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NUMERICAL SOLUTION OF THE NONLINEAR KORTEWEG-DE VRIES

EQUATION BY USING CHEBYSHEV WAVELET COLLOCATION METHOD

Yasemin BAKIR

Abstract. In this study, a numerical method deals with the Chebyshev wavelet collocation
and Adomian decomposition methods are proposed for solving Korteweg-de Vries equation.

Integration of the Chebyshev wavelets operational matrices is derived. This problem is re-

duced to a system of non-linear algebraic equations by using their operational matrix. Thus,
it becomes easier to solve KdV problem. The error estimation for the Chebyshev wavelet

collocation method and ADM is investigated. The proposed method’s validity and accuracy
are demonstrated by numerical results. When the exact and approximate solutions are com-

pared, for non-linear or linear partial differential equations, the Chebyshev wavelet collocation

method is shown to be acceptable, efficient and accurate.

1. Introduction

Most nonlinear partial differential equations are mathematical models of many phenomena in
the real world such as fluid dynamics, gas dynamics, flexibility, thermodynamics, aerodynamics
systems, ecological, biological systems and generates mathematical models of many more applica-
tions. The nonlinear partial differential equations might not always possible to solve analytically
and so the solution of these equations for researchers has always been a challenge. Lately, lots
of numerical approximation techniques such as rational collocation method [13] etc. have im-
proved to overcome this challenge and to understand behavior of the solutions of nonlinear partial
differential equations.

In this study, we have considered numerical solution to KdV equation which is an important
nonlinear partial differential equation and given in the following standard form

(1.1) ut + εuux + µuxxx = 0

where ε, µ given constants. Let’s summarize this problem, T surface tension,ρ fluid density,g
gravitational acceleration,k channel depth,τ small constant is related to the smooth movement

of liquid,k+η height from the bottom surface, σ = k3

3 − Tk
ρg parameter is expressed by the partial

differential equation in the form of the wave action
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with η = βτu, ζ = −
√

2τµ
σ x, T =

√
2gµτ
σk

3

t conversion, the equation (1.2) takes the form of

(1.3) uT + uζ +
3

2
βuuζ + µuζζζ = 0

µ is the known parameter. (1.3) is converted to x = ζ − T and also written t instead of T

(1.4) ut +
3

2
βuux + µuxxx = 0

Korteweg-de Vries equation is obtained. Recently, numerous methods have been used to solve
non-linear KdV equations. Some of them are like the element free Galerkin (EFG) method [18],
the finite difference method [2], the Wavelet-Petrov-Galerkin method [15], Variational Iteration
Method and Homotopy Analysis Method [14], Operator Splitting Methods [7].

In this paper, we have discussed the Chebyshev wavelet collocation and Adomian decomposition
methods and we have solved the Korteweg-de Vries equation and examined the accuracy of the
results.

The paper consists of three sections. In the section 1, the KdV equation is introduced in its
most general form. In addition, the literature information of the methods used for the numerical
solution of this equation is given. In the section 2, Methodology of Chebyshev wavelet collocation
method is analyzed. The discretization of KdV equations is discretized in the section 3 and in
addition it is demonstrated how the numerical solution of KdV is obtained. Finally, accuracy of
the numerical results and effectiveness of the proposed numerical method is shown by considering
an example.

2. Chebyshev Wavelet Collocation Method

Chebyshev wavelets are written as ψn,m (x) = ψ (k, n,m, x) in which m represents degree of
Chebyshev polynomials ,k = 0, 1, 2, . . . , n = 1, 2, . . . , 2k−1 and x denotes the normalized time
[5]. These are defined on the interval [0, 1] as

(2.1) ψn,m (x) =

 αm2
k
/2√

π
Pm

(
2kx− 2n+ 1

)
, n−1

2k−1 ≤ x ≤ n
2k−1

0 , otherwise

where

(2.2) αm =

{ √
2 m = 0
2 m = 1, 2, . . .

and m = 0, 1, ..,M − 1, n = 1, 2, . . . , 2k−1 [5]. Pm (x) are Chebyshev polynomials of order m

and these polynomials are orthogonal in regard to the weight function W (x) = 1
/√

1− x2 on the

interval [−1, 1]and by used the following recursive formula [5]:

(2.3) P0 (x) = 1, P1 (x) = x, Pm+1 (x) = 2xPm (x)− Pm−1 (x)

We may note that Pm

(
2k+1x− 2n+ 1

)
are generalized Chebyshev polynomials of the first kind of

degree m that are orthogonal with respect to the weight function Wn (x) =W
(
2k+1x− 2n+ 1

)
.

