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ON THE CONSTRUCTION OF PSEUDO-FINSLER

EIKONAL EQUATIONS

Muradiye Çimdiker∗ and Cumali Ekici

Abstract. In this study, we have generalized pseudo-Finsler map
by introducing the concept of semi-Riemannian map and have found
pseudo-Finsler eikonal equations using pseudo-Finsler map. After
that, we have obtained some sufficient theorems on pseudo-Finsler
manifolds for the existence of solutions to the eikonal equation. At
the same time, we have introduced a natural definition for the affine
maps between pseudo-Finsler manifolds and have reached the affine
solutions of them.

1. Introduction

Finsler geometry is a kind of differential geometry and originated
by P. Finsler (1894-1970) in 1918. It is considered a generalization of
Riemannian geometry. In this geometry, tangent spaces carry Minkowski
norms instead of the inner products and the geometric objects on tangent
vectors depend not only on the base but also on the fibre component. In
the last decades, Finsler geometry produced remarkable development.
Many papers and books published on this topic [6, 15, 17, 18].

In pseudo-Finsler manifolds, the Finsler metric is only nondegener-
ate (rather than on the particular case of Finsler manifolds where the
metric is positive definite). This is absolutely necessary for physical and
biological applications of the subject. A more restrictive definition of
Lorentz-Finsler manifold was given by Beem and essentially adapted by
mathematicians working in pseudo-Finsler geometry [4, 5].

Eikonal equation is a relatively simple first-order non-linear partial
differential equation which describes many phenomena in the physical
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science. This equation includes the propagation of waves in optics,
acoustics, elasticity and electromagnetics.

From the classification point of view, eikonal equation belongs to the
family of Hamilton-Jacobi (HJ) equations. In its general form, it can be
expressed as follows:

‖∇f(x)‖ = k,

where ∇f(x) is the gradient vector of scalar function f(x), and ‖·‖ rep-
resents is Euclidean norm. k is called the index of refraction [9].
∇f is used many areas of science such as mathematical physics and

geometry. For example, the Riemannian condition ‖∇f‖2 = 1 is pre-
cisely the eikonal equation of geometrical optics. In the geometrical
optical interpretation, the level sets of f are interpreted as wave fronts.
[7].

The concept of a Riemannian map was introduced by Fischer [7] and
it is shown that this map is solutions of the eikonal equation. The notion
of semi-Riemannian map was stated, using the map, the solution of the
eikonal equation was obtained by Garcio [8, 11].

In this study, we have generalized pseudo-Finsler map by introduc-
ing the concept of semi-Riemannian map and have found pseudo-Finsler
eikonal equations using pseudo-Finsler map. After that, we have ob-
tained some sufficient theorems on pseudo-Finsler manifolds for the ex-
istence of solutions of the eikonal equation. At the same time, we have in-
troduced a natural definition for the affine maps between pseudo-Finsler
manifolds and have reached the affine solutions of them.

2. Preliminaries

Consider a real m−dimensional smooth manifold M and the tangent
bundle TM . We denote the canonical projection of TM on M by π.

Let M ′ be a non-empty open submanifold of TM such that
π(M ′)=M and θ(M) ∩M ′ = ∅, where θ is the zero section of TM .

Consider a positive integer q < m and a smooth function L : M ′ → R,
where F =

√
|L| and F is a fundamental function. Assume that for

any coordinate system {(U ′, ϕ′);xi, yi} in M ′, the following terms are
satisfied:

(L1) L is a positively homogeneous of degree two with respect to
(y1, ..., ym), we have

L(x1, ..., xm, ky1, ..., kym) = k2L(x1, ..., xm, y1, ..., ym),
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for any point (x, y) ∈ ϕ′(U ′) and k > 0.

(L2) At any point (x, y) ∈ ϕ′(U ′)

g̃ = gij(x, y) :=
1

2

∂2L

∂yi∂yj
(x, y), i, j ∈ {1, ...,m},

are the components of a quadratic form on Rm with q negative eigen-
values and m− q positive eigenvalues, 0 < q < m.

In this case, we say that Fm = (M,M ′, L) is an indefinite Finsler

manifold of index q. If q = 1, we say that Fm is a Finsler manifold of
Lorentzian signature.

