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SOME NOTES ON LP -SASAKIAN MANIFOLDS WITH

GENERALIZED SYMMETRIC METRIC CONNECTION

Oǧuzhan Bahadir and Sudhakar K. Chaubey∗

Abstract. The present study initially identify the generalized sym-
metric connections of type (α, β), which can be regarded as more
generalized forms of quarter and semi-symmetric connections. The
quarter and semi-symmetric connections are obtained respectively
when (α, β) = (1, 0) and (α, β) = (0, 1). Taking that into ac-
count, a new generalized symmetric metric connection is attained
on Lorentzian para-Sasakian manifolds. In compliance with this
connection, some results are obtained through calculation of tensors
belonging to Lorentzian para-Sasakian manifold involving curvature
tensor, Ricci tensor and Ricci semi-symmetric manifolds. Finally,
we consider CR-submanifolds admitting a generalized symmetric
metric connection and prove many interesting results.

1. Introduction

A particular metric connection with a torsion different from zero was
introduced by Hayden on a Riemannian manifold [15]. The quarter-
symmetric connections, being more generalized form of semi-symmetric
connections, were suggested by Golab on a differentiable manifold [13].
These connections have been studied by many authors. For instance we
cite ([1], [6]-[11], [14], [18], [30]) and the references therein. Tripathi
[31] introduced and studied 17 types of connections which includes the
semi-symmetric and quarter-symmetric connections. On the other hand,
Matsumoto [21] introduced Lorentzian para-contact manifolds. Later,
many geometers ([2], [3], [12], [16], [22]-[25], [29], [32]) have published
different papers in this context.
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A linear connection on a (semi-)Riemannian manifold M is suggested
to be a generalized symmetric connection if its torsion tensor T is pre-
sented as follows:

(1) T (U, V ) = α{u(V )U − u(U)V }+ β{u(V )ϕU − u(U)ϕV },

for all vector fields U and V on M , where α and β are smooth functions
on M . ϕ can be viewed as a tensor of type (1, 1) and u is regarded as a
1-form connected with the vector field which has a non-vanishing smooth
non-null unit. Furthermore, the connection mentioned is suggested to be
a generalized metric one when a Riemannian metric g in M is available
as ∇g = 0; or else, it is non-metric.

In equation (1), if α = 0, β 6= 0; α 6= 0, β = 0, then the generalized
symmetric connection is called β-quarter-symmetric connection; α-semi-
symmetric connection, respectively. Additionally, the generalized sym-
metric connection reduces to a semi-symmetric, and quarter-symmetric
when (α, β) = (1, 0), and (α, β) = (0, 1), respectively. Thus, it can be
suggested that the generalizing semi-symmetric and quarter-symmetric
connections paves the way for a generalized symmetric metric connec-
tion. These two connections are of great significance both for the study
of geometry and applications in physics. For instance, Pahan, Pal and
Bhattacharyya studied generalized Robertson-Walker space-time with
respect to a quarter-symmetric connection [26]. Furthermore, many au-
thors investigated the geometrical and physical aspect of different spaces
[4], [5], [17], [19], [20], [27], [28].

In the present paper, we define a new connection on Lorentzian para-
Sasakian manifold, which is the generalization of semi-symmetric and
quarter-symmetric connection. The preliminaries are presented in Sec-
tion 2. Section 3 illustrates the generalized symmetric metric con-
nection on a Lorentzian para-Sasakian manifold. As for Section 4,
we calculate curvature tensor and the Ricci tensor of Lorentzian para-
Sasakian with respect to a generalized symmetric metric connection.
Besides, it is found that if a Lorentzian para-Sasakian manifold is Ricci
semi-symmetric with respect to a generalized symmetric metric connec-
tion, then the manifold is a generalized η-Einstein manifold with re-
spect to the generalized symmetric metric connection. In Section 5, we
study the properties of CR-submanifold of a Lorentzian para-Sasakian
manifold with respect to a generalized symmetric metric connection.
Furthermore, we get integrability conditions of distributions on CR-
submanifolds.
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2. Preliminaries

Let M be a differentiable manifold of dimension n endowed with
a (1, 1) tensor field φ, a contravariant vector field ξ, a 1-form η and
Lorentzian metric g, which satisfies

