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AN INERTIAL MANIFOLD FOR A NON-SELF

ADJOINT SYSTEM

Xiuxiu Sun

Abstract. In this work, we prove an existence of an inertial man-
ifold for a system of differential equations with a non-self adjoint
leading part. The result follows from the existence and uniqueness
of negatively bounded solutions. In fact, we show that a sharp
spectral condition is sufficient for the proof.

1. Introduction

The concept of an inertial manifold plays a significant role to deter-
mine the long-time behavior of solutions of infinite-dimensional nonlin-
ear dynamical systems. By definition, the inertial manifold is a finite-
dimensional Lipschitz positively invariant manifold that attracts all tra-
jectory at exponential rates [3]. Furthermore, when an inertial manifold
exists, one can reduce the dynamical system from infinite-dimensional
to finite-dimensional by a system of ordinary differential equations [7].

The existence of an inertial manifold is proved for many classical
partial differential equations but it is still unknown for many others,
including 2D Navier-Stokes system. For the proof, a spectral gap con-
dition is necessarily required and it turns out to be a heavy obstacle
[1, 8].

Usually, an inertial manifold is constructed as a graph of Lipschitz
continuous function. There are several methods to determine that func-
tion. The well-known one is the Lyapunov-Perron method, which re-
duces to a fixed point problem. This method builds on the contraction
mapping principle and requires a rather strong spectral gap assumption.
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To avoid this strong gap condition, other approaches must be de-
veloped. As an effort, Kwak introduced a transformation for the 2D
Navier-Stokes equations [5]. The idea of that goes to convert the original
system to a new form of a reaction diffusion system by using a nonlinear
change of variables so that the transformed system possesses the same
asymptotic dynamics. The transformed system has no gradient terms
in nonlinearity and thus has a remarkable gain in the gap condition.
However, a non-self adjoint differential operator is involved and requires
a further investigation. For this purpose, a negatively bounded solution
is introduced and it is revealed that the existence and uniqueness of
negatively bounded solutions are crucial for the existence theory of an
inertial manifold [2, 4, 6, 8]. In particular, the uniqueness of such a neg-
atively bounded solution allows the Lipschitz continuity of the function
which defines the inertial manifold [6].

In this note, we consider a system of differential equations with a
non-self adjoint leading part, which is close to the system arising after
the Kwak transformation. We mainly demonstrate the existence of an
inertial manifold for that system. Section 2 contains basic statements.
Section 3 contains a proof of the uniqueness of negatively bounded solu-
tions (Lemma 3.1), which leads to the Lipschitz continuity of the mani-
fold (Lemma 3.2). Finally, the existence of an inertial manifold is derived
under the sharp spectral gap condition (Theorem 3.3).

2. Preliminaries

Let H be an infinite-dimensional Hilbert space with inner product
〈·, ·〉 and norm ‖ · ‖. In the space H = H ×H, we consider the following
system

(1)

{
du
dt = −Au+AP0v,
dv
dt = −Av + F (u),

where A : D(A) → H is a linear, positive unbounded self-adjoint op-
erator with compact inverse A−1. There exists a family {ei}i∈N∗ that
consists of an orthonormal basis of H. Here {ei}i∈N∗ are eigenvectors
of A corresponding to eigenvalues {λi}i∈N∗ ;

Aei = λiei, and 0<λ1 ≤ λ2 ≤ · · · ≤ λi ≤ · · · , λi →∞ as i→∞.
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The function F : H → H is nonlinear globally bounded and Lipschitz
continuous which satisfies

(2)

{
‖F (u)‖ ≤ K0,

‖F (u)− F (v)‖ ≤ K1‖u− v‖,

and the projection operator P0 is from P0H = Span{e1, · · · , eN0} onto
H, where N0 is a given natural number.

We observe that the system (1) can be rewritten as an abstract form

(3) ∂t

(
u
v

)
= −

(
A −APN0

0 A

)(
u
v

)
+

(
0

F (u)

)
,

which is similar to the system arising after the Kwak transformation.
The leading part of differential equations above is a block upper trian-
gular matrix. Thus system (3) has a non-self-adjoint operator term.

Let P1 : P1H → H and Q : QH → H denote the projection operators
from P1H = Span{eN0+1, · · · , eN} and QH = Span{eN+1, · · · } onto H
respectively. In fact, P = P0 + P1 and Q = I − P are orthogonal
complemented projection operators which split the Hilbert space H into
a finite-dimensional space PH and an infinite-dimensional space QH.
Then the space H is the direct sum of PH and QH, that is, H =
PH ⊕QH.