By combining the above definitions, we may think of a pseudo-Finsler
manifold as a triple Fm = (M,M ′, L) satisfying (L1) and (L2) with

0 ≤ q < m [3].

Let Fm = (M,M ′, L) be a pseudo-Finsler manifold. A complemen-
tary distribution HM ′ to VM ′ in TM ′ is called a non-linear connection
or a horizontal distribution on M ′. This connection plays a fundamental
role in studying Finsler geometry [1, 12, 13]. A Finsler connection on
Fm is a pair FC = (HM ′,∇) = (Nk

i (x, y), F ∗ijk(x, y), C∗ijk(x, y)), where

∇ is a linear connection on the vertical vector bundle VM ′and F ∗ijk(x, y),

C∗ijk(x, y) are smooth functions on M ′ [3].

A Finsler vector X can have one of the three causal characters, it is
called spacelike if g̃u(X,X) > 0 or X = 0, timelike if g̃u(X,X) < 0

and lightlike if g̃u(X,X) = 0 and X 6= 0, such that g̃ is a pseudo-
Riemannian metric on the vertical vector bundle VM ′ of Fm. Finsler
norm of X is defined by ‖X‖ = ‖gu(X,X)‖

1
2 [3].

In [2], let γ : t ∈ I 7−→ γ(t) = (xi(t), yi(t)) ∈ TM be a smooth curve
on M. If its natural lift to TM , γ is a geodesic of Finsler connection
∇. It follows that an autoparallel curve γ(t) = (xi(t)) of a non-linear
connection is a geodesic of Finsler connection if and only if

(1)
d2xi

dt2
+ F ∗ijk

dxj

dt

dxk

dt
= 0.

A non-degenerate geodesic of pseudo-Finsler manifold Fm is given by

d2xi

dt2
+
∂Gi

∂yk
(x(t), xi(t))

dxk

dt
= 0,

where the non-linear connection determined by Nµ
α = Gµα =

∂Gµ

∂yα
[3].
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Let s : M → TM \ {0} be a section. Consider the pullback met-

ric s∗g. Its components are (s∗g)αβ(x) = gαβ(x, s(x)). Let ∇s∗g be

the Levi-Civita connection of s∗g and
s
∇ be the pullback of a Finsler

connection. Its coefficients are

(2)
s
∇
γ

αβ = Hγ
αβ(x, s(x)) + V γ

βµ(x, s(x))Dαs
µ,

where Dαs
µ =

(
∂sα

∂xµ
+Nα

µ (x, s(x))

)
andHγ

αβ, V γ
βµ are the coefficients

of the horizontal and vertical covariant derivatives of the Finsler con-
nection, respectively [14].

In Finsler geometry, unlike the Riemannian setting we need to con-
sider the third derivatives of the metric in order to define a connection.
This information is contained in the Cartan tensor, which is defined as
the trilinear form

Cv(w1, w2, w3) =
1

4

∂3

∂t3∂t2∂t1
L

(
v +

3∑
i=1

tiwi

)∣∣∣∣
t1=t2=t3=0

,

for v ∈M ′ and w1, w2, w3 ∈ Tπ(v)M .

In the case of a pseudo-Finsler manifold (M,L) the Cartan tensor is
a symmetric. It means that

(3) Cv(v, w1, w2) = Cv(w1, v, w2) = Cv(w1, w2, v) = 0

for any v ∈M ′, M ′ ⊂ TM \ {0} and w1, w2 ∈ Tπ(v)M [10].

The Legendre transformation l : TM → T ∗M is defined as

l(Y ) =

{
g̃Y (Y, ·), Y 6= 0
0, Y = 0.

Let f = M → R be a smooth function on M. The gradient of f is

defined as ∇f = l−1(df), where l−1 : T ∗M → TM is the inverse Le-
gendre transformation. So, we get

(4) df(X) = g̃∇f (∇f,X), X ∈ TM.