η(ξ) = −1, φ2(U) = U + η(U)ξ,(2)

g(φU, φV ) = g(U, V ) + η(U)η(V ), g(U, ξ) = η(U),(3)

∇Uξ = φU, (∇Uφ)(V ) = g(U, V )ξ + η(V )U + 2η(U)η(V )ξ(4)

for all vector fields U , V on M , where ∇ is the Levi-Civita connection
with respect to the Lorentzian metric g. Such manifold (M,φ, ξ, η, g)
is called Lorentzian para-Sasakian (shortly, LP -Sasakian) manifold [21,
23]. The following are provided for LP -Sasakian manifold:

φξ = 0, η(φU) = 0, rankφ = n− 1.(5)

If we write Φ(U, V ) = g(φU, V ) for all vector fields U , V on M , then the
tensor field Φ is a symmetric (0, 2) tensor field [21]. In addition, if η is
closed on an LP -Sasakian manifold then we have

(∇Uη)V = Φ(U, V ), Φ(U, ξ) = 0,(6)

for any vector fields U and V on M [21, 24]. An LP -Sasakian manifold
provides the following relations [24, 22]:

(7) R(ξ, U)V = g(U, V )ξ − η(V )U,

(8) R(U, V )ξ = η(V )U − η(U)V,

(9) S(U, ξ) = (n− 1)η(U),

(10) S(φU, φV ) = S(U, V ) + (n− 1)η(U)η(V )

for all vector fields U and V on M , in which R and S can be viewed as
the curvature tensor and the Ricci tensor of M , respectively.

An LP -Sasakian manifold M is said to be a generalized η-Einstein if
the non-vanishing Ricci tensor S of M satisfies the relation

S(U, V ) = ag(U, V ) + bη(U)η(V ) + cg(φU, V )

for every U, V ∈ Γ(TM), in which a, b and c are viewed as scalar
functions on M . If c = 0, then M is regarded as an η-Einstein manifold.

The Gauss and Weingarten formulas are given by

∇UV = ∇′
UV + h(U, V ), ∀ U, V ∈ Γ(TM

′
),(11)

∇XN = −ANX +∇⊥XN, ∀ N ∈ Γ(T⊥M
′
),
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where {∇XY,ANX} and {h(X,Y ),∇⊥XN} belong to Γ(TM
′
) and

Γ(T⊥M
′
), respectively. For details, we refer [25].

3. Generalized Symmetric Metric Connection in an LP -
Sasakian Manifold

When we view ∇ as a linear connection and ∇ as a Levi-Civita con-
nection of Lorentzian para-contact metric manifold M in such a way
that

∇UV = ∇UV +H(U, V )

for all vector fields X and Y on M . The following is obtained so that
∇ is a generalized symmetric connection of ∇, in which H is viewed as
a tensor of type (1, 2);

(12) H(U, V ) =
1

2
[T (U, V ) + T

′
(U, V ) + T

′
(V,U)],

where T is viewed as the torsion tensor of ∇ and

(13) g(T
′
(U, V ),W ) = g(T (W,U), V ).

Thanks to (1) and (13), we obtain the following;

(14) T
′
(U, V ) = α{η(U)V − g(U, V )ξ}+ β{η(U)φV − g(φU, V )ξ}.

Using (1), (12) and (14) we obtain

H(U, V ) = α{η(V )U − g(U, V )ξ}+ β{η(V )φU − g(φU, V )ξ}.

Thus we can write the proposition as:

Proposition 3.1. For an LP -Sasakian manifold, the generalized
symmetric metric connection ∇ of type (α, β) is given by

(15) ∇UV = ∇UV +α{η(V )U − g(U, V )ξ}+ β{η(V )φU − g(φU, V )ξ}.

If (α, β) = (1, 0) and (α, β) = (0, 1) are chosen, the generalized sym-
metric metric connection is diminished to a semi-symmetric metric and
a quarter-symmetric metric one as presented in the following;

∇UV = ∇UV + η(V )U − g(U, V )ξ,

∇UV = ∇UV + η(V )φU − g(φU, V )ξ.

