POSNER'S THEOREM ON PI RINGS

By Kevin McCrimmon

In [1] S.A., Amitsur showed that a ring without zero divisors which <atisfies
a polynomial identity has a two-sided ring of quotients which is a division ring of
finite dimension over its center. This was extened by E.C. Posner[7] to ar-
bitrary prime PI rings:

THEOREM. If R is a prime ring satisfying a polynomial identity then R has a
two-sided ring of quotients Q which is a simple finile-dimensional algebra over its
cenler.

Alternate proofs have been given by W. A. Martindale [6], I.N. Herstein
(5], and A. W.Goldie [4]. In this note we offer an elementary proof using
nothing more than the Density Theorem (see [5,p.41]).

We assume R is an algebra over some commutative ring @ satifying a monic
polynomial identity of degree d with coefficients in 2, which we may take to be
multilinear of the form

P(xy, o X)) =%y a1 QK ay g 1)
Thus we assume p(r, =+, 7,)=0 for all ,+,7,ER. A uniqueness sequence of

length 2 in R relative to a representation of R on a (right) @-module M is a
sequence 7, -+7,, of elements in R such that for some m&M we have 7, -r,(m)

i
%0 but ”a(..)""'aa)('”):() for any other permutation g=¢1.Clearly if R satisfies
the polynomial identity p(x,, -, x,) of degree d there can be no uniqueness sequ-
ences of length & in R. There is a standard process, due to Amitsur [2, p.102—
103], for constructing uniqueness sequences.

LEMMA. If an algebra A has a representation on a (right) vector space V over
a field Q2 such that
(%) for every subspace WCV of dimension<d and for every v&EW there exists an
elenment a=A with a(W)=0 a(v)EW +v2
then there exists a uniqueness sequence in A of length d.

We make no attempt to improve on the demonstration [7,p.180;5,p. 184]
that a prime PI ring R is a right and left Goldie ring, hence has a two-sided
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ring of quotients Q of the form Q=Endp(V)=D, for V an n-dimensional right
vector space over the division ring D. The difficult part is to show finite-dimen-
sionality of Q (or D) over its center ¢.

Let 2 be a maximal subfield of D, and let w, denote right multiplicaticn on V

by the scalar w€Q. Then A=RQ, is a left (and right) pre-order in B=QQ, in
the sense that every #&EB may be written b=c"'a (or ac™")for some a, ceA.

(Indeed, if 3°b=g¢; w; for ¢; €Q, w; €2, then we Know q,-=r"lr,- for some 7, 7;
ERCA since R is a two-sided order in Q. hence b=c~'a for c=7, a=rw,EA).
Here B is a dense ring of linear transformations on the right vector space V

over Q: B acts irreducibly on V since Q already does, and its centralizer consists
of those scalar multiplications d, (d€D) which commutes with all w,, and since

2 is maximal this means d€Q. Furthermore, since 2, commutes with R, A4 will

satisfy any multilinear polynomial identity that R does. Therefore A satisfies
p(x;, =, x,), so A has no uniegeness sequences of length d. By the lemma,

(*) must be violated for some finite-dimensional subspace W and some v&W:
whenever a€ A satisfies a(W)=0 then necessarily a(v)EW +v0.
We first find a nonzero finite-dimensional subspace ¥V, which is invariant

under A. If V itself is finite-dimensional we take V=V, whereas if V is not

finite-dimensional then certainly W22 is not all of ¥V, hence by the density of
B on V there exists b€B with 8(W)=0 and b(v)&EW +0Q (in particular, b(z)=0).
Since A is a left pre-order in B we can write b=c! ay for ¢, ay€A. Then any
element a€A4a,CA annihilates W since & does, a(W)CAay (W)=Ach(W)=0;
therefore by choice of W and v we cannot have a(v)&EW -+, so we must have
a(v)EW Q2 for all a€Aa;. But vy=ay(v)=cb(v) is nenzero since ¢ is invertible
and #(v)=0, soV,=A(vy) isa nonzero subspace invariant under A which is finite
dimensional since Viy=A(vy) =Aay(v) C W+l

We now show the only such invariant subspace is Vy=V.This will follow from

the following simple observation.

LEMMA. IfA is a right pre-order in a dense ring B of linear (ransformations
on V over a field Q, then the only finite-dinensional subspaces of V' invariant under
A are V and 0.

PROOF. Suppose ¥ is invariant and finite-dimensional. If V30, V then by




Posner's Theorem on PI rings 55
density there is a €B with &(V )V . Since 4 is a right pre-order in B we can
write b=ac™" for a, c€A. But for invertible ¢, e(V)CV, implies c(V )= V,=¢"

(V) by the finite-dimensionality of ¥V, and thus b(VUJsac'l(V0)=a(V0)CVD.
a contradiction.

Thus V=V, is finite-dimensional over £, and B=End,(V) (by density) is also
finite-dimensional over 2. Now B=QQ, is a nonzero homomoiphic image of the
central simple algebra Q®,2 over 2, so the homomorphism must be an isomor-
phism of Q-algebras and dim 4Q=dim,Q®,R2=dim,B <co.

REMARK. We note in passing that the Faith-Utumi Theorem [3,p.57] says
that our given order R has E,CRCD, for some two-sided order £ in D.E is a

PI ring (as a copy FEe;; of E sits inside R), and it is without zero divizors
(clearly), so by Amitsur's original result the ring of quotients D is finite-dimen-
sional over its center. Thus Amitsur implies Posner with the help of Faith and

Utumi.
University of Virginia
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