Let U = {p ∈M : ∇f |p 6= 0}. The Hessian Hf of f on U is defined
as:

(5) Hf (X,Y ) = g̃∇f (∇∇fX ∇f, Y ),

where ∇f is the reference vector [19].
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Definition 2.1. A smooth map f : (M1, g̃1)→ (M2, g̃2) is called
a Finsler isometry between Finsler manifolds (M1, g̃1) ve (M2, g̃2), if it
satisfies the following conditions:

i) f is a diffeomorphism,
ii) g̃1(t, s) = g̃2(f(t), f∗(t)), ∀(t, s) ∈ TM1 \ {0} [16].

Definition 2.2. Let f : (M1, g̃1)→ (M2, g̃2) be a map. Then the

square norm of f∗ is the map f∗ : M1 → R defined by ‖f∗‖2 (p) = ‖f∗p‖2 .

Note that,

‖f∗‖2 =
m1∑
i=1

g̃1(Xi, Xi)g̃2(f∗Xi, f∗Xi),

where {X1, ..., Xm1} is an orthonormal local basis frame for TM1,

‖f∗‖2 is a map on M1

Putting (M1, g̃1) = (M, g̃) and (M2, g̃2) = (R, kdt⊗ dt), then we
have

(6) f∗Xi = g̃(∇f,Xi)
d

dt
◦ f,

It can be shown that

‖f∗‖2 (p) = g̃(∇f,∇f),

at p ∈M [8].

Definition 2.3. Let f : (M1, g̃1)→ (M2, g̃2) be a map. The second
fundamental form of f is the map

B : ΓTM1 × ΓTM1 → ΓfTM2

defined by

(7) B(X,Y ) =
f

∇Xf∗Y − f∗(∇XY ),

where
f

∇ denotes the pullback connection of ∇ along f.
The map f is called an affine if it has vanishing the second fundamen-

tal form. Besides, the map f is an affine if and only if it sends geodesics
to geodesics [8].

Definition 2.4. Let f : (M1, g̃1)→ (M2, g̃2) be a map. Then the
tension field τ(f) of f is defined by

(8) τ(f) =
m1∑
i=1

g̃1(Xi, Xi)B(Xi, Xi),
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where {X1, ..., Xm1} is an orthonormal local basis frame for TM1. The
map f is called a harmonic if it has vanishing the tension field [8].

3. Pseudo-Finsler map and pseudo-Finsler eikonal equation

Let (M1, g̃1) and (M2, g̃2) be pseudo-Finsler manifolds and
f : M ′1 → M ′2 be a smooth map, where M ′1 and M ′2 are non-empty
open submanifolds of the tangent manifolds TM1 and TM2,
respectively. Let f∗p : TpM

′
1 → TqM

′
2 be the tangent map at each

p ∈M ′1, q = f(p) ∈M ′2. Define

L1(p) = (ker f∗p) ∩ (ker f∗p)
⊥ ⊆ TpM ′1�{0}

and
L2(q) = (rangef∗p) ∩ (rangef∗p)

⊥ ⊆ TqM ′2�{0},

where L1(p) and L2(q) are the degenerate spaces of the restrictions of
the metrics g̃1 and g̃2 to (ker f∗p)

⊥ and (rangef∗p), respectively. The
quotient spaces A(p) and B(q) are written as

A(p) = (ker f∗p)
⊥/L1(p)

and
B(q) = (rangef∗p)/L2(q).

Consequently, we can define the linear map f∗p : A(p)→ B(q).

Definition 3.1. Let (M1, g̃1) and (M2, g̃2) be pseudo-Finsler man-
ifolds. A smooth map f : M ′1 →M ′2 is called pseudo-Finsler map

at p ∈M ′1, if f∗p : A(p)→ B(q) is a Finsler isometry.

Definition 3.2. Let (M1, g̃1) and (M2, g̃2) be pseudo-Finsler mani-
folds and f : M ′1 →M ′2 be a smooth map. The non-degenerate rank

of f at p ∈M ′1, is defined to be the rank of f∗p.

Definition 3.3. Let (M1, g̃1) and (M2, g̃2) be pseudo-Finsler mani-
folds and f : M ′1 →M ′2 be a smooth map.Then f is called a weakly

pseudo-Finsler map at p ∈M ′1, if ‖f∗p‖2 = rankf∗p.

