ON MEIJER-LAPLACE TRANSFORM OF TWO VARIABLES

By N. C. Jain

1. Introduction

The Meijer-Laplace transform is defined [1,p.57] by means of the integral
equation in the form
Q1) Fa=pf et e
and denote it sy?nbolica]ly as
F(P)=Gf(x); ami1 byl.
The author has introduced the Meijer-Laplace transform of two variables

[6,7] as

0. P 0=f [ G210 el | et

Fe Bl a.+0 )f( ddx, R(p)>0

...............

><f(x. y)dzdy, R(p,9)>0
which is the generalisation of well known Laplace transform of two variables [5)

1.3 F(p.@=paf [¢™~7 fCx, y)dxdy, R(p,)>0.
00

When 8;=0, j=1,2, " , m—1; dp=0, k=1,2,++=, n—1 and
(a) a, ,=b,=¢,, ,=d,=0, the integral equation (1,2) reduces to (1,3) :

(b) b,=a, 1=
tion (1,2) reduces to

—m,—k,, a,=m—k; c, =d,=—my,—ky, c,=my—Fk, the equa-

1

L9 Fo,0= qu f Ty T g™ W, 1,00

XW,.W,,;,, . (@) f(x, y)dxdy, R(p,q)>0

and is known as Meijer transform of two variables [9,p.83];

(c) b,=2m,, a :—QL—ml—k[. 1=0: d,=2m,, ¢ ——é——mz—kg, €ps1=0,

m m+

integral equation (1,2) reduces to
1 1 1 iy
1,5 Fpo=paf [ T TTCpn™ T (@)™ IW, (80 W, (29)
0 0

X f(x,y)dxdy, R(p,q)>0
which we shall call as Varma transform [10].
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We shall denote (1,2) symbolically as

Ot 10 bm].

a+1' dn

and (1,3),(1,4) and (1,5) as usual shall be denoted as

F(p. =G| f(x.9):

k|+"2-'. Ari- 5
F(p, @=f(x,9), F(p, q)-— ———f(x,5) and F(p, @) f(x.y)

respectively.

The object of the present paper is to establish some rules and obtain the images
of some of the functions in Meijer-Laplace transform. Some differential and
integral properties of the transform (1,2) also have been discussed. Particular
cases of the theorems give rise to results obtained earlier by Bose [2] Mehra
[9] and Poli and Delerue [11].

In what follows, we have used the symbol (4,) to denote the set of parameters

@y, weeeee . a, throughout this paper.

THEOREM 1. If f(x, y)=f,(x) + f5(3), and if
Fl(p)':G [fl(x); %y bm] 2
F(@=Gfy(: ¢,,1.d,). then

m+1' bm]

+1r “n

provided the integrals are absolutely convergem‘.

2.1) Fp.0)=Fy(p) - F@=G[f(x.9):

EXAMPLE 1. Taking f(x,y)=x"y" ~"*~"’, and using [4, p. 419, (5)] and

(2,1), we get
2.2 Pq m+l 1 (_& -, (am+bm))G”+1 (j_ | —va2, (eut n:_)_)

R m+I m+1 . (Gme1) 41,41 (ens1)

_:Gl:xl 1g —HE— u: Gyt 109 ]
4 n+1'd

provided R(a_'.+vl+1)>0. F=1, 2, eeeeee » m+1: R(e,+0,4+1)>0, k=1, 2,000,

+1; |arg pl<%. larg ql<%. |arg ul<—g-, |arg w[<% and R(p, g)>0.
In the above result, putting bj=0,j=1, D, weeeee »m; a, =0, d,=0, k=1, 2, n
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€ 1=0. =y, =V, u=a, W=a and simplifying, we obtain a known result
[9, p. 87]

@3 —(G—E_;I;—Ell);(i%i ?';1—- =xYe” %%, where R(p+a,q+a)>0 and
1

R(y,v)> -1 Further, with a=a,=0, we have [3, p.100, (1.3)]
I'(w+1) 'y +1

2,9 — = 2y,
rq’

provided R(p,q)>0 and R(v,v)>—1.

3.

Ooiis D

THEOREM 2. If F(p0)=G[fGx. )i ™1 ]

then
? g \_ . @ +1'bm
@1 F(L, )= fcax. 1yd; Gmiie )

provided the integrals are absolutely convergent and a and b are positive integers.

EXAMPLE 1. Taking f(x, )=x"9" and using [4, p. 418, (3)], we have

. nt1
.'[_]1 P(a}‘l'rl'i‘l) ‘Hl r(cj+7'2+1) )
(3.2 Fo.0)= m =5 ": P ’Iq'—ﬂ-
iglr(aj+bj+r1+l);’=r}. I(c;+d;+ry+1)

provided R(a;+7+1)>0, j=1,2,+,m+1, |arg p| <5 R(gtry+1D>0, k=1,

2, seeems , n+41, |arggq| <% and R(p,¢)>0.
Hence, from (3.1), we obtain

"N ra4r+0 I D
Pl S L citryt - —ry
@3 = %)

m n

jillf‘(aj+bi+r1+1) J_El ]’(cj+fij+rg+1)

:G[(ax)"(b-?)r"::‘:;.' 3:]

provided the conditions given in (3,2) are satisfied and ¢ and b are positive
integers.
Set‘ting bj=0.]=1, 2. srssae . M3 am+1=0, d*ﬂo' k:l' D, wevene N, C

and 7,=m in (3.3), we obtain [11, p. 21)

wr1=0 =0
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& .. (@) )"
P" m

¢ TasolmeD)

4.
THEOREM 3. If

a
F\(0.0=G [ £(x9):

a
Fy(p.)=G [fz(x.y): .