F (x) ∈ L2
W [0, 1] function can be expanded as Chebyshev wavelets basis

(2.4) F (x) =

∞∑
n=1

∞∑
m=0

ςn,mψn,m (x)
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where

(2.5) ςn,m = ⟨F (x) , ψn,m (x)⟩
⟨., .⟩ defines the inner product according to Wn (x) in equation (2.5) [8]. If (2.4) equation trun-
cated and it could be written as

(2.6) F (x) ∼=
2k−1∑
n=1

M−1∑
m=0

ςn,mψn,m (x) = CTΨ(x)

(2.7) C =
[
ς1,0, ς1,1, . . . , ς1,M−1, ς2,0, . . . , ς2,M−1, . . . , ς2k−1,0, . . . , ς2k−1,M−1

]T
and
(2.8)

Ψ (x) =
[
ψ1,0 (x) , ψ1,1 (x) , . . . , ψ1,M−1 (x) , ψ2,0 (x) , . . . , ψ2,M−1 (x) , . . . , ψ2k−1,0 (x) , . . . , ψ2k−1,M−1 (x)

]T
For simplicity, we rewrite (2.7)

C = [ς1, ς2, . . . , ς2k−1 ]
T
, Ψ(x) = [ψ1, ψ2, . . . , ψ2k−1 ]

T

and

(2.9)

ςi = [ςi,0, ςi,1, . . . , ςi,M−1]
T
, ψi (x) = [ψi,0 (x) , ψi,1 (x) , . . . , ψi,M−1 (x)]

T
, i = 1, 2, . . . , 2k−1

Furthermore, u (x, t) is defined any function of two variables on [0, 1 ]×[ 0, 1]and it can be ex-
plained into Chebyshev wavelet basis as:

(2.10) u (x, t) ∼=
2k−1M∑
i=1

2k−1M∑
j=1

ςi,jψi (x)ψj (t) = Ψ (t)
T
CΨ(x)

where C = [ςi,j ] and ςi,j =< ψi (x) , < u (x, t) , ψj (t) ≫ [11]. By using the collocation points

ti =
2i− 1

2kM
, i = 1, 2, . . . , 2k−1M

we define the 2k−1M × 2k−1M matrix Φ as:

(2.11) Φ =

[
Ψ

(
1

2kM

)
,Ψ

(
3

2kM

)
, . . . ,Ψ

(
2kM − 1

2kM

)]
We need to know how to calculate the operational integration of the matrix so as to apply our
method. For this aim, the generalized integral operational matrix was investigated by Kilicman
and Al Zhour [11]. The integral of the vector Ψ(x) can be represented as

(2.12)

∫ x

0

Ψ(τ) dτ∼=Γ Ψ(x)

where Γ is the 2k−1M × 2k−1M operational matrix of the one-time integral of Ψ(x) [11]. Con-
sidering [11], Γn of n-times integration of Ψ (x) can be shown as follows:

(2.13)

∫ x

0

. . .

∫ x

0

Ψ(τ) dτ. . .dτ︸ ︷︷ ︸
n times

∼=ΓnΨ(x)

Çelik [5] expressed a standard method to get the appropriate integral operational matrix of
distinct basis. Therefore, the operational matrix of Ψ(x) can be shown by following:
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(2.14) Γ = ΦΓBΦ
−1

and in generally,

(2.15) Γn = ΦΓn
BΦ

−1

where Γn
B is the operational matrix of n-time integral of the block pulse functions defined as

follows:

(2.16) Γn
B =

1

mn

1

(n+ 1)!



1 ξ1 ξ2 . . . ξm−1

0 1 ξ1 . . . ξm−2

0 0 1
. . . ξm−3

0 0 0 1
...

0 0 0 0 1


where ξi = (i+ 1)

n+1 − 2in+1 + (i− 1)
n+1

[11].

