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ON THE LIGHT MAPPINGS®

INTRODUCTION

The main object of the present paper is to
describe some proparties of light mappings of a
compact space X into R* and the relation be-
tween light mappings and dimension in spaces.

In this paper, all spaces are assumed to be
completely regular. However in the light of the
relation dim X=dim BX®, we may be able to
assume that the space to be considered is com-
pact, as far as the dimension may be concerned.
Motivated by the following theorem, we reach
to the Theorem 2. 1. and 2. 2. which are not only
a generalization of some aspect of the theorem,
but also the main result of this paper. For this
purpose we interpose CHAPTER I in which we
summarize the basic notations and theorems co-
ncerning dimension theory which are pertinent

to our subsequent disccusion. .

Theorem®. X is a separable metric space of
dimension<n and I,,,; is a (2n+1)-dimensional
Euclidean cube. Let I¥,,, cenote the space of
all continuous mappings of X in I,,,; with me-

tric given the formula:

a(f, g)=§u£ Lf(x), g(x)],

where 5 is the metric in Ipusr, Then if X is
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compact, the set of all homeomorphisms of X

into I, constitutes a dense Gy set in I},
CHAPTER 1

Definition 1.1 A mapping ! : X-Y is said
to be light provided that, for each y=Y, the
inverse /~(y) is totally disconnected.

Theorem 1.19 Let X be a compact space.
For any cover® U of X, the sst

GW={ge C,(X)|U: envelops g-(y) for
all yeg[X]}
is open in the metric space C,(X) If, further,
dim® X<»n, then G(U) is also dense.

Theorem 1.2 (BAIRE) The countable inter-
section of open dense subsets of a complete me-
tric space is dense in the space.

Definition 1.2 A subring A of C*(X), the
set of bounded continuous functions of X in R,
will be called an algebraic subring provided that

(1) all constant functions belong to A

(2) f2=A implies f<=A.

An algebraic subring that is closed in the me-
tric topology of C*(X) will be called an analy-
tic subring.

Definition 1.3 The analytic dimension of
C*(X) — denoted by ad C*(X)—is defined to he
the least cardinal s such that every countable

@A thesis submitted to the faculty of Seoul National University in partial fulfillment of the requirements
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®BX is the Stone-gech compactification of X (See (1), Chap,6.)

@Zee (2] p. 56.
@See (1] p. 254.

®By a cover of X, we shall mean a finite open cover.

©The dimension of X — denoted by dimX — is defined to be the least cardinal m such that every basic cover

of X has a basic refinement of order at most m,

Remark. We shall denote the set of all continuous mappings from X into R* by C,(X). (In special case,
Ci(X)=C(X)). The set of all bounded functions in Co(X) is denoted by C%(X).

—§ —



family in C*(X) is contained in an analytic su-
bring having a base of power <m.

Theorem 1.30 Let X be compact. For g@c
C,(X), the analytic subring 4g with base (g,
.-, g, is precisely the set of all functions that
are constant on every component of g=(v), for
all yeg[Xl

Theorem 1.4 (KATETOV)®. The following
are equivalent for any completely regular space
X.

(1) dim X£n,

(2) adC¥*(X)En — e,
family of C*(X) is contained in an analytic sub-
ring having a base of cardinal <n.

(3) Every finite subfamily of C*(X) is con-
tained in an analytic subring having a base of
cardinal <n.

every countable sub-

CHAPTER II

Theorem 2.1 Let X be a compact metric
epace. If dim X<pn, then the set of all light ma-
ppings in C,(X) is a dense G; set in the func-
tional epace C,(X).

Proof. Since X is a compact metric space, then
there exists a cover U; of X such that the mesh

of U, is less than -}— for each ;N

From theorem 1.1 the set G(U;) is open dense
in C,(X). Therefore ﬂG(U) is a G and also

dense in C,(X) by theorem 1. 2. Since each
G(U,) contains the set of all light mappings in
C.(X), so does rjb(‘;(ui),
1
Let g be a function in _ﬂNG(U,.)_ If g=(y) is
H

not totally disconnected in X for an element ye=
R”, then there exists a connected set Kcg~(y),
which contains more than one point, say, x,, x,
be distinct two points in K. There exists peN

such that —},‘<d("1= x,), where d is the me-
tric in X, and hence g&G(U,). This is a con-

TSee (1), p. 258.
@Fach n-tuple of functions g,,

g(D=(g: (2D, -+, ga(x)) (X)),
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tradiction. Hence the G; set, N )?(Ui), is the
113

set of all light mappings in C,(X).

Corollary. Let X be a compact metric space.
If dim X<, then the set of all continuous ma-
ppings in C,(X) which are not light mappings
is of the first category in C,(X).

Lemma. Let X be a compact space such that
dim X<n If there exists a light mapping [ in
C,(X), then the set of all light mappings in
C,(X) is a dense Gj; set in C,(X).

Proof. Let{V,) be a family of covers of X
such that

Vi={I"[W]IW,.ewW,w,;:

that the mesh of W~<—1.—} for each ieN.
It is clear that nG(V) is a dense G; set in

a cover of /[X], such

C,.(X), and contams the set of all light ma-
ppings in C,(X).

Consider any ge& nG(V) If g is not a light

mapping in C,(X), then there exists y=R" such
that g=(y) contains a nondegenerate connected
set FcX.

By assumption F is contained in a member of
V; for all i&N. We can select two distinct po-
ints x4, x, in F such that /(x;){(x,), since [
is a light mapping in C,(X). Hence there ex-

ists p&N such that Lp<6(l(x,),l(xz)), where
& is metric in R” Since any member of W, can
not contain two points /(x,), /(x,), then V, could
not envelop F. This is a contradiction.

Theorem 2, 2 Let X be a compact space. If
there exists a light mapping g =C,(X), then the
set of all light mappings in C,(X) is a dense
G; set in C,(X).

Proof. By theorem 1. 3, the analytic subring
A, with base {gy, .-, g,} is C(X), since g is
a light mapping in C,(X). Hence every counta-
ble subfamily of C(X) is contained in A,. Con-
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-+, gx¢C(X) determine an element geC,(X), defined by:

Cenversely, given geC,(X). its coordinate functions g;(=#,sg) belong to C(X).

®See (13, p.259.
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—id\*(FY F 4+ FJj FY)
=id'*(Fk Fi+ Fi FA)—id'* (F} Fi
+ FLFA) o (Fi FiFi— FjFj)=0,
Next using Fi Ft= Fj F}% and also 7
FiFk=— Fj Fi since F} Fi=71,TT"
[Fi Fi—F} FiFjil)=0,

Completely similar manner, btut after much
more lengthy calculation, we can prove that F¥,

Fi FJ commute with

FiFi-F{Fi+ 1 Fj F.

Notice, since we have a complete table for
Salam algebra, the proof is no more difficult

than previous one, only now we have more
factors to take care of, therefore it is lengthy,
we omit this proof only because of space limita
tions.
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(page 79 A %)
sidering X is compact, and hence C*(X)=C(X),
ad C(X)Zn by Theorem 1.4, Hence dimX<n.
By the previous lemma, the set of all light map-
pings in C,(X) is a dense Gs set in C,(X).
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