → X. We introduce the function
dn : X ×X → R by
dn(x, y) = Max{d(Fkσi(x),Fkσi(y)), 0 ≤ k, i ≤ n} for each n ∈ N. This is
clear that dn is a metric on X, for each n ∈ N.
A subset E of X is called a (n, ε)-separated if for x, y ∈ E we have x = y
or dn(x, y) > ε. Let s(n, ε,F) be the largest cardinality (n, ε)– separated
sets of X. A subset W of X is said to be a (n, ε) spanning set, if for
every x ∈ X there is a y ∈ W with dn(x, y) ≤ ε. Let r(n, ε,F) denote
the smallest cardinality of (n, ε)– spanning sets of X.
The metric entropy of an IFS F is:

hd(F) = lim
ε−→0+

lim
n−→∞

1

n
log(s(n, ε,F)) = lim

ε−→0+
lim

n−→∞

1

n
log(r(n, ε,F)).

So we have the following important result:

Theorem 2.5. [7] If F = {X, fλ, λ ∈ Λ} is an IFS on the compact
metric X, then

hτ (F) = hd(F).

Now, we introduce topological conjugacy and direct product for iter-
ated function systems.
Let (X, τ1) and (Y, τ2) be two compact topological spaces, if
F = {X; f1, f2, ..., fN} and
G = {Y ; g1, g2, ..., gN} are two IFSs, then we say that F is topologically
conjugate to G if there is a homeomorphism φ : X −→ Y such that
φofi = gioφ, for all 1 ≤ i ≤ N .
Suppose that (X, d1) and (Y, d2) are two compact metric spaces,
F = (X, fλ : λ ∈ Λ) and G = (X, gλ : λ ∈ Λ) are two IFSs, the direct
product of F and G is defined by:

F × G = {(X × Y, fλi × gλj ) : 1 ≤ i ≤ N, 1 ≤ j ≤M and i, j ∈ Z}.
If F = (X, f1, f2, ....fN ) is an IFS, then:
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Fm = (X, fσ1 , ..., fσNm),

where Fσi = fimo...ofi1 for all σi = (i1, ..., im) ∈ Jm and 1 ≤ i ≤ Nm[8].
Now we describe some properties of the IFS that we need them in the
rest of the paper.

Lemma 2.6. [8]Suppose that F and G are two IFS’s:
1) If F and G are topologically conjugate then h(F) = h(G),
2) h(F) = h(F−1),
3)h(Fm) = mh(F),
4) h(F × G) ≤ h(F) + h(G).

3. Main proposition

In[2] the authors give several methods(theorems) for the estimation
of topological entropy on one dimensional discrete dynamical systems.
Now, we generalized and proved the same theorems for IFS. In the
process of proving the cases, we need some definitions and lemmas that
we first describe throughout the section.
From this step, we restrict the space X to the closed interval I = [0, 1].
Let the set of all continuous maps from I to itself denoted by
I = {fλ : I −→ I, λ ∈ Λ}.
Consider a finite partition of subintervals A for I, a map fλ ∈ I is
called piecewise monotone on A if on each element of this partition, fλ
is monotone. We denote the set of all piecewise monotone maps fλ ∈ I
by M. If fλ ∈ M, we shall call a cover A of I, fλ −mono, if the cover
is finite, consists of intervals and fλ is monotone on each element of A.
This is clear that An is fn

λ
−mono, for all n ≥ 1.

Michal Misiurewicz, has shown that the following lemmas and proposi-
tions hold for classical dynamical system.

Lemma 3.1. [2] If f ∈ I and A is a finite cover of I by intervals, then
there exists an open cover B of I such that h(f,A) ≤ h(f,B) + log(3).

Proposition 3.2. [2] If f ∈ M then relation h(f) = sup h(f,A)
holds also if the supremum is taken over all finite covers of I by intervals
(not necessarily open).

Proposition 3.3. [2] If f ∈M and A is an f−mono cover of I then
h(f,A) = h(f).

We obtained these statements for iterated function systems is the
main purpose of this paper. In the following, we generalize the same
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statements for IFS. Next lemma shows that refinement of an open
cover makes its related topological entropy increases.

Lemma 3.4. If α and β are two partition for space X, and β is finer
than α, (put β � α) then h(F , α) ≤ h(F , β).