3. Numerical Application

Let’s assume that ε = −6 and µ = 1 in equation (1.1). We deal with the Korteweg-de Vries
equation with initial condition and boundary conditions described by

(3.1) ut − 6uux + uxxx = 0

(3.2) u (x, 0) =
1

6
(x− 1)

(3.3) u (0, t) = − 1

6 (1− t)

(3.4) u (1, t) = 0

The exact solution of (3.1) - (3.4) problem u(x, t) = 1
6

(
x−1
1−t

)
. Now, let’s solve this problem

using the Chebyshev wavelet collocation method with k = 2, M = 2,

(3.5) Ψ (x) = [ψ1,0 (x) , ψ1,1 (x) , ψ2,0 (x) , ψ2,1 (x)]

obtain and we have

ψ1,0 (x) =

{ 2√
π
P0 (4x− 1) , 0 ≤ x ≤ 1

2

0 , otherwise
ψ1,1 (x) =

{
2
√
2√
π
P1 (4x− 1) , 0 ≤ x ≤ 1

2

0 , otherwise

ψ2,0 (x) =

{ 2√
π
P0 (4x− 3) , 1

2 ≤ x ≤ 1

0 , otherwise
ψ2,1 (x) =

{
2
√
2√
π
P1 (4x− 3) , 1

2 ≤ x ≤ 1

0 , otherwise

We assume

(3.6)
∂4u

∂t∂x3
= Ψ(x)

T
CΨ(t)

where C = [ςi,j ]m×mis an unknown matrix which must be obtained and also Ψ (t) is the vector

that described in (2.8) equation. By integration of (3.6) one time with respect to t:

(3.7)
uxxx (x, t) = Ψ (x)

T
CΓΨ (t) + uxxx (x, 0)

= Ψ (x)
T
CΓΨ (t)
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By integration of (3.7) three times with respect to x:

(3.8)
uxx (x, t) = Ψ (x)

T
ΓTCΓΨ (t) + uxx(0, t)

= Ψ (x)
T
ΓTCΓΨ (t)

(3.9) ux (x, t) = Ψ (x)
T (

Γ2
)T
CΓΨ (t) + ux(0, t)

(3.10) u (x, t) = Ψ (x)
T (

Γ3
)T
CΓΨ (t) + xux(0, t) + u(0, t)

(3.11) ut (x, t) = Ψ (x)
T (

Γ3
)T
CΨ(t) + xuxt(0, t) + ut(0, t)

by putting x = 1 into (3.10).

(3.12)
ux(0, t) = u (1, t)− u(0, t)−Ψ(1)

T (
Γ3
)T
CΓΨ (t)

= 1
6(1−t) −Ψ(1)

T (
Γ3
)T
CΓΨ (t)

and by putting x = 1 into (3.12).

(3.13) uxt(0, t) =
1

6 (1− t)
2 −Ψ(1)

T (
Γ3
)T
CΨ(t)

and (3.13) replace by the equation (3.11), we get

(3.14) ut (x, t) = Ψ (x)
T (

Γ3
)T
CΨ(t) + x

(
1

6 (1− t)
2 −Ψ(1)

T (
Γ3
)T
CΨ(t)

)
− 1

6 (1− t)
2

(3.12) replace by the equation (3.10), we obtain

(3.15) u (x, t) = Ψ (x)
T (

Γ3
)T
CΓΨ (t) + x

(
1

6 (1− t)
−Ψ(1)

T (
Γ3
)T
CΓΨ (t)

)
− 1

6 (1− t)

Now by replacing (3.12), (3.13), (3.14) and (3.15) into (3.1);

(3.16)

Ψ (x)
T (

Γ3
)T
CΨ(t) + x

(
1

6(1−t)2
−Ψ(1)

T (
Γ3
)T
CΨ(t)

)
− 1

6(1−t)2

−6
[
Ψ(x)

T (
Γ3
)T
CΓΨ (t) + x

(
1

6(1−t) −Ψ(1)
T (

Γ3
)T
CΓΨ (t)

)
− 1

6(1−t)

]
.
[
Ψ(x)

T (
Γ2
)T
CΓΨ (t) + 1

6(1−t) −Ψ(1)
T (

Γ3
)T
CΓΨ (t)

]
+Ψ(x)

T
CΓΨ (t) = 0

For this method, we obtain, Γ,Γ2,Γ3obtained by substituting Φ in (2.14) and unknown coeffi-
cients C for k = 2, M = 2 as follows:

(3.17) Φ =


1.128379167 1.128379167 0 0

−0.7978845605 0.7978845605 0 0
0 0 1.128379167 1.128379167
0 0 −0.7978845605 0.7978845605
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(3.18)