Definition 3.4. Let (M1, g̃1) and (M2, g̃2) be pseudo-Finsler mani-
folds. Then the equation

‖f∗‖2 = rankf∗
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is defined for the map f : M ′1 →M ′2 by

(9) ‖f∗‖2 (p) = rankf∗p

at each p ∈M ′1, is called the generalized eikonal equation. Hence
weakly pseudo-Finsler maps are the solutions of the generalized eikonal
equation.

Definition 3.5. Let f : M ′1 →M ′2 be a map. Then the square norm

of f∗ is the map ‖f∗‖2 : M ′1 → R defined by ‖f∗‖2 (p) = ‖f∗p‖2 for

p ∈M ′1.

Compute the square norm of a map f : (M ′, g̃)→ (R, kdt⊗ dt). For
this, let {X1, ..., Xm} be an orthonormal local frame, where M ′ is a non-
empty open submanifold of the tangent manifold TM , g̃ is a pseudo-
Riemannian metric on the vertical vector bundle VM ′ of Fm. We have

(10) ‖f∗‖2 =
m∑
i=1

g̃Xi(Xi, Xi)(kdt⊗ dt)(f∗Xi, f∗Xi),

where k is either of −1 or 1. From here, using the expression (4), then
we find
(11)

‖f∗‖2 =
m∑
i=1

g̃Xi(Xi, Xi)(g̃∇f (∇f,Xi))
2(kdt⊗ dt)

(
d

dt
◦ f, d

dt
◦ f

)
= k

m∑
i=1

g̃Xi(Xi, Xi)(g̃∇f (∇f,∇f))2

Since f is a Finsler isometry, then the equation (11) becomes as

(12) ‖f∗‖2 = k
m∑
i=1

g̃Xi(Xi, Xi)g̃∇f (∇f,∇f)

Using the equations (9) and (12), then the generalized eikonal equa-
tions are obtained as

(13) ‖f∗‖2 = g̃∇f (∇f,∇f) = L(∇f) = krankf∗.

This extension enables a fast calculation of the geodesic paths for a
pseudo-Finsler manifold.

Since rankf∗ ≤ 1, a weakly pseudo-Finsler map

f : (M ′, g̃)→ (R, kdt⊗ dt) satisfies the following equation

(14) g̃∇f (∇f,∇f) = L(∇f) = k,

where k is either of −1, 0 or 1. We can give the following definitions:
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Definition 3.6. Let M be a m−dimensional pseudo-Finsler manifold
and M ′ be a non-empty open submanifold of the tangent manifold TM
with pseudo-Riemannian metric g̃ on the vertical vector bundle VM ′ of
Fm. Let f : (M ′, g̃)→ R be a map. If

(15) g̃∇f (∇f,∇f) = k,

then the map f satisfy a pseudo-Finsler eikonal equation on (M ′, g̃),
where k is either of −1, 0 or 1.

Definition 3.7. Let M be a m−dimensional pseudo-Finsler manifold
and M ′ be a non-empty open submanifold of the tangent manifold TM
with pseudo-Riemannian metric g̃ on the vertical vector bundle VM ′ of
Fm. Let f : (M ′, g̃)→ R satisfy g̃∇f (∇f,∇f) = k on (M ′, g̃).

1) If k = −1, then the map f satisfy the timelike Finsler eikonal
equation on (M ′, g̃).

2) If k = 0, then the map f satisfy the null Finsler eikonal equation
on (M ′, g̃).

3) If k = 1, then the map f satisfy the spacelike Finsler eikonal
equation on (M ′, g̃).

Definition 3.8. Let M be a m−dimensional pseudo-Finsler manifold
and M ′ be a non-empty open submanifold of the tangent manifold TM
with pseudo-Riemannian metric g̃ on the vertical vector bundle VM ′ of
Fm. Let f : (M ′, g̃)→ R be a map. Then the map f satisfy

1) timelike Finsler eikonal inequality if g̃∇f (∇f,∇f) = L(∇f) < 0,

2) spacelike Finsler eikonal inequality if g̃∇f (∇f,∇f) = L(∇f) > 0.