Proof. Let F = {X, fλ : λ ∈ Λ}, where fλ is a continuous map and β
is finer than α. So obviously N (F−i(α)) ≤ N (F−i(β)), because β ⊆ α.
Also a simple calculation shows that N (f−iλ (α)) ≤ N (f−iλ (β)) for each

i ≥ 1, therefore
1

n
log(N (F−i(α))) ≤ 1

n
log(N (F−i(β))).

Thus

lim
n−→∞

1

n
log(N (F−i(α))) ≤ lim

n−→∞

1

n
log(N (F−i(β))),

which implies that

h(f, α) ≤ h(f, β).

Next lemma shows that if we have a finite cover contained intervals
which are not open sets, then its related topological entropy is upper
bounded with topological entropy of an open cover.

Lemma 3.5. Let F = {I, fλ : λ ∈ Λ}, where fλ ∈ M and A is a
finite cover of I by intervals, then there exists an open cover B of I such
that

h(F ,A) ≤ h(F ,B) + log(3|Λ|).

Proof. The idea of proof is from Lemma 3.1 of article [2].
For every A ∈ A, we take the partition CA of I into A and its component
I\A. Then C =

∨
A∈A CA is a finite partition of I into intervals that is

finer than A. For more clarification, if we consider the cover A, for
example is as follows, A = {[0, a], [b, 1]}, clearly b ≤ a, Similar argument
of the proof of Lemma 3.2 shows that, since C ≥ A, CA1 and CA2 are
defined as follows CA1 = {[0, a], [a, 1]} , CA2 = {[0, b], [b, 1]} therefore
C =

∨
A∈A CA = {[0, b], [b, a], [a, 1]}. So it was shown that C is finer than

A.
It follows from Lemma 3.4 that

h(F , C) ≥ h(F ,A).(2)

For each element C ∈ C there exists an open interval B(C) in I, contain-
ing C and intersecting at most 3 elements of C. Set B = {B(C) : C ∈ C}.
If D is a subcover of Bn then each element of D intersects at most 3n
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elements of Cn. Since we have | Λn | different states for every n, for
Fσn , so each member of D intersecting at most 3n|Λ|n member from
Cn. Since D is a cover, we obtain that N (Cn) ≤ |Λ|n3nN (Bn), then
logN (Cn) ≤ log(|Λ|n3nN (Bn)), according to logarithm properties we
have logN (Cn) ≤ log(3|Λ|)n+logN (Bn) = nlog(3|Λ|)+logN (Bn) There-

fore
1

n
logN (Cn) ≤ log(3|Λ|) +

1

n
logN (Bn), then we have that

h(F ,A) ≤ h(F , C) ≤ h(F ,B) + log(3|Λ|).

Consequently h(F ,A) ≤ h(F ,B)+ log(3|Λ|) and the proof is completed.

One of our main tools for proving the main result of this paper is that,
composition of piecewise monotone functions is a piecewise monotone
function.

Remark 3.6. Let F = {I, fλ : λ ∈ Λ, fλ ∈ M} be an IFS where fλ
is piecewise monotone for each λ ∈ Λ. For every σ ∈ Λ and n ≥ 1, the
function Fσn is piecewise monotone.

Theorem 3.7. Suppose that F = {I, fλ : λ ∈ Λ, fλ ∈ M} then
h(F) = sup h(F ,A) where, the supremum is taken over all finite covers
of I by intervals(not necessarily open).

Proof. Denote by h the supremum of h(F ,A) over all finite covers
A of I by intervals. Let A be a such cover, it follows from Remark 3.6
that Fσn is piecewise monotone, for every n ≥ 1. Now, Fix n ≥ 1. As
stated in the proof of Proposition 3.4 of [2], there exists a finite cover C
of I by intervals which is finer than An. From Lemma 3.5 we obtain the
following statement:

h(Fn,An) ≤ h(Fn, C) ≤ h(Fn, β) + log(3|Λ|) ≤ h(Fn) + log(3|Λ|).

Moreover, h(Fn,An) ≤ h(Fn,A), and because of Lemma 2.6
h(Fn) ≤ n h(F). Therefore n h(F ,A) ≤ n h(F) + log(3|Λ|) which im-

plies that h(F ,A) ≤ h(F) +
1

n
log(3|Λ|).