Γ =


0.25 0.176776695348775 0.5 0

−0.0883883476222492 0 0 0
0 0 0.25 0.176776695348775
0 0 −0.0883883476222492 0



(3.19)

Γ2 =


0.0416666667 0.04419417338371938 0.25 0.0883883476743876

−0.0220970869055623 −0.020833333333333 −0.0441941738111246 0
0 0 0.0416666667 0.04419417338371938
0 0 −0.0220970869055623 −0.020833333333333



(3.20)

Γ3 =


0.005208333333333 0.00644498368459077 0.072916666667 0.0441941738371938

−0.00322249184039450 −0.003906250 −0.0220970869055623 −0.00781250
0 0 0.005208333333333 0.0064449836849077
0 0 −0.00322249184039450 −0.003906250



and by replacing (3.18), (3.19) and (3.20) into (3.16), we have

(3.21)

C =


−0.1324551713.10−8 −0.2444746101.10−8 −0.2465599235.10−7 −0.4197580029.10−7

0.5855075989.10−9 0.1523565924.10−8 −0.2179497744.10−8 −0.4197580029.10−8

0.3197373702.10−9 0.1441300532.10−8 0.6438222282.10−8 0.8694470201.10−8

0.1525765558.10−9 −0.1448932329.10−9 0.2874823150.10−7 0.4429818922.10−7



In this part, the following tables describe the differences between the exact and numerical solu-
tions. The tables illustrate the errors for both methods such that the Adomian decomposition
and the Chebyshev wavelet collocation methods are compared with the exact solution at different
values of x and t.

Therefore, we have the figure and error table for the approximate solution of this equation
for Chebyshev wavelet collocation method with k = 2, M = 2. At the same time, considering
[17], we obtained numerical results for comparison by applying Adomian Decomposition Method
(ADM) to the (3.1) - (3.4) problem. We compare numerical solution of Chebyshev wavelet col-
location method with k = 2, M = 2 with solutions of (ADM) by taking twenty terms as follows:
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Table 1. Error Table of KdV Equation by using Adomian Decomposition
Method (ADM) and Chebyshev wavelet collocation method with k = 2, M = 2

x t |Unumeric − uexact| |ADM − uexact|

0.125 0.125 0.645818953870503.10−10 0.8692344030.10−10

0.375 0.443536873895312.10−10 0.5703020455.10−4

0.625 0.937969146797002.10−10 0.003375341802
0.875 0.565420998910326.10−8 0.02054097436

0.375 0.125 0.139156228207149.10−9 0.6208817164.10−10

0.375 0.961043744585055.10−10 0.4073586039.10−4

0.625 0.946537292989547.10−11 0.002410958430
0.875 0.392705690188677.10−8 0.01467212454

0.625 0.125 0. 735021210562792.10−10 0.3725290298.10−10

0.375 0.126204463546387.10−10 0.2444151624.10−4

0.625 0.743137218428558.10−10 0.001446575058
0.875 0. 107365971668827.10−8 0.008803274726

0.875 0.125 0.188326229610958.10−10 0.124176343310−10

0.375 0.657931834013858.10−10 0.8147172079.10−7

0.625 0.414379086599581.10−10 0.0004821916860
0.875 0.957886603369928.10−9 0.002934424909

Figure 1. Korteweg-de Vries Equation Exact Solution.

(a) (b)

Figure 2. (a) describes KdV approximate solution for k = 2, M = 2 and the
other hand (b) shows KdV Error Analysis for k = 2, M = 2 .
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Similarly, we have Γ,Γ2,Γ3 to get the approximate solution of this equation for Chebyshev wavelet
collocation method with k = 2, M = 3 and these are substituted in (3.16). Therefore, we have
the figures and error tables for the approximate solution of KdV equation for Chebyshev wavelet
collocation method with k = 2, M = 3.

(c) (d)

Figure 3. (c) describes KdV approximate solution for k = 2, M = 3 and the
other hand (d) indicates KdV Error Analysis for k = 2, M = 3

(e)

Figure 4. (e) showed more details in the range of 0 < x, t < 0.00004 for KdV
Error Analysis.
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By considering [17], we made comparisons with the numerical results of the Adomian Decom-
position Method (ADM) by taking twenty terms and Chebyshev wavelet collocation method for
k = 2, M = 3.