Lemma 3.9. Let M be a m−dimensional pseudo-Finsler manifold
and M ′ be a non-empty open submanifold of the tangent manifold TM.
Let f : (M ′, g̃)→ R be a map. Then

(16) ∇(g̃∇f (∇f(p),∇f(p))) = 2∇∇f∇f∇f(p),

where∇f(p) and∇(g̃∇f (∇f(p),∇f(p))) denote the gradients of the map
f and g̃∇f (∇f(p),∇f(p)) on (M ′, g̃), respectively.

Proof. Let U = {p ∈M ′ : ∇f |p 6= 0}. If ∀X ∈ TM |U , then we have

(17) ∇(g̃∇f (∇f(p),∇f(p))) = X(g̃∇f (∇f(p),∇f(p))),
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where
(18)

X(g̃∇f (∇f(p),∇f(p))) = g̃∇f (∇∇fX ∇f(p),∇f(p))

+g̃∇f (∇f(p),∇∇fX ∇f(p))

+2C∇f (∇∇fX ∇f(p),∇f(p),∇f(p)).

Since C∇f (∇∇fX ∇f(p),∇f(p),∇f(p)) = 0, the equation (18) be-
comes as

(19) X(g̃∇f (∇f(p),∇f(p))) = 2g̃∇f (∇∇fX (∇f(p),∇f(p))).

Hence, we get

(20) ∇(g̃∇f (∇f(p),∇f(p))) = 2g̃∇f (∇∇fX (∇f(p),∇f(p))).

Since hf (X) = ∇∇fX ∇f, we find

(21)
∇(g̃∇f (∇f(p),∇f(p))) = 2g̃∇f (hf (X),∇f(p))

= 2g̃∇f (∇∇f∇f∇f(p), X),

for ∀X ∈ TM |U . The proof of the Lemma 3.9. is completed.

Proposition 3.10. Let M be a m−dimensional pseudo-Finsler man-
ifold and M ′ be a non-empty open submanifold of the tangent manifold
TM with pseudo-Riemannian metric g̃ on the vertical vector bundle
VM ′ of Fm. Let f : (M ′, g̃)→ R be a map. If the map f satisfies
a pseudo-Finsler eikonal equation, then ∇f is a geodesic vector field
on (M ′, g̃) and is an unit, provided that it is nowhere vanishing and
non-null.

Proof. Assume that the map f satisfies g̃∇f (∇f,∇f) = k, where k
is either of −1, 0 or 1. By Lemma 3.9., we have

(22) ∇(g̃∇f (∇f,∇f)) = 2∇∇f∇f = 0.

Therefore, ∇f is a geodesic vector field on (M ′, g̃). Namely, integral
curves of the gradient flow of the map f are geodesics of pseudo-Finsler
manifolds.

If ∇f 6= 0 and non-null Finsler vector, then g̃∇f (∇f(p),∇f(p)) =

−1 or g̃∇f (∇f(p),∇f(p)) = 1.

Theorem 3.11. f : (M, g̃)→ R is a pseudo-Finsler map at p ∈M
if and only if g̃∇f (∇f(p),∇f(p)) = ε, where ε = 0, 1.
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Proof. If g̃∇f (∇f(p),∇f(p)) = 0 for the point p ∈M, then either

∇f(p) = 0 or ∇f(p) is a null vector. We know that ∇f(p) 6= 0.

Hence ∇f(p) is a null vector. Since L1(p) = H(p), then we obtain

H(p)/L1(p) = A(p) = {0}. Therefore, the linear map is defined by

f∗p : {0} → B(q),

which is the zero isometry. That is, f is a pseudo-Finsler map with
non-degenerate rank at p ∈M, Suppose that g̃∇f (∇f(p),∇f(p)) = 1.
Then, the map

f∗p : sp{∇f(p)} → Tq(TR�{0})

satisfies

(23)
(f∗p(∇f(p)), f∗p(∇f(p))) = (dfp(∇f(p)), dfp(∇f(p)))

= (dfp(∇f(p)))2.

From (4), we have dfp(∇f(p)) = g̃∇f (∇f(p),∇f(p)). So, the equa-
tion (23) is rewritten as

(24) (f∗p(∇f(p)), f∗p(∇f(p))) = g̃∇f (∇f(p),∇f(p))2.