Let (u, v) be a solution of initial system (1). (u, v) can be decomposed
uniquely as a direct sum

u = P0u+ P1u+Qu = r1 + p1 + q1,

v = P0v + P1v +Qv = r2 + p2 + q2,

and system (1) is equivalent to the following system

(4)

{
dr1
dt = −AP0r1 +AP0r2,
dr2
dt = −AP0r2 + P0F (r1 + p1 + q1),

(5)

{
dp1
dt = −AP1p1,
dp2
dt = −AP1p2 + P1F (r1 + p1 + q1),

(6)

{
dq1
dt = −AQq1,
dq2
dt = −AQq2 +QF (r1 + p1 + q1).

As we know, the existence and uniqueness of negatively bounded
solutions of (4), (5) and (6) is essential in the existence theory of in-
ertial manifolds. By the Arzela-Ascoli theorem, there exists negatively
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bounded solutions of systems (4), (5) and (6) that satisfy sup
t≤0
‖q1(t)‖ <

∞ and sup
t≤0
‖q2(t)‖ <∞ regardless of the spectral gap condition.

We only prove that these negatively bounded solutions are unique.

3. The existence of an inertial manifold

Lemma 3.1. The negatively bounded solutions of systems (4), (5)
and (6) are unique.

Proof. Let (u1, v1) and (u2, v2) are two negatively bounded solutions
of original system (1) and set

u1 − u2 = P0(u1 − u2) + P1(u1 − u2) +Q(u1 − u2) = φ1 + ρ1 + σ1,

v1 − v2 = P0(v1 − v2) + P1(v1 − v2) +Q(v1 − v2) = φ2 + ρ2 + σ2,

then φ1, ρ1, σ1 and φ2, ρ2, σ2 are solutions of the following differential
systems

(7)

{
dφ1
dt = −AP0φ1 +AP0φ2,
dφ2
dt = −AP0φ2 + P0(F (u1)− F (u2)),

(8)

{
dρ1
dt = −AP1ρ1,
dρ2
dt = −AP1ρ2 + P1(F (u1)− F (u2)),

(9)

{
dσ1
dt = −AQσ1,
dσ2
dt = −AQσ2 +Q(F (u1)− F (u2)),

where sup
t≤0
‖σ1(t)‖ <∞ and sup

t≤0
‖σ2(t)‖ <∞.

Integrating the first equation of (8) and (9) respectively from t to 0
and −∞ to t, we have

eAP1tρ1(t) = ρ1(0) and eAQtσ1(t) = 0.

Then taking the norm of both sides of the first equation, we have the
estimates

(10) eλN t‖ρ1(t)‖ ≤ ‖ρ1(0)‖,

and

(11) σ1(t) = 0.
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Now, by using the variation of constants formula, the first equation
of (7) has the following integral form

(12) φ1(t) = e−AP0tφ1(0)−
∫ 0

t
e−AP0(t−τ)AP0φ2(τ)dτ.

For notational simplicity, let us denote Λ = (λN + λN+1)/2, then
multiply both sides of (12) by eΛt and estimates to obtain

‖eΛtφ1(t)‖ ≤ e(Λ−λN0)t‖φ1(0)‖

+

∫ 0

t
‖(AP0)

1
2 e−(AP0−Λ)(t−τ)‖op‖eΛτ (AP0)

1
2φ2(τ)‖dτ.

(13)

On the other hand, the second equation of (7) yields that

(14) φ2(t) = e−AP0tφ2(0)−
∫ 0

t
e−AP0(t−τ)P0(F (u1)− F (u2))dτ.

We multiply eΛt(AP0)
1
2 to both sides of (14) and take the norm to

find

‖eΛt(AP0)
1
2φ2(t)‖

≤
√
λN0‖φ2(0)‖

+

∫ 0

t
‖(AP0)

1
2 e−(AP0−Λ)(t−τ)‖op‖eΛτP0(F (u1)− F (u2))‖dτ

≤
√
λN0‖φ2(0)‖+K1γN0,N

(
‖eΛτφ1(τ)‖∞ + ‖ρ1(0)‖

)
,

where

γN0,N =

∫ 0

t
‖(AP0)

1
2 e−(AP0−Λ)(t−τ)‖opdτ

≤
2
√
λN0

λN + λN+1 − 2λN0

≤
√
λN0

λN − λN0

.

Applying this estimate to (13), one has

‖eΛtφ1(t)‖ ≤ ‖φ1(0)‖+
√
λN0γN0,N‖φ2(0)‖

+K1γ
2
N0,N

(
‖eΛτφ1(τ)‖∞ + ‖ρ1(0)‖

)
.