Table 2. Error Table of KdV Equation by using Adomian Decomposition
Method (ADM) and Chebyshev wavelet collocation method with k = 2, M = 3
x t |Unumeric − uexact| |ADM − uexact|

0.083333333 0.0833333333 0.203770306184125616.10−9 0.3553122824.10−11

0.2500000000 0.158600715893797428.10−9 0.2331203838.10−7

0.4166666667 0.144388834222297647.10−9 0.1387911457.10−3

0.5833333333 0.258579657685942266.10−9 0.2043852919.10−2

0.7500000000 0.274884559559041008.10−9 0.01384155655
0.9166666667 0.519892040529157384.10−8 0.2187403309

0.2500000000 0.0833333333 0.130765120953668657.10−9 0.2907100492.10−11

0.2500000000 0.121751192461161395.10−8 0.1907348595.10−7

0.4166666667 0. 744723727130747194.10−10 0.1135563919.10−3

0.5833333333 0.360144858380095911.10−9 0.1672243297.10−2

0.7500000000 0. 443757586232607082.10−9 0.01132490990
0.9166666667 0. 851211567898246813.10−8 0.1789693617

0.4166666667 0.0833333333 0.563028235145424106.10−10 0.2261078160.10−11

0.2500000000 0.107718917119470348.10−9 0.1483493352.10−7

0.4166666667 0.139840528046164536.10−9 0.8832163816.10−4

0.5833333333 0.171513275804002774.10−9 0.1300633676.10−2

0.7500000000 0.0143361655879914451.10−9 0.8808263258.10−2

0.9166666667 0.383712595031227010.10−8 0.1391983924

0.583333333 0.0833333333 0.833744462358509964.10−10 0.1615055829.10−11

0.2500000000 0.340104611140645829.10−10 0.1059638108.10−7

0.4166666667 0.111511300193711804.10−9 0.6308688440.10−4

0.5833333333 0.434925151449050418.10−10 0.9290240541.10−3

0.7500000000 0.774315611629106115.10−10 0.6291616613.10−2

0.9166666667 0.215133644232423650.10−8 0.09942742315

0.75000000 0.0833333333 0. 635539468274437524.10−10 0.9690334973.10−12

0.2500000000 0.148364168173209522.10−10 0.6357828650.10−8

0.4166666667 0.418381440603354804.10−10 0.3785213064.10−4

0.5833333333 0.425096069456287752.10−10 0.5574144324.10−3

0.7500000000 0.730322469166821975.10−10 0.3774969968.10−2

0.9166666667 0.172286901412022076.10−8 0.05965645389

0.916666667 0.0833333333 0.463610694972915738.10−10 0.3230111658.10−12

0.2500000000 0.335970140596941748.10−11 0.2119276217.10−8

0.4166666667 0.558984455945044090. 10−11 0.1261737688.10−4

0.5833333333 0.358754692619811522.10−12 0.1858048108.10−3

0.7500000000 0.367981478621715042.10−10 0.1258323323.10−2

0.9166666667 0.424978718882584872.10−9 0.01988548463
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4. Conclusion

This paper shows that two distinct methods for solving the Korteweg-de Vries equation are used.
The solution is successfully developed using the Adomian decomposition method. It has a widely
applicability because of the reliability of the method. The Chebyshev wavelet collocation method
is applied as well.

The numerical results of these methods are also compared with exact solution of the equation.
As we can see from the tables and figures, it is clear that numerical solution of the Chebyshev
wavelet collocation method approaches the exact solution for x < 1 and t < 1. Moreover, this
study is applicable for the different ranges because Chebyshev wavelets are compact support [9].
Furthermore, applicable of this method is very suitable for solving initial and boundary value
problems. In addition, the greatest advantage of this method is the small computational costs
and the simplicity of its applicability.

Finally, when we compare the Chebyshev Wavelet collocation method with Adomian decompo-
sition method, it is seen that the Chebyshev wavelet collocation method provides a much better
exact solution approach than Adomian decomposition method. We show that Chebyshev wavelet
collocation method is superior to other methods.
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[3] I. Aziz, B. Šarler, The numerical solution of second-order boundary value problems by collocation method

with the Haar wavelets, Math Comput Model, (2010), 52:1577–90.

[4] E. Babolian, F. Fattahzadeh, Numerical solution of differential equations by using Chebyshev wavelet oper-
ational matrix of integration, Applied Mathematics and Computation, (2007), 188:417-426.
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