Since n is arbitrary we obtain that h(F ,A) ≤ h(F). Since A ia arbitrary
we obtain that

h ≤ h(F).(3)

On the other hand, for any open cover B, we can find a finite cover A
consisting of intervals and finer than B. By Lemma 3.4 and consequently
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h(F ,B) ≤ h(F ,A) ≤ h. Since B is arbitrary we obtain

h(F) ≤ h.(4)

By Inequalities (3) and (4) we have h(F) = h, which complete the proof
of theorem.

The following proposition is the most important result of this paper,
which obtains that for calculating the topological entropy it is sufficient
to consider fλ− mono covers.

Proposition 3.8. If F = {I, fλ : λ ∈ Λ, fλ ∈ M}, and A is a fλ−
mono cover of I then h(F) = h(F ,A).

Proof. Let B be a finite cover of I by intervals, set B = B ∨ A.
Suppose that Λ = {0, 1}. Let x ∈ X and σ = {λ1, λ2, ...} be a sequence
where λi ∈ {0, 1}. For each n ∈ N, let Fσn(x) = fλnofλn−1o...ofλ1(x).
For every A ⊆ X we have Fσn(A) = fλnofλn−1o...ofλ1(A).

Let C be a subcover of An, such that An =
n−1∨
i=0

F−i(A) = {F−1
σ0
0

(A0) ∩

F−1
σ1
1

(A1) ∩ ... ∩ F−1σn−1
n−1

(An−1) | σk ∈ ΛN , Ai ∈ A}.
Let A ∈ A, for λ ∈ Λ, fλ is monotone on A, then for any i ≥ 1, Fσii

on A is piecewise monotone.
Since the map fλ is piecewise monotone map on I = [0, 1], for all

λ ∈ Λ, then for each interval A ⊂ A, f−1λ (A) is a finite union of intervals,

then for any σk, fσkk
(A) is a union of intervals. Therefore for any B ∈ B

the set A ∩ F−1
σkk

(B) = (Fσkk |A)−1(B) is an interval (unless it is empty),

because Fσkk on A is monotone and B is a subset of an element of A, then

F−1
σkk

(B) is an union of some of the subsets of the member of F−1
σkk

(A).

So, it is easily concluded that {A ∩ F−1
σkk

(B);B ∈ B} is a subcover of

A. Each interval has at most two endpoint (notice that a degenerate
interval has only one endpoint). Let x be an endpoint of an element D
of Bn. This means that there exists A ∈ C such that A ∩D 6= ∅ and x

is an endpoint of A ∩ D. Since D =

n−1⋂
i=0

F−1
σii

(Bi) for B0, ..., Bn−1 ∈ B

and each of the sets F−1
σii

(Bi) is a union of finite number of intervals

because fλ is piecewise monotone on I, for any A ∈ I, f−1λ (A) is union

of finite number of intervals, then F−1
σkk

(A) is a union of finite number of
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interval. Since x is an endpoint of some component of F−1
σii

(Bi) for some

i ∈ {0, 1, ..., n − 1}, then x is an endpoint of the interval A ∩ F−1
σii

(Bi)

for any 0 ≤ i ≤ n − 1, in each A ∈ C there are at most (2n)×(card
B) such endpoint. As stated in [2], the number of possible intervals
with endpoints in a given set is not larger than one items the square
of the cardinality of this set (we multiply by Inequalitie (4), because
intervals with given endpoints may contain them or not). Therefore
card(Bn |A) ≤ 4(2ncardB)2. Hence N (Bn) ≤ 4(2ncardB)2card C, since
C was arbitrary, we obtain N (Bn) ≤ 4(2ncardB)2N (An).
Due to Lemma 3.4 and Formula (1) we get
h(F ,B) ≤ h(F ,B) ≤ h(F ,A). By Proposition 3.7 since B is arbitrary,
we obtain h(F) ≤ h(F ,A) and consequently

h(F) = h(F ,A).

Then it proved that the entropy is fixed on each cover and is independent
of the choice of cover.

4. Some examples

To calculate the system entropy in the examples section, we need the
following lemmas.
Consider the IFS F = {I, fλ : λ ∈ Λ, fλ ∈ M} and suppose that α is an
open cover of X. For each i > 0, F−i(α) is an open cover of X, and
N (F−i(α)) is the smallest finite cardinality of F−i(α) of X. Also for

any n ∈ N,
n−1∨
i=0

F−iα is an open cover of X.

Lemma 4.1. [2] For both covers α and β and each function f we
have:
a) N (α ∨ β) ≤ N (α)N (β),
b) N (f−nα) ≤ N (α).