(15)
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Assume K1γ
2
N0,N

< 1, we thereby obtain the following estimate

‖eΛtφ1(t)‖∞ ≤
1

1−K1γ2
N0,N

‖φ1(0)‖+

√
λN0γN0,N

1−K1γ2
N0,N

‖φ2(0)‖

+
K1γ

2
N0,N

1−K1γ2
N0,N

‖ρ1(0)‖.
(16)

Moreover, using the variation of constants formula, we obtain from
the second equation of (8) and (9)

(17) ρ2(t) = e−AP1tρ2(0)−
∫ 0

t
e−AP1(t−τ)P1(F (u1)− F (u2))dτ,

(18) σ2(t) =

∫ t

−∞
e−AQ(t−τ)Q(F (u1)− F (u2))dτ.

Analogously, we multiply eΛt to both sides of (14), (17) and (18) to
get the estimates

‖eΛtφ2(t)‖ ≤ ‖φ2(0)‖+K1

(
‖eΛtφ1(t)‖∞+‖ρ1(0)‖

) ∫ 0

t
‖e−(AP0−Λ)s‖opds

≤ ‖φ2(0)‖+
2K1

λN + λN+1 − 2λN0

(
‖eΛtφ1(t)‖∞ + ‖ρ1(0)‖

)
,

(19)

‖eΛtρ2(t)‖ ≤ ‖ρ2(0)‖

+K1

(
‖eΛtφ1(t)‖∞ + ‖ρ1(0)‖

) ∫ 0

t
‖e−(AP1−Λ)(t−τ)‖opdτ

≤ ‖ρ2(0)‖+
2K1

λN+1 − λN
(
‖eΛtφ1(t)‖∞ + ‖ρ1(0)‖

)
,

(20)

and

‖eΛtσ2(t)‖ ≤ K1

(
‖eΛtφ1(t)‖∞ + ‖ρ1(0)‖

) ∫ t

−∞
e−(AQ−Λ)(t−τ)‖opdτ

=
2K1

λN+1 − λN
(
‖eΛtφ1(t)‖∞ + ‖ρ1(0)‖

)
.

(21)

Suppose Pu1(0) = Pu2(0) and Pv1(0) = Pv2(0), that is φ1(0) =
φ2(0) = ρ1(0) = 0. The inequality (10) implies ρ1(t) = 0. Now we apply
(16) to (15), (19), (20) and (21). It follows that φ1(t) = 0, φ2(t) = 0,
ρ2(t) = 0 and σ2(t) = 0.
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This asserts that the negatively bounded solutions of (4), (5) and (6)
are unique. The Lipschitz continuity of the function defining an inertial
manifold follows immediately.

Lemma 3.2. The map Φ : PH→ QH is Lipschitz continuous, where
Φ defined as

Φ : (P0u(0) + P1u(0), P0v(0) + P1v(0)) 7→ (Qu(0), Qv(0)) .

Proof. From estimate (21) in the proof of Lemma 3.1, we have

‖eΛtσ2(t)‖∞ ≤
2K1

λN+1 − λN
(
‖eΛtφ1(t)‖∞ + ‖ρ1(0)‖

)
.

Take t = 0 and combine with (16), we deduce the estimate

(22)

‖σ2(0)‖ ≤ ‖eΛtσ2(t)‖∞

≤ 2K1

λN+1 − λN
· 1

1−K1γ2
N0,N

(‖φ1(0)‖+ ‖ρ1(0)‖)

+
2K1

λN+1 − λN
·
√
λN0γN0,N

1−K1γ2
N0,N

‖φ2(0)‖.

This implies that Φ is a Lipschitz continuous map.

Addition to the Lipschitz continuity of the map which defines inertial
manifolds, we also need to prove that the inertial manifold attracts all
trajectory of system (1) exponentially. In fact, we have

Theorem 3.3. Assume there existsN ∈N such that λN+1−λN>2K1,

λN0 ≤ 1
2λN and λN0 <

(√
K1
3 + λN −

√
K1
3

)2

, then there exists an in-

ertial manifold for system (1).

Proof. We know from Lemma 3.1, negatively bounded solutions of
(4), (5) and (6) are unique. On this basis, we can construct an iner-
tial manifold M as a graph of the Lipschitz continuous function Φ and
the positively invariant property holds by the construction of the in-
ertial manifold. In order to complete the proof, we need to prove the
exponential tracking property.

Assume that the Lipschitz constant less than 1, that is,

2K1

λN+1 − λN
· 1

1−K1γ2
N0,N

<1 and
2K1

λN+1 − λN
·
√
λN0γN0,N

1−K1γ2
N0,N

<1,
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which holds when λN+1 − λN>2K1, λN0 <

(√
K1
3 + λN −

√
K1
3

)2

and

λN0 ≤ 1
2λN . Then, all the solutions of (4), (5) and (6) tends exponen-

tially to M, see [6].
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