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In this papcr, wc introduce a new concept of cxtcnsion called as Iocal discrcte 
extensions. T his concept is motivated by [2J . Let (X , ‘r) I::e a topological space 
and A be a subset of X. Then the topology ‘r [AJ = (U-B I U두.!T， BζA) is callcd 
a local discrcte extensions of .!T by A. lt is c1ear that .:r [A) is a topology for 

X , for U(Ua-Ba)= UUa- (A - U (Ua-Ba)) for some (Ua ‘ ,Ba) E .!T [A) . A 
a a a 

topological space is called :-:-compact if cach opcn cover bas a subcover whosc 
cardinal is less than or equals to:-:. This :-: denotc an arbitrary cardinal numbcr. 

We attempt to im'estigate that, if ( X ,.!T) has some topological property P , 

under what conditions will ( X ,.!T [A)) also have property P. For a subsct A of 

a topological spacc X , CI A denotes .!T - closure of A , 1nt A denotes .3’-- intcrior 
of A , and cl* A dcnotes ‘r [A) -c1osure of A , and 1nt‘ A denotes .!T [A) - interior 
of A , and B' denotcs the complement X-B of B. The tcrmiology coincides with 
Kelley [1) . 

LEMMA 1. Lel A be a"y subsel 01 (X , .!T). Theη (A , ‘ r [A) nA) is a discrele 
space. 

PROOF. lt is clcar from the definition of .!T [A) . 

THEOREM 2. Lel A be a closed subsel 01 (X , .:r). TheIJ (A , .!Tn A) is a discrele 
subspace 01 (X , ‘r ) if and 0111y if .!T = .!T [A). 

PROOF. Let U-B be any opcn in (X , ‘ r [A )). Since A is a closed in (X , .:r), 

B is a closed in ( X. ‘ r ) . Therefore U-B is an open in ( X , .!T). Hencc wc have 
‘r = .:r [A) . The canverse f이lows directely from lemma 1. 

THEOREM 3, Lel (X，.3η be a lopological space mzd .3끼A) be a local discrele 

exJensioll 01 ‘r. Lel B be any subsel 01 (X , ‘r ) . Then 

(1) cl*B= (AnB)Ucl(A’ n B). 

(2) 10t* B = (A ’ UB ) n1nt(A UB). In Parlicular, il A is a closed subsel 01 (X , ‘r ), 

i1zen cl* (A UB )=cl(AUB) and 10깐 (A UB)=lnt(AUB). 

PROOF : (1). If AζB， then Int‘ B = IntB. If A a nd B are disjoint, thcn cl*B= 

clB. Therefore we have cl* B =cl*(A n B) Ucl*(A ’ nB). 8ince AnB is a .!T [A)-
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closcd, cl*B=(AnB) Ucl(A’ nB). (2) follows immcdiately from (1). 

THEOREM 4. 11 (X’ ‘:T) is regular or 1I0rmal and A is an open subset 01 X , 
I"e’‘ (X ,.!J’ [Al) is regular or 1ZormaZ. 

PROOF. We provc the theorem only for rcgular. Let A be an open subset of 

(X，.!Jη. Then every subset of A is .!T [A]- open set. Let F be a closed subsct 

of ( X , .!T [A] ) and let x졸F. Then there exists a .!T [A]- open set U - B such 

that F =(U-B) ’ . I-Ience x f!.U' and xf!.B. There are two cascs. Casc (i) x뚱A. 

Since (X , ‘:T) is regular, for each xf!.U’ , there exist disjoint opcn sets U and V 

such that xEU and U’CV. I-Ience there a re disjoint .!T [A]- open sets U - A and 

VUB such that xEU-A and FCVUB. Case (ii). xEA. this is clear. 

THEOREM 5. II(X ’ ‘:T) is compZet따 reguZar mzd A is an open subset olX, tlze1t 

( X , ‘:T [A]) is completely rcgular. 

PROOF. Let V be a .!T [A] 야en and let xEV. Then there exists a .!T [A]­

open set U-B such that V =(U-B)'. Since (X ,.!T) is completely regular, there 
is a ‘ :T - continuous function 1 on X to [0, 1] such that l(x)=O and 1 is iden. 
tically one on X -U. Defining 1‘ (x)_fl (x) on (UnB)' 

-l l on UnB, 
then 1* is a .!T [A ] - continuous function on X to [0, 1]. For, thcrc are two cascs. 

Case (i) . yf!.A. Since 1 is a .!T - continuous, there is a ‘:T- neighourhood N(y) 

of y such that I(N(y))ζN(f(y)). Therefore 1*(N(y)-A)ζN(f(y))， and hence 

f ‘ is a .!T [A ] - continuous. Case (ii). yEA. Since {y] is a .!T -open, it is cl않r. 

COROLLARY 6. 11 (X , ‘ r ) is Tychonoll and A is an opeη subsel 01 X , then (X , 

.!T [A ]) is Tychoη011. 

