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ALMOST α-COSYMPLECTIC f-MANIFOLDS ENDOWED

WITH A SEMI-SYMMETRIC NON-METRIC

CONNECTION

Selahattin Beyendi∗, Nesip Aktan, and Ali İhsan Sivridağ

Abstract. In this paper, we introduce almost α-Cosymplectic f -
manifolds endowed with a semi-symmetric non-metric connection
and give some general results concerning the curvature of such con-
nection. In particular, we study some curvature properties of an
almost α-cosymplectic f -manifold equipped with semi-symmetric
non-metric connection.

1. Introduction

In 1963, Yano [19] introduced the notion of f -structure on a C∞

manifold M of dimension 2n + s, as a non-vanishing tensor field ϕ of
type (1, 1) on M which satisfies ϕ3+ϕ = 0 and has constant rank r = 2n.
Also, the existence of an f -structure on M is equivalent to a reduction
of the structure group to U(n)×O(s) (see [7]). Almost complex (s = 0)
and almost contact (s = 1) are well-known examples of f -structures.
The case s = 2 appeared in the study of hypersurfaces in almost contact
manifolds [8], [16] and it motivated that, in 1970, Goldberg and Yano
[15] defined globally framed f -manifolds (also called f -manifolds and
f.pk-manifolds).

In 2014, Öztürk et.al. introduced and studied almost α-cosymplectic
f -manifold [6] defined for any real number α which is defined a metric f -
manifold with f -structure (ϕ, ξi, η

i, g) satisfying the condition dηi = 0,
dΩ = 2αη ∧ Ω.

Further, in 1924 Friedmann and Schouten [14] introduced the notion
of semi-symmetric linear connections. More precisely, if ∇ is a linear

Received July 12, 2019. Revised September 28, 2019. Accepted October 1, 2019.
2010 Mathematics Subject Classification. 53D15, 53C15
Key words and phrases. almost α-cosypmlectic f -manifolds, semi-symmetric

non-metric connection.
*Corresponding author



176 Selahattin Beyendi, Nesip Aktan, and Ali İhsan Sivridağ

connection in a differentiable manifold M, the torsion tensor T of ∇ is
given by T (X,Y ) = ∇XY −∇XY − [X,Y ], for any vector fields X and
Y on M. The connection ∇ is said to be symmetric if the torsion tensor
T vanishes, otherwise it is said to be non-symmetric. In this case, ∇ is
said to be a semi-symmetric connection if its torsion tensor T is of the
form T (X,Y ) = η(Y )X − η(X)Y, for any X, Y, where η is a 1-form on
M. Moreover, if g is a (pseudo)-Riemannian metric on M, ∇ is called a
metric connection if ∇g = 0, otherwise it is called non-metric. It is well
known that the Riemannian connection is the unique metric and sym-
metric linear connection on a Riemannian manifold. In 1932, Hayden
[17] defined a metric connection with torsion on a Riemannian manifold
and in 1970, Yano [20] made a systematic study of semi-symmetric met-
ric connections on a Riemannian manifold. In [1], Agashe and Chafle
defined a semi-symmetric non-metric connection on a Riemannian man-
ifold and studied some of its properties. This idea was further developed
by De and Kamilya [10], Biswas and De [9], Sengupta, De and Binh [12],

Dogru, Özgür and Murathan [13] and others. Recently, different types
of Riemannian manifolds endowed with a semi-symmetric non-metric
connection and their submanifolds have been considered (see [2], [3], [4],
[5], [21], [22], [23], [24]).

In this paper, we introduce a semi-symmetric non-metric connec-
tion endowed with an almost α-cosymplectic f -manifold . In Section
2, we review basic formulas and definitions for almost α-cosymplectic
f -manifolds. In Section 3, we define an almost α-cosymplectic f - man-
ifold endowed with semi-symmetric non-metric connection. In last Sec-
tion, we study some curvature properties of an almost α-cosymplectic
f -manifold equipped with semi-symmetric non-metric connection.