Also, the differential map f∗p is a Finsler isometry if and only if

(25) g̃∇f (∇f(p),∇f(p)) = g̃∇f (∇f(p),∇f(p))2.

Thus, it follows that g̃∇f (∇f(p),∇f(p)) = ε if and only if f is a

pseudo-Finsler map at p ∈M, where ε = 0, 1.

Remark 3.12. From (4), we have

‖f∗p(∇f(p))‖2 = g̃∇f (∇f(p),∇f(p)).

Hence f is a pseudo-Finsler map if and only if ‖f∗p(∇f(p))‖2 = ε,

where ε = 0, 1.

4. Affine solutions for pseudo-Finsler map

We consider a pseudo-Finsler manifold Fm = (M,M ′, L), where M
is a real m−dimensional manifold.

Let’s first we compute the second fundamental form of a differential
map f : (M ′, g̃)→ (R, kdt⊗ dt), where M ′ is a non-empty open sub-
manifold of the tangent manifold TM , g̃ is a pseudo-Riemannian metric

on VM ′ of Fm and k is either −1 or 1. For this, let ∇̃ be the Levi-Civita
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connection of (M ′, g̃) and
f

∇ be the pullback connection of (R, kdt⊗ dt)
along f.

Using the equation (6) into the equation (7), then we obtain
(26)

B(X,Y ) =
f

∇X
(
g̃∇f (∇f, Y )

d

dt
◦ f
)
− g̃∇f (∇f, ∇̃∇fX Y )

d

dt
◦ f

= g̃∇f (∇f, Y )
f

∇X
d

dt
◦ f + g̃∇f (∇̃∇fX ∇f, Y )

d

dt
◦ f

+g̃∇f (∇f, ∇̃∇fX Y )
d

dt
◦ f + C∇f

(∇̃∇fX ∇f,∇f, Y )
d

dt
◦ f

−g̃∇f (∇f, ∇̃∇fX Y )
d

dt
◦ f.

By a direct computation, we obtain

(27) B(X,Y ) = g̃∇f (∇f, Y )
f

∇X
d

dt
◦ f + g̃∇f (∇̃∇fX ∇f, Y )

d

dt
◦ f.

Using the equation (2), then the equation (27) becomes as

(28)

B(X,Y ) = g̃∇f (∇f, Y )f∗
(
∇Vdf(X)

d

dt
◦ f +∇HX

d

dt
◦ f
)

+g̃∇f (∇̃∇fX ∇f, Y )
d

dt
◦ f

If we write the expressions g̃∇f (∇̃∇fX ∇f, Y ) = Hf (X,Y ) and

df(X) = g̃∇f (∇f,X)
d

dt
◦ f into the equation (28), then we arrive at

(29)

B(X,Y ) = g̃∇f (∇f, Y )f∗

g̃∇f (∇f,X)∇Vd
dt
◦f

d

dt
◦ f

+∇HX
d

dt
◦ f
)

+Hf (X,Y )
d

dt
◦ f.

Since ∇
V
d
dt◦f

d
dt ◦ f = 0 ,then we find

(30) B(X,Y ) = Hf (X,Y )
d

dt
◦ f.

This expression enables to give a definition as follows:
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Definition 4.1. Let M be a m−dimensional pseudo-Finsler manifold
and f : (M ′, g̃)→ (R, kdt⊗ dt) be a map. Then f is an affine map if
and only if Hf = 0.

Moreover, the concept of an affine map between pseudo-Finsler man-
ifolds is expressed in terms of the local components as the following
definition:

Definition 4.2. The smooth map f : (M1, g̃1)→ (M2, g̃2) is called
an affine map between pseudo-Finsler manifolds (M1, g̃1) and (M2, g̃2)
if and only if

(31) Bi
αβ −∇

γ
αβ(xm, ym)Bi

γ(x) +
f

∇ijk(f l(xm), f lε(x
m)yε)Bj

αBk
β = 0,

where ∇γαβ = ∇γαβ(xm, ym) is a connection of (M1, g̃1) and
f

∇ijk is a

pullback connection of (M2, g̃2) such that

f

∇ijk =
f

∇ijk(f l(xm), f lε(x
m)yε)

= H i
jk(f

l(xm), f lε(x
m)yε) + V i

jk(f
l(xm), f lε(x

m)yε)Djy
m

along f .