Then we have the following lemma for iterated function systems.

Lemma 4.2. Let F = {fλ : λ ∈ Λ} and α is cover of X then

H(
n−1∨
i=0

F−iα) ≤ H(F0α) +H(F−1α) + ...+H(F−(n−1)α).

Proof. According to Lemma 4.1
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N (

n−1∨
i=0

F−iα) ≤ N (F0α).N (F−1α)...N (F−(n−1)α),

if we put H(α) = LogN (α), we conclude that

H(

n−1∨
i=0

F−iα)

=log(N (

n−1∨
i=0

F−iα) ≤ log(N (F0α).N (F−1α)...N (F−(n−1)α))

=logN (F0α) + logN (F−1α) + ...+ logN (F−(n−1)α)

=H(F0α) +H(F−1α) + ...+H(F−(n−1)α).

In the following, we present two examples of IFS’s that show a dif-
ferent behavior to the same situation, for example, in Example 4.3,
the functions f0 and f1 have zero topological entropy, but the IFS,
F = {I; f0, f1} has positive topological entropy. In Example 4.4, the
entropy of the functions Logistic map f4 and Tent map T are equal to
log2 as well as the topological entropy of their related IFS.

Example 4.3. Consider F = {I; fλ, λ ∈ {0, 1}} such that

f0(x) =

{
2x if 0 ≤ x < 1

2 ,
1 if 1

2 ≤ x ≤ 1

f1(x) =

{
1 if 0 ≤ x < 1

2 ,
2− 2x if 1

2 ≤ x ≤ 1

For each n ∈ N , the functions fn0 , f
n
1 , expect of an interval with the

length 1
2n , is fixed. Then, this is clear that h(f0) = h(f1) = 0, but we

show that h(F) 6= 0.
As we can see in Figure 2, for each nth composition, Fσn , of the

members of the IFS F , the set [0, 1] divided to 2n subintervals such that
Fσn is a bijective from each this subintervals to [0, 1]. Let ε > 0 and A
be a partition of [0, 1] into

2n

ε
subintervals with length

ε

2n
.

Let y be an arbitrary point of I, there exist a point x ∈ A such that

x and y are in one interval with the length
ε

2n
, so dn(x, y) < 2n(

ε

2n
).

Let E be a set containing one and only one point of each member of
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A and no other points. Hence E is a (n, ε,F)-spanning set such that

card A ≤ 2n

ε
. Therefore r(n, ε,F) ≤ 2n

ε
and consequently

log r(n, ε,F) ≤ log2n

ε
= log2n − logε = nlog2− logε.

By dividing the sides in inequality by n, we have

1

n
logr(n, ε,F) ≤ log2− 1

n
logε

then lim
n−→∞

1

n
logr(n, ε,F) ≤ lim

n−→∞
log2− lim

n−→∞

1

n
logε which implies that

h(F ,A) ≤ log2. According to Proposition 3.8 we have h(F) = h(F ,A)
and consequently h(F) ≤ log2. On the other hand, consider a partition
of [0, 1] as follows:

B = {[0, 1

2n
], [

1

2n
,

2

2n
], [

2

2n
,

3

2n
], ..., [

2n − 1

2n
,
2n

2n
]}.

For any distinct points x, y of endpoints of the partition components,
there is a sequence λ1..., λn, such that (as we can see clearly in Figure 2),
fλnofλn−1o...ofλ1(x) = 1 and fλnofλn−1o...ofλ1(y) = o, or vice versa. So
the set of endpoints of the partition components is a (n, ε,F) separated
set for every ε ≤ 1

2n . So, obviously we have s(n, ε,F) ≥ 2n. Then

it is easy to see that lim
n−→∞

1

n
log s(n, ε,F) ≥ lim

n−→∞
logn = log2, which

implies that h(F ,B) ≥ log2. It follows that

h(F) ≥ log2,

and consequently h(F) = log2. Therefore, we introduced an IFS con-
taining two function with zero entropy that its entropy is positive.

In the following example we compute the topological entropy of an
IFS, containing Tent and Logistic maps.