From (4), (6) and (15) we have the following proposition.
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Proposition 3.2. The following relations are obtained when M is
an LP -Sasakian manifold with generalized symmetric metric connection
∇:

(∇Uφ)V = [(1− β)g(U, V ) + (2− 2β)η(U)η(V )− αΦ(U, V )]ξ

+(1− β)η(V )U − αη(V )φU,

∇Uξ = (1− β)φU − αU − αη(U)ξ,

(∇Uη)V = (1− β)Φ(U, V )− αg(φU, φV )

for every U, V ∈ Γ(TM).

Example 3.3. A 3-dimensional manifold M = {(x, y, z) ∈ R3} is
considered, in which (x, y, z) are regarded as the standard coordinates
in R3. Suppose that ν1, ν2, ν3 are linearly independent global frame on
M as presented below

ν1 = ez
∂

∂y
, ν2 = ez(

∂

∂x
+

∂

∂y
), ν3 =

∂

∂z
.

Consider that g is a Lorentzian metric defined as

g(ν1, ν2) = g(ν1, ν3) = g(ν2, ν3) = 0,

g(ν1, ν1) = g(ν2, ν2) = −g(ν3, ν3) = 1.

When we consider that η is a 1-form represented as η(Z) = g(Z, ν3) for
every Z ∈ Γ(TM) and φ is the (1, 1) tensor field presented as φν1 =
−ν1, φν2 = −ν2 and φν3 = 0, we thereby get η(ν3) = −1, φ2Z =
Z+η(Z)ν3 and g(φZ, φW ) = g(Z,W )+η(Z)η(W ) for all Z,W ∈ Γ(TM)
through use of linearity of φ and g. Therefore for ν3 = ξ, (φ, ξ, η, g)
describes a Lorentzian para-contact structure on M . Considering that
∇ is the Levi-Civita connection concerning the Lorentzian metric g. The
following is obtained;

[ν1, ν2] = 0, [ν1, ν3] = −ν1, [ν2, ν3] = −ν2.

By means of using Koszul’s formula, the following can be calculated in
an easy way

∇ν1ν1 = −ν3, ∇ν1ν2 = 0. ∇ν1ν3 = −ν1, ∇ν3ν1 = 0,

∇ν2ν1 = 0, ∇ν2ν2 = −ν3, ∇ν2ν3 = −ν2, ∇ν3ν2 = 0, ∇ν3ν3 = 0.

The relations presented above remark that (φ, ξ, η, g) is an LP -Sasakian
structure on M [29].
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Now, we can make similar calculations for a generalized symmetric
metric connection. Using (15) in the above equations, we get

∇ν1ν1 = (−1− α+ β)ν3, ∇ν1ν2 = 0, ∇ν1ν3 = (−1− α+ β)ν1,

∇ν2ν1 = 0, ∇ν2ν2 = (−1− α+ β)ν3, ∇ν2ν3 = (−1− α+ β)ν2,

∇ν3ν1 = 0, ∇ν3ν2 = 0, ∇ν3ν3 = 0.

From the above equations, we can easily see that the relation (1) holds
for all ν1, ν2 and ν3. Also, we obtain ∇g = 0. Thus, ∇ is a generalized
symmetric metric connection on M .

4. Curvature Tensor

Consider that M is an n-dimensional LP -Sasakian manifold, then
the following can define the curvature tensor R of the generalized metric
connection ∇ on M as

(16) R(U, V )W = ∇U∇VW −∇V∇UW −∇[U,V ]W.

When Proposition 3.2 is used, through (15) and (16), we obtain

R(U, V )W = R(U, V )W +K1(V,W )U −K1(U,W )V +K2(V,W )φU

−K2(U,W )φV + {K3(U, V )W −K3(V,U)W}ξ,(17)

where
(18)
K1(V,W ) = (αβ − α)Φ(V,W ) + α2g(V,W ) + (α2 + β − β2)η(V )η(W ),

(19) K2(V,W ) = (β2 − 2β)Φ(V,W )− α(1− β)g(V,W ),

(20) K3(U, V )W = {(α2 + β)g(V,W ) + αβΦ(V,W )}η(U).

From (2)-(4), (7), (8) and (17)-(20), we have the following lemma.

