OPEN SUBGROUPS IN CHARACTER GROUPS

This note is a study in locally compact abelian
groups, and is concerned with orthogonal pairs
defined by two groups. It refers to open subgroups
in a group of an orthogonal pair and the character
group of the other group.

To simplify our discussions. we recall some
knowledge assumed as known. and also introduce
some notations.

We say that two groups G and X form a PAIR.
whenever there is given for every pair of elements
of %G and &eX a product x§=Ex. continuous
and distributive in both variables and whose
values are in K. In a pair G and X we denote
the elements of G by small italic letters: x, .-+,
and the elements of X by small Greek letters:
& poee

Let H be a subset of G in a pair G and X
We call the set of all elements £ of X for which
x6=0 for every xeH the ANNIHILATOR
(X, H). Similarly with G, X interchanged. In
particular, a pair G and X is called ORTHOGO-
NAL if

(G. X)J=1{0} and (X, G)={0}.

We say that a group G has A COMPACT
GENERATOR if there exists a nucleus V of G
such that G is generated by V and V is compact.

A mapping s of aset G into a set X is called
INJECTIVE if the condition x=y (where . y¢G)
unplies f(x)=+/(.

Frequently used symbols.

C=An infinite cyclic group.

D=The additive real group.

K=The additive group of the reals mod 1

Z=A finite abelian group.
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G,=The subgroup (0,---, O, Gi, O,--, O in a
external direct sum G of group of a finite system
Gy G

z;=An element (O,.-, O, X, O,+-,, O) of G,.

Ai=A nucleus determined dy its radius k in K.

W(F., A)=The set of characters of a group G
carrying a compact subset F of G into A.

R,=A mapping: §—x§ in a pair G and X,
where &eX and x is a fixed element of G.

KeCtD¥Z=A direct sum of groups K,C,D, and
Z, where the finite numbers @, 5, anc ¢ indicate
their numbers of groups respectively. We call
such a group the fundamental group.

If a group G has, a compact generator, G is
the direct sum of its maximal compact subgroup
H, and the fundamental group H, isomorphic. to
Can.ﬂ

If a pair G and X is orthogonal and H is a
subgroup of G, then H and X/(X,H] are ortho-
gonal under the following multiplication: if xeH
and &%¢ X/(X,H). then x£¥=2x£ for &cb*.

In an orthogonal pair G and X, let G¥ be the
character group of X. Then there exists a natural
homomorphism F: x—s* of G into G* such that
»*(E)=x€ where §eX.

(LEMMA 1) Let G* be a direct sum of a finite
system G,.---G,. Supposc that the group G and a
group X form an orthogonal pair. Let G* be the .
character group of X/[(X, G:), g: the natural
homomorphism of X on x/(X, G, and F: the
natural homomorphism of G; into G;*. Then the
Pontrjagin Duality Theorem holds in the pair G
and X if F(G:)=G*=G; and the algebraic subg-
roup 2G*g; is closed in the character group G*
of X

PROOF. If x* ¢G*, then the resultant x%g,



of g: and x* is a character of X. If F is any
compact subset of X and A, any nucleus of X,
we may choose as nuclear base for the subspace
G*g; of G* the familly of all the sets W*(F, A,
NG*g.. Let Vi(g(F).AD) be the nucleus of G*
determined by g.(F) and 4. Then we have
WX*(F, A (Gig:=V(g:(F). Adg:. Let W.(F,A)
=Vilg:(F). Adg.

We shall now show that every F::G—G*
induces an isomorphism of G: onto Gi*g:. Define
a mapping f:Gi—G*g: on G; by f.(x)=F:(x)g.
=x,%g;. Then we have )

fx)E)=F.(x)g:(8)=Ex
for all §eX. If 2. v: ¢ G., then
[ty )(E)=6(x 49
=Ji(x:)(§) +fi(yi)(5)
=Cfi(#)+AODIED.

it follows by the continuity of F; that for a
nucleus V.(g:(F), A) there exists a nucleus U of
G: such that F.(UD(g:(F)) A Then we have