Besides, H i
jk and V i

jk are the local connection components of the

horizontal and vertical covariant derivative ∇H and ∇V ,respectively,

and also Bi
α =

∂x̃i

∂xα
, Bi

αβ =
∂2x̃i

∂xα∂xβ
.

Proposition 4.3. Any affine map f : (M1, g̃1)→ (M2, g̃2) is an
autoparallel curve of pseudo-Finsler manifold (M2, g̃2).

Proof. If (M1, g̃1) is regarded as (R, kdt⊗dt), where k = 1 or k = −1.
Hence, the equation (31) becomes the geodesic equation of Finsler con-
nection. Using F ∗ijk(xi(t), yi(t)) = Γijk(x) into the expression (1), then
we obtain

(32)
d2xi

dt2
+ Γijk(x)

dxj

dt

dxk

dt
= 0,

where F ∗ijk is a Finsler connection of pseudo-Finsler manifold (M2, g̃2).
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Remark 4.4. The equation (32) is the geodesic equation for Rie-
mannian manifolds. Since

(33)
d2xi

dt2
+
∂Gi

∂yk
(x(t), x′(t))

dxk

dt
= 0,

we have a non-degenerate geodesic equation for pseudo-Finsler mani-
folds.

Theorem 4.5. A map f : (M1, g̃1)→ (M2, g̃2) is an affine map
between pseudo-Finsler manifolds (M1, g̃1) and (M2, g̃2) if and only if the
map f carries the autoparallel curves from (M1, g̃1) into the autoparallel
curves on (M2, g̃2).

Proof. Let γ(t) = (tα(t)) be an autoparallel curve on (M1, g̃1) and

the curve γ̃(t) = (f ◦ γ)(t) be locally expressed by the components

xi(t) = f i(tα(t)).

Differentiating xi(t) with respect to t, then we find the following
equality:

(34)
dxi

dt
=
df i

dtα
dtα

dt
= f iα

dtα

dt
.

Again, differentiating the equality (34) with respect to t yields

(35)
d2xi

dt2
=
df iα
dtβ

dtβ

dt

dtα

dt
+ f iµ

d2tµ

dt2
.

Using the equalities (34) and (35) into the equality (1), we get

(36)
d2xi

dt2
+ F̃ ∗ijk

dxj

dt

dxk

dt
=
df iα
dtβ

dtβ

dt

dtα

dt
+ f iµ

d2tµ

dt2
+ F̃ ∗ijkf

j
α
dtα

dt
fkβ
dtβ

dt

With a simple calculation, we have

(37)
d2xi

dt2
+ F̃ ∗ijk

dxj

dt

dxk

dt
= (f iαβ + F̃ ∗ijkf

j
αfkβ )

dtα

dt

dtβ

dt
+ f iµ

d2tµ

dt2

Consequently, the expression (37) is rewritten as

(38)
d2xi

dt2
+ F̃ ∗ijk

dxj

dt

dxk

dt
= (f iαβ − F

∗γ
αβf

i
γ + F̃ ∗ijkf

j
αfkβ )

dtα

dt

dtβ

dt
= 0,

where F ∗γαβ and F̃ ∗ijk are Finsler connection of pseudo-Finsler manifolds

(M1, g̃1) and (M2, g̃2), respectively.
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If f is an affine map, then it verifies the following equation

(39)
d2xi

ds2
+F̃ ∗ijk

dxj

ds

dxk

ds
=f iαβ-(F ∗γαβ+C∗γαβ)f iγ+(F̃ ∗ijk+C̃∗ijk)f

j
αfkβ=0,

for any α, β = 1, p and i = 1, n.

Contracting the equations (39) with
dtα

dt
and

dtβ

dt
, taking into account

the relations, then we have

(40) C∗γαβ|0
dtα

dt

dtβ

dt
= 0, ∀ γ = 1, p

and

(41) C̃∗ijk|0f
j
αfkβ

dtα

dt

dtβ

dt
= 0, ∀ i = 1, n.