Lemma 4.1. If M is an n-dimensional LP -Sasakian manifold with
a generalized symmetric metric connection, then we have

R(U, V )ξ = (1− β + β2)(η(V )U − η(U)V )

+α(1− β)(η(U)φV − η(V )φU),

R(ξ, V )W = {−aΦ(V,W ) + (1− β)g(V,W )− β2η(V )η(W )}ξ
−(1− β + β2)η(W )V + α(1− β)η(W )φV,

R(ξ, V )ξ = (1− β + β2)(η(V )ξ + V ) + α(β − 1)φV

for every U, V, W ∈ Γ(TM).



Notes on LP -Sasakian manifolds with generalized symmetric connection 467

In the following, the Ricci tensor S and the scalar curvature r of an
LP -Sasakian manifold are presented with ∇ as:

S(U, V ) =
n∑
i=1

εig(R(νi, U)V, νi), r =
n∑
i=1

εiS(νi, νi), εi = g(νi, νi)

in which U, V ∈ Γ(TM), {ν1, ν2, ..., νn} is viewed as orthonormal frame.
Then by using (4) and (17) we obtain

S(V,W ) =
n∑
i=1

εi{g(R(νi, V )W, νi)−K1(νi,W )g(V, ei)

+K1(V,W )εi}+K2(V,W )g(φνi, νi)−K2(νi,W )g(φV, νi)

+{K3(νi, V )W −K3(V, νi)W}η(νi}.(21)

Then by using (18)-(21) we obtain

S(V,W ) = S(V,W ) + {−αβ + (n− 2)(αβ − α)

+(β2 − 2β)traceΦ}Φ(V,W ) + {−2α2 + β − β2 + nα2

+(αβ − α)traceΦ}g(V,W )+{−2α2 + n(α2 + β − β2)}η(V )η(W ).(22)

Due to the fact that Ricci tensor S of the Levi-Civita connection is
symmetric, (22) provides us the following:

Corollary 4.2. Consider that M is an n-dimensional LP -Sasakian
manifold equipped with a generalized symmetric metric connection ∇.
The Ricci tensor S with respect to the generalized symmetric metric
connection ∇ is symmetric.

Lemma 4.3. Let an n-dimensional LP -Sasakian manifold M admit
a generalized symmetric metric connection ∇. Then we have

(23) S(V, ξ) = {(n− 1)(1− β + β2) + α(β − 1)traceΦ}η(V ),

(24)
S(φV, φW ) = S(V,W )+{(n−1)(1−β+β2)+α(β−1)traceΦ}η(V )η(W )

for any V, W ∈ Γ(TM).

Proof. Using (2), (5) and (9) in the equation (22), we get (23). By
using (4), (5) and (10) in the equation (22), we have (24).

Theorem 4.4. Consider that M is an n-dimensional LP -Sasakian
manifold endowed with a generalized symmetric metric connection ∇.
If M is Ricci semi-symmetric with respect to ∇. Then we have the fol-
lowing statements:
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(i) M is a generalized η-Einstein manifold with respect to the general-
ized symmetric metric connection of type (α, β).
(ii) M is an η-Einstein manifold with respect to the generalized sym-
metric metric connection of type (0, β).
(iii) M is an Einstein manifold with respect to the generalized symmetric
metric connection of type (α, 0) (α 6= 1).

Proof. Let R(X,Y ) · S = 0 on an n-dimensional LP -Sasakian mani-
fold M for any X,Y, Z, U ∈ Γ(TM), then we have

(25) S(R(X,Y )Z,U) + S(Z,R(X,Y )U) = 0.

If we choose Z = ξ and X = ξ in (25), we get

S(R(ξ, Y )ξ, U) + S(ξ,R(ξ, Y )U) = 0.(26)

Using Lemma 4.1 and Lemma 4.3 in (26), we obtain

(1− β + β2)S(Y,U) + α(β − 1)S(ΦY,U) = {(n− 1)(1− β + β2)

+α(β − 1)traceΦ}{−aΦ(Y, U) + (1− β)g(Y,U)− β2η(Y )η(U)}.(27)

If one substitutes Y = φY in the equation (27) and using (23), we get

(1− β + β2)S(φY,U) + α(β − 1)S(Y,U) = {(n− 1)(1− β + β2)

+α(β − 1)traceΦ}{(1− β)Φ(Y,U)− αg(Y, U)− αβη(Y )η(U)}.(28)

From the (27) and (28), we obtain

{(1− β + β2)2 − (αβ − α)2}S(Y,U) = {(n− 1)(1− β + β2)