J{(xDID=F.(x)(g:(F)NTA

for everyx.clU. Hence s, is 2 homomorphism of G,
into G*g,. Furthermore, the set H; of all elem-
ents x€G, for which x*g,(§)==Eg,=0 for all
§eX. Then we have H,={0}. It follows by the
isomorphism F; that for a nucleus U of G; there
exists a nucleus Vi(@, A) of G* such that V,
(Q, ACFU). where Q is a compact subset of
X/[X, G:). Take a nucelus U’ of X so that {77
is compct. Since @ is contained in a set of finite
unions of sets g.(§;+U’), where £€X, we can
construct a compact subset F of X for which
Qgi(F). Then we have V:(g:.(F), A< V{(Q.
A, and so V(g:(F), A)CF:LU), whene W.(F,
ACf(U). Hence if follows that f; is an isom-
orphism of G onto Gi*g,

LetG**=3G;*g,. Then
LeGi* g (Gl*gx+"°+Gi*~1g:—x+G*f+|g-+|+'"
+G*g.),

implies {=x;*g, and
=¥1*g1+"’+x*i—1g-‘—-l+x*-+xgs+1+"'+x*ng--
For all §eX, we have
x*2:(8)=x%g,() 4 +2*,,8:0(E)
+2* 180 ()2, g(E),
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and so
Exi =+ 8y iy
This gives us the contradiction
x:=x1+"'+xi—1+xi+1+"'+xm
whence {=0. Thus the represetation of G** is
unique.
Now define a mapping f:5—>2x%g; on G by
Ra*g)(O=2x*g(§)=2Ex=¢x,
where x=2x; ¢X. Then we have Ax)=Jf(x).
Since every f; is a isomorphic mapping, f is an
isomorphism of G onto G**. Furthermore. a cha-
racter §eX of G* implies
E(2x*g)=(Zx*gH(E)=6x.
Because of the orthogonality and the closed subset
2G*g, we have
(X, G*)=(X, GI={0}
and so
G**=(G*, {0} )=G*.
Hence G**=G*, and G is the character group of
X. We can conclude that the Pontrjagin Duality
Theorem holds in the pair G and X
(LEMMA 2) Let G be a group which has a
and G=H,+H, (Ref 1.
Suppose that the roup G and a group X form
an orthogonal pawr. Let H* be the character
group of X/(X, H;] and g; the natural homom-
orphism of X on X/(X, H.). Then the Pontrjagin
Duality Theorem holds in the pair G and X if
the algebraic subgoup ZH:*g, is closed in the
character group G* of X and X/(X, H,)==K*D".
PROOF. Let F, be the natural homomorphism
of H, into H,*. Refering LEMMA 1, it sufices
w0 prove that F,(H)=H*=<H, Since G has a
compact generator. there exists a nucleus W of
G for which
G=WU2W Ul nWl-,
and zW is compact. Then the set zW [ H, is co-
mpact and
H1=(WﬂHx)U(2WﬂHx)U"--
Hence H, is the group of countable uniomns of its

compact generator,

compact subsets, and so the continuous mapping
F, is open. Moreover, for x(=0)cH, there exists
an element £¥e¢X/( X, H,] such that F,(x)(§%)
=&*x4(0, This implies that the character F,(x)



is not null. That is to say, the kernel of F'is
null. Hence F, is an isomorphic mapping of H,
on a subgroup F\(H)) of H*. On the other
hand, F\(H,) is a closed subgroup of H,* since
a group which is a T,-space is a Hausdorff space.
Because of the orthogonality we have (A, F\(H)))
=1{0}, whence F\(H)=(H* {0})=H* Thus
F, is an isomorphism of H, onto H,*, ard the
proof is finished.

(THEOREM) let a pair G and X be orthog-
onal. Let H be an open subgroup ¢ which has a
compact generator, and H=H,+H, (Ref. 1).
Then there exists an open subgroup H* in the
character group G* of X such that H=<H* and
G/Hz==G*/H* if and only if the following condition
are satisfied:

P. D.
closed in Gy, where H.* is the character group
of X/(X, H;) and g; is the natural homomorph-
ism of X on X/(X, H.),

The algebraic subgroup 2H*g, is

®P. 2, X/[X H)=KD,
(P. 3). The set (X, H) is compact,
(P. 4). For the pair G/H and (X, H] the

algebraic mapping: x*—>R.*(x*¢ G/H) is injective.