REMARK 7. In casc that A is not an open subsct of (X’ ‘ r ) , in general. above 

theorem 4. 5, does not hold 

EXAMPLE (1) . Let X = {a , b, 이 and .!T = IØ, X). Then (X , ‘:T) is regular and 

norma l. But ( X ,.!T [{a, b)]) is neither. 

EXAMPLE (2). Let X = {a, b) and .!T = 얘， X) ， Then (X ,.!T) is completcly 

regular. But (X,.!T [a]) is not. 

THEOREM 8. 11 (X ,.!T) is a sec01zd couniable space, then (X , ‘:T [A] ) is 0 second 

cou,IIobZe space 'J 0ηd only iJ A is 0 counlobZe subsel 01 (X , .!T) . 

PROOF. “ only if". Lct .ι be a countable basc of (X,.!T) and 



Local Discre/e Ex/ensions 01 Toþ%gies 23 

let ιA={B~AaIBει， Aa is cofinite subsct 01 A] , Thcn ， .ι'A is a countablc and 

a base 01 .9• [A] , For, let %EB~A， and A，ζA， If A , is a cofinitc subset in 

A , it is ciear. If A, is not colinilc subset in A , lhcn A~A， is not finitc. Thcre 

arc two cases. Case ( i). %중A. Then %EiËB~ AζB~A，. Casc ( ii). xEA. Then 

%EB~(A- {%} )CB~Al' 

‘If". Suppose that A is not a countable. Since (A , ..r [A] nA) is a discrele 

subspace by lemma 1. and A is not counlable, (A , ..r [A] nA) is not second 
countable space. It is a contradiction. 

THEOREM 9. Lel A be any subsel of (X, ..r). Then (X ,..r) is a first co""lab!e 

if aκd on!y ij ( X ’ ‘ r [A]) is a firsl cou1Ilab!e spacc, 

PROOF. Lel {Ui li=l , 2," …} be a countable local basc at any point % 01 X. 

There arc two cases. Case (i). %중A. Then {Ui~Ali= l ， 2, … ... } is a countable. 

local base of a point % 01 (X , ‘ r [A]). Case (i i). %E A . Then (Ui-(A~ (x] ) 1 i = 

1, 2, ...... } is a countable local basc 01 a point % of (X,..r [A]) , 

THEOREM 10. Lel ( X ,..r) be a 'N-compacl (counlably compact) . Then A has Ihe 
cardinal numher ~(finile) if and onJy ,j (X,..r [A]) is a N-compacl (counlably 

comþact), 

PROOF. We prove thc theorem only for the ~-compact. “only if". Let {U a ­

Ba l aEA} be an open covering of (X’‘r[A]). Then {Ua l aEαis an open coy. 

ering of (X’ ‘r). Since (X,..r) is a ~-compact， lhere is a subcovering {UßIβ 

Eι. ιIα} of {UalaEα}， where 1 ι 1 ,; N. Choose U，~B， such that a E U，~ 

B , for each aEα. Let 2'= (rEα laEU，~B， for each aEA]. Since IA I" ~ 12'1'; 

K Hence we have X=AU(X~A)= [U {U，~B，lrE2'}] U [U {Uß-Bß I8Eι}]=u 
{Ur-Bð l δeιU2'}， whereιU2'cα， 1ιU2' I'; ~， Hence ( X , ..r [A)) is a ~­

compact .• ‘ lf". Suppose that IAI ~~， Sincc A is a ..r [A]-ci∞cd ， (A • ..r [A] nA) 

is ~-compact， On the olher hand. (A • ..r [A] nA) is a discretc subspace by lemma 

1. Since 1 A 1 ~~. (A. ‘ r [A] nA) is not a ~-comp<~ct， It is a contradiction. 

THEOREM 11 ' lf A aηd B are suhsels of (X • ..r) , Iheη ‘;T [A] [B]= ..r [AUB]. 

PROOF. This is cIear from the dcfinition of ..r [A] . 

THEOREM 12. Lel (X,..r) a,ui (Y，~) be lopological spaces. l f A and B are subsels 
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o[ X and Y resþectively, then (.rx Z:') [Ax B ] C .r [A ] x Zf [B ]. 

PROOF. Let UE (.rx Zf) [A x B ]. Then U=G-C. 、.\'herc GE.rx Zf and CCA x 
B. If xEU. then therc is a basic open set E x F such lhat xEEX FCG. Let x=(x" 

X2) ' Thcn wc have a basic opcn set E-(A-{xJ}) x F-( B-{x2}) in .r [A] x Zf [B ] 

such thal xEE-(A-{xJ})X F-( B-{x2})CG-C. Hence G-CE‘r [A] x Zf [B]. 

REMARK 13. The convcrse inclusion of !heorcm 12 need not be !rue. For 
example. Ict X be the rcal line with usual topology ç. Let A be the set of all 

rationa] numbcrs. Then ç [A] X SfA] is not contained in(çXç) [AXA] 

Kyungpool‘ Univcrsity 
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