+α(β − 1)traceΦ}{αβΦ(Y,U)− (1− β)(1− β + β2 − α2)g(Y, U)

+(−β4 + β3 − β2 + α2β2 − βα2)η(Y )η(U)}.(29)

Thus, for α = 0, β 6= 0, 1 and α 6= 0, 1, β = 0 we get the following
equations:

(30) S(Y, U) = (n− 1)(1− β)g(Y, V )− (n− 1)β2η(Y )η(U),

and

(31) (1− α2)S(Y,U) = (1− α2)(n− 1− α traceΦ)g(Y,U),

respectively. Equations (29), (30) and (31) tell us the statement of the
Theorem 4.4.
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5. CR-submanifolds of an LP -Sasakian manifold with gener-
alized symmetric metric connection

Definition 5.1. [30] An n-dimensional Riemannian manifold M of

an LP -Sasakian manifold M
′

is called a CR-submanifold if ξ is tangent
to M and there exists on M a differentiable distribution D : x→ Dx ⊂
Tx(M) such that
(i) D is invariant under φ, i.e., φD ⊂ D.
(ii) The orthogonal complement distribution D⊥ : x → D⊥x ⊂ TxM of
the distribution D on M is totally real , i.e., φD⊥ ⊂ T⊥M .

Definition 5.2. [30] The distributionD (resp., D⊥) is called horizon-
tal (resp., vertical) distribution. The pair (D,D⊥) is called ξ-horizontal
(resp., ξ-vertical) if ξ ∈ Γ(D) (resp., ξ ∈ Γ(D⊥)). The CR-submanifold
is also called ξ-horizontal (resp., ξ-vertical) if ξ ∈ Γ(D) (resp., ξ ∈
Γ(D⊥)).

The orthogonal complement φD⊥ in T⊥M is given by

TM = D ⊕D⊥, T⊥M = φD⊥ ⊕ µ,

where φµ = µ.

Let M be a CR-submanifold of an LP -Sasakian manifold M
′

with a
generalized symmetric metric connection ∇. For any X ∈ Γ(TM

′
) and

N ∈ Γ(T⊥M
′
) we can write

X = PX +QX, PX ∈ Γ(D), QX ∈ Γ(D⊥),(32)

φN = BN + CN, BN ∈ Γ(D⊥), CN ∈ Γ(µ).(33)

The Gauss and Weingarten formulas with respect to ∇ are given, re-
spectively,

∇XY = ∇
′

XY + h(X,Y ),(34)

∇XN = −ANX +∇⊥XN

for any X,Y ∈ Γ(TM
′
), where ∇

′

XY , ANX ∈ Γ(TM
′
). Here, ∇

′
, h and

AN are called the induced connection on M , the second fundamental
form and the Weingarten mapping with respect to ∇. From (11), (15)
and (34) we have

∇
′

XY + h(X,Y ) = ∇′
XY + h(X,Y ) + α{η(Y )X − g(X,Y )ξ}

+β{η(Y )φX − g(φX, Y )ξ}.
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Using (32) and (33) in the above equation and comparing the tangential
and normal components on both sides, we obtain
(35)

P∇
′

XY = P∇
′

XY + αη(Y )PX − αg(X,Y )Pξ + βη(Y )φPX − βg(φX, Y )Pξ,

(36) h(X,Y ) = h(X,Y ) + βη(Y )φQX,

(37) Q∇
′

XY = Q∇
′

XY + αη(Y )QX − αg(X,Y )Qξ − βg(φX, Y )Qξ

for any X, Y ∈ Γ(TM
′
).

Theorem 5.3. Let M be a CR-submanifold of an LP -Sasakian manifold
M

′
with a generalized symmetric metric connection ∇̃. Then we have the fol-

lowing expressions:

(i) If M is ξ-horizontal, X,Y ∈ Γ(D) and D is parallel with respect to ∇
′

,

then the induced connection ∇
′

is a generalized symmetric metric connection.

(ii) If M is ξ-vertical, X,Y ∈ Γ(D⊥) and D⊥ is parallel with respect to ∇
′

,

then the induced connection ∇
′

is a generalized symmetric non-metric connec-
tion.
(iii) The Gauss formula with respect to generalized symmetric metric connec-
tion is of the form

(38) ∇XY = ∇
′

XY + h(X,Y ) + βη(Y )φQX.