2. Preliminaries

Let M be a real (2n+s)-dimensional framed metric manifold [18] with
a framed (ϕ, ξi, η

i, g), i ∈ {1, ..., s}, that is, ϕ is a non-vanishing tensor
field of type (1,1) on M which satisfies ϕ3 + ϕ = 0 and has constant
rank r = 2n; ξ1, ...ξs are s vector fields; η1, ..., ηs are 1-forms and g is a
Riemannian metric on M such that

(1) ϕ2 = −I +

s∑
i=1

ηi ⊗ ξi

(2) ηi(ξj) = δij , ϕ(ξi) = 0, ηioϕ = 0,
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(3) ηi(X) = g(X, ξi),

g(X,ϕY ) + g(ϕX, Y ) = 0,

g(ϕX,ϕY ) = g(X,Y )−
s∑
i=1

ηi(X)ηi(Y )

for all X,Y ∈ Γ(TM) and i, j ∈ {1, ..., s}. In above case, we say that M
is a metric f -manifold and its associated structure will be denoted by
M(ϕ, ξi, η

i, g) [18].
A 2-form Ω is defined by Ω(X,Y ) = g(X,ϕY ), for any X,Y ∈ Γ(TM),
is called the fundamental 2-form. A framed metric structure is called
normal [18] if

[ϕ,ϕ] + 2dηi ⊗ ξi = 0

where [ϕ,ϕ] is denoting the Nijenhuis tensor field associated
to ϕ. Throughout this paper we denote by η = η1 + η2 + ... + ηs,

ξ = ξ1 + ξ2 + ...+ ξs and δ
j
i = δ1i + δ2i + ...+ δsi .

In the sequel, we repeat the relevant material from [6] without proofs.

Definition 2.1. Let M(ϕ, ξi, η
i, g) be a (2n+s)-dimensional a metric

f -manifold with f -structure (ϕ, ξi, η
i, g). For each ηi, (1 ≤ i ≤ s) 1-forms

and each 2-form Ω and or any real number α, if dηi = 0 and dΩ = 2αη∧Ω
satisfy, then M is called almost α-cosymplectic f -manifold.

Let M be an almost α-cosypmlectic f -manifold. Since the distribu-
tion D is integrable, we have Lξiη

j = 0, [ξi, ξj ] ∈ D and [X, ξj ] ∈ D for
any X ∈ Γ(D). Then the Levi-Civita connection is given by:

2g((∇Xϕ)Y,Z) = 2αg

(
s∑
i=1

(g(ϕX, Y )ξi − ηi(Y )ϕX), Z

)
+ g(N(Y,Z), ϕX)

for any X,Y ∈ Γ(TM). Putting X = ξi we obtain ∇ξiϕ = 0 which

implies ∇ξiξj ∈ D⊥ and then ∇ξiξj = ∇ξjξi, since [ξi, ξj ] = 0. We put

AiX = −∇Xξi and hi = 1
2(Lξiϕ), where L denotes the Lie derivative

operator. If M is an almost α-cosymplectic f -manifold with Kaehlerian
leaves, we have [11]
(4)

(∇Xϕ)Y =
s∑
i=1

(
αg(ϕX, Y )ξi + g(hiX,Y )ξi − αηi(Y )ϕX − ηi(Y )hiX

)
.

Proposition 2.2. For any i ∈ {1, ..., s} the tensor field Ai is a sym-
metric operator such that
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(i) Ai(ξj) = 0, for any j ∈ {1, ..., s},
(ii) Aioϕ+ ϕoAi = −2αϕ,
(iii) tr(Ai) = −2αn,
(iv) ∇Xξi = −αϕ2X − ϕhiX.

Proposition 2.3. For any i ∈ {1, ..., s} the tensor field hi is a sym-
metric operator and satisfies

(i) hi(ξj) = 0, for any j ∈ {1, ..., s},
(ii) hioϕ+ ϕohi = 0,
(iii) trhi = 0,
(iv) tr(ϕhi) = 0.

