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1. Introduction.

Let G be a connected semisimple Lie group with finite center and K be a
maximal ccmpact subgroup of G. Then X=G/K is a Riemannian symmetric space.
Let I be a discrete uniform subgroup of G, that is, the quotient space M\X is
compact. Let & be the Lie algebra of left invariant vector fields on G and %~
the subalgebra of & corresponding to K such that &=% @M with respect to the
killing form on &. In [4], ¥. Matsushima has obtained an interesting formula
for the Betti numbers of /"X in terms of multplicities of certain irreducible
unitary representations of G in LZ(F \G). Our purpose is to give an analogous
formula for the dimension of the cohomology group H’(I',X,0), p=1, with
respect to an arbitrary representation ¢ of G in a finite dimensional complex
vector space F. When G=SL(2,R), .M. Gelfand conjectured in [2] that the
decomposition of Lz(l" \G) shall give a complete set of invariants for the moduli
problem of compact Riemann surfaces. Here, as a consequence of the dimension
formula of H’(I", X, 0), we observe that only the irreducible unitary representa-
tion of the discrete series of index 4 is essential to H'(I",G) (see [5]). In fact,
the representation space of the discrete series of index 4 is the space of quadratic
differentials in [1]. We shall follow the notation and terminology of [3] and [4].

2. The dimension formula of H(I", X, 0) (p=1).

Let A°(I", X, 0) and A°(I"\G, K, 0) be the space of F-valued p-forms on mani-
folds X and I"'\G defined in [4]. To each element 7 eA(r, X, ©), there corres-
ponds an element 7° €A’(I\G, K, 0) in a one to one way. Each element 7" €

A(I'\G, K, p) can be expressed as
n
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where 7, .., =7 (X3 ~X;), 1=2;<-+<A,<m, for a particularly chosen basis
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{X;, -, X,}of & and its dual basis {wl, -+, w"} (see [4]). Thus, 5° can be regard-
ed as an (FRA"M*)-valued function on I'\G, where A"* is the p”' exterior
product of the dual space M* of M. The fundamental result in [4] is that every
cohomology class in H’(I", X, 0) is represented by a unique harmonic p-form 7
in A°(I', X, 0), that is,

(2.1) (4);,..,=(—C+p(O)ny..;, =1, 1=2,<<A,=n,
where C is the Casimir operator and ¢(C) is the Casimir operator of ¢. In parti-
cular, if g is irreducible, (2.1) becomes Cnxl__,1’=2p 3., Where lp is a cons-
tant.

The complex vector space F may be decomposed into a direct sum of irreducible
G-submodules FO, .., F® such that p=0V@--@0®. Further, we let FO=5®
©-@SY (resp. APM*=V *D-. “®V}) be a decomposition of FD (resp. A"M*) intc
direct sum of K-submodules so that o | K= p(")@ O_O(') and Ad”™*=1{" @--@7f,
where Ad”" is the representation of K on A*M" induced by the adjoint represen-
tation Ad of K on M. We have F®A’ﬁﬂ*=.2_ S,(,f) ®V;. Let Pﬁ? be the projection

of FRA"M* onto the direct factor S(0®V Then Pm commutes with (P@Ad")
(k), for aIl kEK, and the Laplacian 4. Consequently. if €A’ (F X,p) is har
monic, P,, 7 is also harmonic. We easily get dim H'(I", X, 0)= Z dim H(I", X,

0@). Let T be an irreducible unitary representation of G in a Hllbert space H
and let N(T) be the multiplicity of T in ; Fy (I'\G). Tj denotes the restriction of
T to K and M(T;7) denotes the multiplicity in T of an irreducible represen-
tation T of K. The domain of the Casimir operator T(C) of T is a dense subspace
of H. If T is nontrivial and irreducible, T(C) is a scalar 4_-multiple of the iden-
tity transformation of the domain of T'(C). The set of irreducible unitary repre-
sentations T of G such that A;,=2,(i) is denoted by Do (¢). A quite simple modi-
fication of the proof in [3] implies

dim H'(I, X, 0?)=x N(T)[Z E M(Tg:0f° @ )]
TEDo(i) k=1 j=1
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Consequently, the dimension formula of H’(I", X, ¢) is given by

t m S,
dim H(I', X, 0)= T [ ;0 2" ]
m L X0=2 = ND|Z = MTg0d @ )
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