(iv) The Weingarten formula with respect to generalized symmetric metric
connection is of the form

(39) ∇XN = −ANX +∇⊥XN + αη(N)X + βη(N)φX − βg(φX,N)ξ.

Proof. Using (34) and (36) we have (iii). Moreover, from (15) and Wein-
garten formula, we get (iv). In view of (35), if M is ξ-horizontal, X,Y ∈ Γ(D)

and D is parallel with respect to ∇
′

, we obtain

∇
′

XY = ∇
′

XY + αη(Y )X − αg(X,Y )ξ + βη(Y )φX − βg(φX, Y )ξ.

This equation is verifying (i). In view of (37) if M is ξ-vertical, X,Y ∈ D⊥

and D⊥ is parallel with respect to ∇
′

, we have

(40) ∇
′

XY = ∇
′

XY + αη(Y )X − αg(X,Y )ξ − βg(φX, Y )ξ.

Using (40) we get

(∇
′

Xg)(Y, Z) = β{η(Y )g(φX,Z) + η(Z)g(φX, Y )}.

Thus, we have (ii).
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Lemma 5.4. Let M be a CR-submanifold of an LP -Sasakian manifold M
′

with a generalized symmetric metric connection. Then

(41) h(X,φPY )+βη(Y )φQX+∇⊥XφQY = Ch(X,Y )−αη(Y )φQX+φQ∇
′

XY,

P∇
′

XφPY − PAφQYX − βg(φX, φQY )Pξ = K(X,Y )Pξ

+(1− β)η(Y )PX − αη(Y )φPX + φP∇
′

XY + βη(Y )η(QX)Pξ,(42)

Q∇
′

XφPY −QAφQYX − βg(φX, φQY )Qξ = K(X,Y )Qξ

+(1− β)η(Y )QX +Bh(X,Y ) + βη(Y )QX + βη(Y )η(QX)Qξ(43)

for any X, Y ∈ Γ(TM), where K(X,Y ) = (1−β)g(X,Y )+(2−2β)η(Y )η(Y )−
αg(X,φY ) and B, C are defined in (33).

Proof. We know that ∇XφY = (∇Xφ)Y + φ(∇XY ). By virtue of Proposi-
tion 3.2, (38) and (39), we get

∇
′

XφPY +h(X,φPY )+βη(Y )φQX−AφQYX+∇⊥XφQY −βg(φX, φQY )ξ

= (1− β)η(Y )X − αη(Y )φX + {(1− β)g(X,Y ) + (2− 2β)η(Y )η(Y )

−αg(X,φY )}ξ + φ∇
′

XY + φh(X,Y ) + βη(Y )(QX + η(QX)ξ).

Using (32) and (33) and the above equation, comparing the normal, horizontal
and vertical components, we have (41)-(43).

Lemma 5.5. Let M be a ξ-vertical CR-submanifold of an LP -Sasakian
manifold M

′
with a generalized symmetric metric connection. Then

φP [Y, Z] = AφY Z −AφZY + (β − 1){η(Z)Y − η(Y )Z}

for any Y, Z ∈ Γ(D⊥).

Proof. We know that∇XφY = (∇Xφ)Y +φ(∇XY ), ∀ Y, Z ∈ Γ(D⊥). Using
Proposition 3.2, (38) and (39), we get

−AφZY +∇⊥Y φZ − βg(φY, φZ)ξ = {(1− β)g(Y, Z) + (2− 2β)η(Y )η(Z)

−αg(Y, φZ)}ξ+(1− β)η(Z)Y −αη(Z)φY +φ∇
′

Y Z+φh(Y,Z)+βη(Z)φ2QY.

By using (41), we obtain

φ∇
′

Y Z = −AφZY + {−g(Y,Z) + (β − 2)η(Y )η(Z) + αg(Z, φY )}ξ
−Bh(Y,Z) + (β − 1)η(Z)Y − βη(Z)(φQY + φ2QY ).

Interchanging Y and Z, we have

φ∇
′

ZY = −AφY Z + {−g(Y, Z) + (−2 + β)η(Y )η(Z) + αg(Z, φY )}ξ
−Bh(Y, Z) + (β − 1)η(Y )Z − βη(Y )(φQZ + φ2QZ).