Proposition 2.4. Let M be an almost α-cosymplectic f -manifold.
Then we have

(5) (∇X η̄)Y =
s∑
i=1

g(Y,∇Xξi)

for all X,Y ∈ Γ(TM).

Let M be an almost α-cosymplectic f -manifold with respect to the
curvature tensor field R of ∇, the following formulas are proved in, for
all X,Y ∈ Γ(TM), i, j ∈ {1, ..., s}.

R(X,Y )ξi = α2
s∑

k=1

(ηk(Y )ϕ2X − ηk(X)ϕ2Y )(6)

− α
s∑

k=1

(ηk(X)ϕhkY − ηk(Y )ϕhkX)

+ (∇Y ϕhi)X − (∇Xϕhi)Y,

R(X, ξj)ξi =
s∑

k=1

δkj (α2ϕ2X + αϕhkX)(7)

+ αϕhiX − hihjX + ϕ(∇ξjhi)X,

R(ξj , X)ξi − ϕR(ξj , ϕX)ξi = 2(−α2ϕ2X + hihjX),

S(X, ξi) = −2nα2
s∑

k=1

ηk(X)− (divϕhi)X,

S(ξi, ξj) = −2nα2 − tr(hjhi).

Proposition 2.5. Let M be an almost α-cosymplectic f -manifold

and M̃ be an integral manifold of D. Then
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(i) when α = 0, M̃ is totally geodesic if and only if all the operators
hi vanish;

(ii) when α 6= 0, M̃ is totally umbilic if and only if all the operators
hi vanish.

Theorem 2.6. [7] A C-manifold M2n+s is a locally decomposable
Riemannian manifold which is locally the product of a Kaehler manifold
M2n

1 and an Abelian Lie group M s
2 .

3. Almost α-Cosypmlectic f-Manifolds endowed a semi-
symmetric non-metric connection

From now on, let M denote a (2n + s)-dimensional manifold

(ϕ, ξi, η
i, g). We define a linear connection ∇̃ on a differentiable manifold

M by

(8) ∇̃XY = ∇XY +

s∑
i=1

ηi(Y )X

where ∇ be a Levi-Civita connection of an almost contact metric mani-
fold and η̄ is 1- form associated with the vector field ξ̄ on M

η̄(X) = g(ξ̄, X).

Then, applying the results presented in [1], we deduce:

Theorem 3.1. Let M be a (2n+s)-dimensional almost α-

cosymplectic f -manifold. The ∇̃ defined in (8) is a semi-symmetric
non metric linear connection on M .

Through this paper, we always use the letter ∇̃ to denote the semi
symmetric non-metric connection defined in (8). Now, we can prove:

Proposition 3.2. Let M be a (2n+s)-dimensional almost α-
cosymplectic f -manifold endowed with the semi-symmetric non-metric
connection. Then,

(9) ∇̃Xξi = −αϕ2X − ϕhiX +X

and

(10) (∇̃X η̄)Y = (∇X η̄)Y − η̄(X)η̄(Y )

Proof. First, taking Y = ξi in (8), from proposotion 2.2 we deduce

∇̃Xξi = ∇Xξi + η̄(ξi)X = −αϕ2X − ϕhiX +X
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which gives (9). Now, by using proposotion 2.2, (1)-(3) and (8) we get

(∇̃Xηi)Y = Xηi(Y )− ηi(∇̃XY ) = Xg(Y, ξi)− ηi(∇̃XY )

= g(∇XY, ξi) + g(Y,∇Xξi)− ηi(∇XY )− η̄(Y )ηi(X)

= ηi(∇XY ) + g(Y,∇Xξi)− ηi(∇XY )− η̄(Y )ηi(X)

= g(Y,∇Xξi)− η̄(Y )ηi(X).

Using (5), we get (10).

Theorem 3.3. Let M be a (2n + s)-dimensional almost α-
cosymplectic f -manifold with Kahlerian leaves. Then we have

(11) (∇̃Xϕ)Y =
s∑
i=1

(αg(ϕX, Y )ξi + g(hiX,Y )ξi

−(α+ 1)(ηi(Y )ϕX)− ηi(Y )hiX
)

for all X,Y ∈ Γ(TM).