Example 4.4. If F = {I;T, F4 : I −→ I} where

T (x) =

{
2x if 0 ≤ x < 1

2 ,
−2x+ 2 if 1

2 ≤ x ≤ 1

F4(x) =
{

4x(1− x) if 0 ≤ x ≤ 1

The Tent and Logistic functions are the most well-known discrete
systems in dynamical systems. It has already been show that h(T ) =
log2, we know T and F4 are topologically conjugate then h(F4) = log2
[8].
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Let α be the cover of I, that α = {[0, 1

2
], [

1

2
, 1]} then for any n ∈ N

the show h(F , α) ≤ 2n.
As illustrated in Figure 4, for every n ≥ 1, the cardinal number of

the set
n∨
i=1

F−i(A) is greater than 2n. Then according to Lemma 4.1

H(

n−1∨
i=0

F−i(α) ≤ 2n.

It follows that

h(F , α) = lim
n−→∞

1

n
logH(

n∨
i=1

F−i(α) ≤ lim
n−→∞

1

n
log2n = log2.

Moreover, Proposition 3.8 implies that h(F , α) = h(F) then

h(F) ≤ log2.

On the other hand, we know that every (n, ε) separated set of T is an
(n, ε) separated set of F . Applying this fact implies that, S(n, ε, T ) ≤
S(n, ε,F) then

1

n
logS(n, ε, T ) ≤ 1

n
logS(n, ε,F) so h(T ) ≤ h(F). Since

h(T ) = log2, we have

h(F) ≥ log2.

Therefor h(F) = log2 and the conclusion in obtained.

4.1. Discussions

Topological entropy is a widely studied indicator of complexity in
dynamical systems. But measuring the topological entropy directly is
generally difficult. In this paper, the calculations of entropy for IFS sys-
tems have been presented and two examples are given to illustrate our
theoretical results. For each example, we use functions that have a wide
application in other sciences, such as electronics, mechanics, statistics
and economics. The functions f0 and f1 in Example 4.1, are used singly
in diod modeling, impulse modeling, examination of the motion types,
automatic control and the car’s suspension system [16, 20, 22].
Furthermory, the logistic and tent map are well known. The tent map
obtained from the convolution of two fixed functions on the range. For
the linear interpolation, such function can be helpful for the convolution
input data. For example, if we consider the discrete-data on a cell-
phone which are the input data, they will become a real voltage for the
loudspeaker. Or the Lotka—Volterra’s competitive equation, which is



Topological entropy of one dimensional IFS 695

a logistical function, is proposed as a model for self-catalytic chemical
reaction theory [6, 9, 23].
In this article, the functions are combined and we calculated IFS en-
tropy. For example composition of two function f0, f1 is utilized for
velocity-tome of Elevator. The functions f0 represents the accelerator
in the elevator and reaches the n’th floor in a constant velocity range.
But the function f1 within the braking range is for the n’th stroke and
is in the range of slowdown and complete stop on the n’th floor.

Nowadays, because of e-banking development, new IT technologies,
e-purchasing, etc, it increases incessantly the needs for more and new se-
cure Cryptosystem which is utilized for information encryption, pushing
forward the request for more secure and efficient pseudo-random number
generators. The quality of the randomness required for these applica-
tions varies. On the other hand, generation of a master key requires a
higher quality, such as more entropy. So, high entropy, which is essential
for generation of a pseudo-random number, can be achieved by compo-
sition of logistic and tent maps. Thus, the composition of logistic and
tent maps is applied in computer science for generation of chaotic Pseudo
Random Number which is utilized for information encryption. Before
using this combination, chaotic maps represented as powerful candidates
which were able to generate secure and independent pseudo-random se-
quences . However, the greater number of well-known chaotic maps are
not naturally appropriate for encryption and the majority don’t show
even suitable properties for encryption. For overcoming this problem,
a new idea can be proposed to couple logistic and tent maps. As these
functions have weak results, it is necessary that logistics and tent maps
are never utilized in cryptography alone. So, for achieving excellent ran-
dom properties, it was suggested that tent and logistics maps should be
combined[12].

However, the application of the composition of tent and logistic func-
tions mentioned in[12]. The purpose of this paper is to calculate the
entropy of the composition of function, which, as in Example 4.2, shows
that the value of the entropy of the functions itself, as well as their com-
position, is positive and equal log2, which indicates that these functions
are useful and can be used to define chaos for these functions.
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Figure 1. A number composition of the function f = f0
and h = f1 in Example 4.3

Figure 2. All 4th composition of the functions f = f0
and h = f1 in Example 4.3
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Figure 3. Some compositions of the function g = F4

and t = T in Example 4.4

Figure 4. All 4th composition of the functions g = F4

and t = T in Example 4.4