By subtracting above equations, we get the statement of the Lemma 5.5.
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This Lemma is verifying the following theorem.

Theorem 5.6. Let M be a ξ-vertical CR-submanifold of an LP -Sasakian
manifold M

′
with a generalized symmetric metric connection. Then the distri-

bution D⊥ is integrable if and only if

AφY Z −AφZY = (β − 1){η(Y )Z − η(Z)Y }

for any Y, Z ∈ Γ(D⊥).

Corollary 5.7. Let M be a ξ-vertical CR-submanifold of an LP -Sasakian
manifold M

′
with a generalized symmetric metric connection of type (α, 1).

Then the distribution D⊥ is integrable if and only if

AφY Z = AφZY

for any Y, Z ∈ Γ(D⊥).

Corollary 5.8. Let M be a ξ-vertical CR-submanifold of an LP -Sasakian
manifold M

′
with a semi-symmetric metric connection. Then the distribution

D⊥ is integrable if and only if

AφY Z −AφZY = η(Z)Y − η(Y )Z

for any Y,Z ∈ Γ(D⊥).

Proposition 5.9. LetM be a ξ-vertical CR-submanifold of an LP -Sasakian
manifold M

′
with a generalized symmetric metric connection. Then

φCh(X,Y ) = Ch(φX, Y ) = Ch(X,φY )

for any X,Y ∈ Γ(D).

Proof. From (43) we get

(44) Q∇
′

XφY = {(1− β)g(X,Y )− αg(X,φY )}Qξ +Bh(X,Y )

and

(45) Q∇
′

φXφY = {(1− β)g(φX, Y )− αg(X,Y )}Qξ +Bh(φX, Y ).

Interchanging X and Y in (44) we have

Q∇
′

Y φX = {(1− β)g(X,Y )− αg(Y, φX)}Qξ +Bh(X,Y ).

Replacing X by φX in the above equation, we obtain

(46) Q∇
′

YX = {(1− β)g(φX, Y )− αg(X,Y )}Qξ +Bh(φX, Y ).

Subtracting (45) from (46) we lead

Q(∇
′

φXφY −∇
′

YX) = 0.

Thus, we get

(47) ∇
′

φXφY −∇
′

YX ∈ D.
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Moreover, from (41), we find

(48) h(X,φY ) = Ch(X,Y ) + φQ∇
′

XY.

Replacing X by φX and Y by φY in (48) we obtain

(49) h(φX, Y ) = Ch(φX, φY ) + φQ∇
′

φXφY.

Interchanging X and Y in (48), we get

(50) h(φX, Y ) = Ch(X,Y ) + φQ∇
′

YX.

Subtracting (49) from (50) and using (47), we have

Ch(φX, φY ) = Ch(X,Y ).

Replacing X by φX in the last equation we find

Ch(φ2X,φY ) = Ch(φX, Y ).

Thus, we obtain

Ch(X,φY ) = Ch(φX, Y ).

Using (44) we obtain

Q∇
′

Xφ
2Y = {(1− β)g(X,φY )− αg(X,φ2Y )}Qξ +Bh(X,φY ).

Thus,

(51) Q∇
′

XY = {(1− β)g(X,φY )− αg(X,Y )}Qξ +Bh(X,φY ).

Using (51) in (48), we have

h(X,φY ) = Ch(X,Y ) + φBh(X,φY ).

Applying φ on both sides, we obtain

(52) φh(X,φY ) = φCh(X,Y ) + φBh(X,φY ).

Using (33) in (52), proof is completed.

Theorem 5.10. Let M be a ξ-horizontal CR-submanifold of an LP -
Sasakian manifold M

′
with a generalized symmetric metric connection. Then

the distribution D is integrable if and only if

h(φX, Y ) = h(φY,X)

for any X,Y ∈ Γ(D).

Proof. From (43) we get

Q∇
′

XφY = Bh(X,Y ).

Replacing X by φX we have

Q∇
′

φXφY = Bh(φX, Y ).
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Interchanging X and Y we obtain

Q∇
′

φY φX = Bh(φY,X).

Subtracting last two equations, we find

Q[φX, φY ] = B{h(φX, Y )− h(φY,X)}.

Proof is completed.
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