Proof. From (8), we get

(∇̃Xϕ)Y = (∇Xϕ)Y −
s∑
i=1

ηi(Y )ϕX.

Using (4), we obtain (11).

4. The curvature of ∇̃

Theorem 4.1. Let M be a (2n+s)-dimensional almost α-
cosymplectic f -manifold endowed with the semi-symmetric non-metric

connection ∇̃ defined in (8). Let R̃ and R the curvature tensor fields of

∇̃and ∇, respectively, we obtain that

(12) R̃(X,Y )Z = R(X,Y )Z + ((∇X η̄)Z)Y

+ η̄(Z)η̄(Y )X − ((∇Y η̄)Z)X − η̄(Z)η̄(X)Y.

Proof. From (8), we have

R̃(X,Y )Z = R(X,Y )Z +
s∑
i=1

g(Z,∇Xξi)Y + η̄(Z)η̄(Y )X

−
s∑
i=1

g(∇Y ξi, Z)X − η̄(Z)η̄(X)Y.
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Using proposition 2.2 and (5), we get (12). Thus completes the proof.

Let R and R̃ be the curvature tensors of ∇ and ∇̃ of almost
α-cosymplectic f -manifold, respectively. Then, from (12), R and R̃ are
denoted by

(13) R̃(X,Y )Z = R(X,Y )Z +Q(X,Z)Y −Q(Y, Z)X

where Q is a (0, 2) tensor field given by

(14) Q(X,Y ) = (∇̃X η̄)Y = (∇X η̄)Y − η̄(X)η̄(Y ).

Corollary 4.2. Let M be a (2n+s)-dimensional almost α-
cosymplectic f -manifold endowed with the semi-symmetric non-metric
connection and Q is a (0, 2) tensor field, then we have

Q(X, ξi) = −η̄(X),(15)

Q(ξi, Y ) = −η̄(Y )(16)

and

Q(ξi, ξj) = −1(17)

for any X,Y ∈ Γ(TM).

Proof. Taking Y = ξi in (14) we have (15). In a similary way is
deduced (16) and (17).

Proposition 4.3. Let M be a (2n+s)-dimensional almost α-
cosymplectic f -manifold endowed with the semi-symmetric non-metric
connection. Then we have,

R̃(X,Y )ξi = R(X,Y )ξi +Q(X, ξi)Y −Q(Y, ξi)X(18)

= R(X,Y )ξi − η̄(X)Y + η̄(Y )X

R̃(X, ξi)Z = R(X, ξi)Z +Q(X,Z)ξi −Q(ξi, Z)X(19)

= R(X, ξi)Z +Q(X,Z)ξi + η̄(Z)X

R̃(X, ξj)ξi = R(X, ξj)ξi +Q(X, ξi)ξj + η̄(ξj)X(20)

= R(X, ξj)ξi − η̄(X)ξj +X

R̃(ξj , X)ξi = R(ξj , X)ξi + η̄(X)ξj −X(21)

R̃(ξj , ξk)ξi = R(ξj , ξk)ξi + η̄(ξk)ξj − ξk(22)

= ξj − ξk; k 6= j

for all X,Y ∈ Γ(TM) and i, j, k ∈ {1, ...s}.
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Proof. Using the Riemannian curvature tensor, (6), (7) and (13) we
obtain (18)-(22).

Theorem 4.4. Let M be a (2n+s)-dimensional almost α-
cosymplectic f -manifold endowed with the semi-symmetric non-metric
connection. Then we have,
(23)

R̃(X,Y, Z,W ) = R(X,Y, Z,W ) +Q(X,Z)g(Y,W )−Q(Y, Z)g(X,W )

for any X,Y, Z,W ∈ Γ(TM).

Proof. Taking inner product in (13) with W, we obtain (23).