PROOF. Suppose that a pair G and X satisfies
the conditions of proposition. Let g be the natural
homomorphism of X on X/[(X, H). For every H.
of H, we have [ X, HIJC[X, H,).
and

g((X. HD=[X/(X. H}. H.].

This implies

X/(XHI=X/(X.H]}/(X/(X.H], H].
Let 2,=X/(X.H)/[X/(X.A), H). Let H** be
the character group of Z. and g,* the natural
homomorhpism of X/(X, H,] on Z,. Considering
the orthogonal pairs: H, and X/(X, H,), H, and
Z, we obtain H.~H* and Hz==H** (Ref.
LEMMA 2). Then we have H,=<H*g, and
HezH**g* (Ref. LEMMA 13. and so J'H*g,
c=2HexYH**g*  For every xH there exists
v ¥¢H.* and x**eH** such that for every &eX

(B *g)()=2x%g.(&)=éx=Ex=E*

=2z ¥ g X (EF)=(Tx**g (")
=(Zx**g*)(§), where &=+ (X H).

9

This implies Z2H*g,=2H**g* in G* On
the other hand, the set ZH**g,* is a subset of
the character group (G*, [X, H)) of X/(X, H].
Now let H*=(G*, (X, H].) Then the set YH **g*
is closed in H*. We conclude from this with
the help of LEMMA 2 that each of the groups
H and X/[(X. H) is the character group of the
other.

“The orthogonality of the pair G and X implies
((X. H), G/H)={0}. Since x*=y* (where x%
y¥¢ G/H) implies R*+R* (See (P. 4)). we
have (G/H, (X, H))=1{0}. Hence the compact
group [X, H) and the discrete group G,/H form
an orthogonal pair, which concludes that each of
two groups [X, H) and G/H is the character
group of the other.

By the character group G*/H* of (X, H], we
have G/He=G*/H*. By the character group H*
of X/(X, H) we have H=H*. Take a character
x*e¢ X so that ¥(( X, H))=/A:. Then 2*((X.H))=0
and so x*¢H*. This implies H*=W*((X, H], 4.
that is to say, H* is an open subgroup of G*

We shall show that the four condition of pro-
position are necessary. Let ¢ be the isomorphism
of H onto H*. Let V be a nucleus, which gen-
Then
V*=¢(V) is a nucleus which generates A*. Since
o(V) is compact and V*Cp(V), the closure v
is compact. It then follows that H* has a compact
generator and it is expressible in the form H*=
H*+H,*. We see that H.z<H*. the
compact subgroup ¢(H,) is contained in H*, and
also H, contains the compact subgroup ¢~ (H,*),
whence o(H)=H* ie. H=H* We have
H/H=>=H*/H* and so H,e<H,*c=<C°I*.

Suppose §e( X, H) and &(X, H*). By the fact
He==H*, each of two groups Hand X/(X, H*) is
the character group of the other. Now construct
an orthogonal pair H and X/(X, H*). Then
26=x*+0 (where &*=C(+4+(X, H¥)) for some
x¢H, which is a contradiction. Then we have
(X, H)c(X, H*). Similarly, we have (X, H*)
(X, H). Hence we conclude (X, H =(X. H*).
In the same way, we see that (X. A 1={X H*).

crates H, and whose closure is compact.

In fact,



Replace H by H* and put X/( X, H)=X/(X, H¥)
and X/(X, H)=X/(X, H*) in the first paragr
aph of proof of this theorem. Then we obtain
H¥*cxZH*g;, and H* is open. Then the sc
JHi*g, is closed in G* which is (P. 1). The
character group X/(X, H,¥) of H,* implies
X/(X, H)=X/(X, H*)=<K°D». which shows
@ 2.

The subgroup (X, H¥) is the character group
of the discrete group G*/H*, and so (X, H)=
(X. H*) is compact, which is (P. 3). Suppose
that x*<=y* (where ¥, y*e¢ G/H) implies R.*=R,*
Then we have &x*=&y* for all &(X, H], and
so x*=y* This is a contradiction. Therfore the
algebraic mapping: x*—R.,* is injective, which
shows (P. 4), The proof of THEOREM is fini-
shed.

Dr, K. P. Yoon have assisted with the proofre-
- ading. 1 take this opportunity to offer my sincere
“hanks to him.
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