Plugging the equalities (40) and (41) into the equality (39), we ar-

rive at the equation (38), where C∗γαβ and C̃∗ijk are Cartan connection of

pseudo-Finsler manifolds (M1, g̃1) and (M2, g̃2), respectively.
Conversely, if the map f carries the autoparallel curves from (M1, g̃1)

into the autoparallel curves on (M2, g̃2), then the equality (38) implies
as follows:

(f iαβ − F
∗γ
αβf

i
γ + F̃ ∗ijkf

j
αfkβ )

dtα

dt

dtβ

dt
= 0.

Using the equalities (40) and (41) into the equality (38), then we find

(42)
[
f iαβ − (F ∗γαβ + C∗γαβ)f iγ + (F̃ ∗ijk + C̃∗ijk)f

j
αfkβ

] dtα
dt

dtβ

dt
= 0.

Remark 4.6. Due to Theorem 4.5, a map f : (M1, g̃1) → (M2, g̃2),
which carries the autoparallel curves from (M1, g̃1) into the autoparallel
curves on (M2, g̃2), is a harmonic map between pseudo-Finsler manifolds
(M1, g̃1) and (M2, g̃2), with vanishing tension field.

Proposition 4.7. Let I ⊆ R be an open interval and (M, g̃) be a
pseudo-Finsler manifold. Then every harmonic map f : (I, dt ⊗ dt) →
(M, g̃) is an affine map and f : I →M is a geodesic of (M, g̃).

Proof. By the equation (8), we have

(43) 0 = τ(f) = B

(
d

dt
,
d

dt

)
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Due to the equality (43), the map f is a harmonic, then the map f
is an affine.

Using the equality (43), then we find

0 = τ(f) =
f

∇ d

dt

f∗
d

dt
− f∗

∇ d

dt

d

dt

 .

Since ∇ d
dt

d
dt = 0 ,then we obtain as follows:

(44) 0 =
f

∇ d

dt

f∗
d

dt
= ∇ d

dt

.
f.

Hence, the map f is a geodesic of pseudo-Finsler manifold (M, g̃),

where
f

∇ denotes the pullback connection of pseudo-Finsler manifold
(M, g̃).

Proposition 4.8. Let f : (M, g̃)→ (R, kdt⊗ dt) be a map. Then
the following conditions are equivalent:

(1) f is an affine map.

(2) If γ : I →M is a geodesic of pseudo-Finsler manifold (M, g̃),

then f ◦ γ : I → R is an affine function.

(3) ∇f is a parallel vector field on pseudo-Finsler manifold (M, g̃).

Proof. (1)⇔ (2) Let γ : I →M be a geodesic of pseudo-Finsler
manifold (M, g̃).

Differentiating of f ◦ γ yields

(45)
d

dt
(f ◦ γ) = g̃∇f ((∇f) ◦ γ, γ′).

Again, differentiating the expression (45), then we find

(46)
d2

dt2
(f ◦ γ) = g̃∇f (∇ d

dt

((∇f) ◦ γ), γ′) + g̃∇f ((∇f) ◦ γ, γ′′).

Since γ′′ = 0, the expression (46) becomes

(47)
d2

dt2
(f ◦ γ) = g̃∇f

(
d

dt
((∇f) ◦ γ), γ′

)
,



90 Muradiye Çimdiker and Cumali Ekici

where
d

dt
((∇f)◦γ) = ∇∇fγ′ (∇f). Therefore, the expression (47) is rewrit-

ten as

(48)
d2

dt2
(f ◦ γ) = g̃∇f (∇∇fγ′ (∇f), γ′).

Using the expression (5) into the expression (48), then we get

(49)
d2

dt2
(f ◦ γ) = Hf (γ′, γ′).

Hence, f ◦ γ : I → R is an affine function if and only if Hf (γ′, γ′) = 0.
(1)⇔ (3) Since

Hf (X,Y ) = g̃∇f (∇∇fX (∇f), Y ),

for every X,Y ∈ ΓTM . It follows that Hf = 0 if and only if ∇f is a
parallel vector field on pseudo-Finsler manifold (M, g̃).
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