Theorem 4.5. Let M be a (2n+s)-dimensional almost α-
cosymplectic f -manifold endowed with the semi-symmetric non-metric
connection. Then we have,

R̃(X,Y, Z,W ) + R̃(X,Y,W,Z) = Q(X,Z)g(Y,W )−Q(Y, Z)g(X,W )

(24)

+Q(X,W )g(Y,Z)−Q(Y,W )g(X,Z)

for any X,Y, Z,W ∈ Γ(TM).

Proof. Interchanging Z and W in (23) we get

R̃(X,Y,W,Z) = R(X,Y,W,Z) +Q(X,W )g(Y, Z)−Q(Y,W )g(X,Z).

Combining the above equation and (23) we obtain (24).

Theorem 4.6. Let M be a (2n+s)-dimensional almost α-
cosymplectic f -manifold endowed with the semi-symmetric non-metric
connection. Then we have,

R̃(X,Y, Z,W )− R̃(Z,W,X, Y ) = Q(X,Z)g(Y,W )−Q(Y, Z)g(X,W )

−Q(Z,X)g(W,Y ) +Q(W,X)g(Z, Y )

for any X,Y, Z,W ∈ Γ(TM).

Theorem 4.7. Let M be a (2n+s)-dimensional almost α-
cosymplectic f -manifold endowed with the semi-symmetric non-metric
connection. Then we have,

R̃(ξj , X, ξi, Y ) = R(ξj , X, ξi, Y ) + η̄(X)ηj(Y )− g(X,Y )

for any X,Y ∈ Γ(TM) and i, j ∈ {1, ..., s}.
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Definition 4.8. Let M be a (2n+s)-dimensional almost α-
cosymplectic f -manifold endowed with the semi-symmetric non-metric
connection and {E1, ..., E2n, ξ1, ..., ξs} an orthonormal basis of Γ(TM).
Ricci curvature tensor of M is defined by

(25) S̃(X,Y ) =
2n∑
k=1

g(R̃(Ek, X)Y,Ek) +
s∑

ν=1

g(R̃(ξν , X)Y, ξν)

for any X,Y ∈ Γ(TM).

Theorem 4.9. Let M be a (2n+s)-dimensional almost α-
cosymplectic f -manifold endowed with the semi-symmetric non-metric
connection. Then we have,

(26) S̃(X,Y ) = S(X,Y )− (2n+ s)Q(X,Y )

+
2n∑
i=1

Q(Ei, Y )g(X,Ei)−
s∑
j=1

η̄(Y )ηj(X),

for all X,Y ∈ Γ(TM), where S̃ and S denote, respectively, the Ricci

tensor field of ∇̃ and ∇.

Proof. Using (16), (22) and (25) we get (26).

Proposition 4.10. Let M be a (2n+s)-dimensional almost α-
cosymplectic f -manifold endowed with the semi-symmetric non-metric
connection. Then we have,

S̃(X, ξj) = S(X, ξj) + (2n+ s− 1)η̄(X)

S̃(ϕX, ξj) = S(ϕX, ξj) = (divϕhi)ϕX

S̃(ξi, ξj) = S(ξi, ξj) + (2n+ s− 1)

for any X ∈ Γ(TM).

Theorem 4.11. Let M be a (2n+s)-dimensional almost α-
cosymplectic f -manifold endowed with the semi-symmetric non-metric
connection. Then we have

S̃(X,Y )− S̃(Y,X) =

2n∑
i=1

[Q(Ei, Y )g(X,Ei)−Q(Ei, X)g(Y,Ei)](27)

−
s∑

ν=1

[η̄(Y )ην(X)− η̄(X)ην(Y )]

for any X,Y ∈ Γ(TM).
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Proof. From (26), we obtain (27).

By using (27), we can state the following corollary:

Corollary 4.12. Let M be a (2n+s)-dimensional almost α-
cosymplectic f -manifold endowed with the semi-symmetric non-metric
connection. Then we obtain

S̃(X, ξi) = S̃(ξi, X)

for any X ∈ Γ(TM).
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