................................................

F(p.9)=G [f,(x.y); j"‘“’ b"‘]

n4 1
then
s s a » b
TR SF,(.0=C [ i, ny): " ok
r=1 =] C"+1, d"
provided R(aqtu, 410> 0, j=1, 2, =y mt1l;7=1, 2, s, 5, larg pl < -5,
R(ept0, 410> 0, k=1, 2, weoeee, ntlir=1, 2, s, s, larg < -,
R(p,@)> 0, where f, (x,)=0(x",y") for small x and y and
m+1, 0 ( (a,.-i-b,,,)) b o( (C,,+ﬂ',,))
m, m+l (aﬂ+1)o g n n+l (cll-l-l)
are bounded for R(p)>p,>0 and R(q)>q,>0 respectively.
The above theorem also holds when s tends to infinity, provided
oo
(i F_"i f,(x,3) is absolutely convergent for x>0 and y>0;
r=
(i) Ei F (p,q) is absolutely convergent; and
r=
(iii) the integrals involved are absoclutely convergent for R(aj+u,+1)>0,
R(ck—t-vr-i-1)>0, J=1,2, s , m+l; k=1,2, oo n+1, |arg p|<—g*. |arg q|

<5 and R(p, >0, where f(x,y)=0(x",y") for small  and y, and

m+1, 0 (a,+b,) (c,+d,)
% m+l(p°x (amn)” (Cpsr? )fr(x.y)

V. €70 (a9

ntl
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are bounded for x>0, R(p)>p,>0 and y>0, R(g)>q,>0 respectively.

k

k s
EXAMPLE 1. Taking f(x, y)=<x+y)"=>:0 ', x ¥, where k is a positive int-
=

eger. On applying [4,p. 418, (3)] and (4.1), we have

m+1 n41
Illa,+k—r+1) Il I'(e,+r+1)
& b gy j=1 7 PP
(4,2) 3% s pirg
L I I'(a+b+k—r+1) I I'(c;+d+r+1)
i=1 =t "7
=G [(H—y)k‘ mite b"']
! cn+1!drz ’
provided R(a;+1)>0, j=1,2, «w- , m+1: R(c,+1)>0, k=12, oo , n+1,
larg pl <5 larg q] <5 and R(p,)>0.
In (4,2), setting bj=0, J=1,2, weeeee, m; am+1=0:d‘=0. k=1,2, e , N,
€,;1=0, k=n we get a result [8, p.62]
' ntl _ ondl N
2. 4 L =(x+y)
(Pq) q-p

1
2

1
EXAMPLE 2. Taking f(x,y)= (xy)7N J N(Q(xy) )

r Nir
_ 2 (1) (xy)
=5 A TWN+rFD

then
mil ntl )

( ’ nlr(a}.+N+r+1),ﬂlf'(c,-+N1~r+1)
= (1) =1 i=

P2 ) . n

=0 PEPONETED " pg N4+ 1L TeptdtNr+D)

=X I=
X(M)—N_r:—(—L)IT‘
Pa
| " "W ree+N+1)
4,3 }[zlr(aj—4-N+1)j=l (e,

R o n
FN+D T @b NADI ety N+1)
= I=

F (arr:+1+iv+l)’ (cﬂ-'rl—l'-NJrl) i 1 ]
R +"“[N.;-1, (a,+b,+N+1), (c,+d,+N+1)" M

|
|

_1_,: 1 [N bm
‘-,,G{(xy)'-" N CORPEPSS dn]'

n+1*
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provided R(N+aj-§-1)>0, =T 2 s, m+1; R(N+e¢,+1)>0, ¢=1, 2, =, n+l,
1 aws 3N T 3

R(-5 N+-5)<0. |pal>1, larg pl <5~ larg ¢l <5 and R(p,@)>0.

Setting bj=0‘j=1.2. ------ , m; d,=0, k=1,2, seeeee » B, G,.,=¢,. =0, we get
a result due to Bose (2, p.27]
I'(N+1
@9 LO+DM o )T J oy,
(+pg)
5.

THEOREM 4. If
a. ... b
Fy.0=6 fits.): (=7 o],
n

nt 10 d
and
Fy(b.00=G fyx.9): Im+1e o]
2\ 2\%s . c'+l‘ d” »
then

o0 0o
d d
(5, 1) ffFl(u. ) fo(u, v) “ g "ff Fo(u, v)f,(u, v) ——d:f” 3
00
provided the mtegrals are absolutely convergent.

PROOF. From the definition (1,2), we have

(5,2) F(u,v)= m.f f G:_+:,+ol( (a,+b,) G 0(

(c,+d,)
o 3 Jinydsds,

(am -H) n ntl .
and
- - m b ) n+1,
@, 3 Fg(u’ ﬂ)'—uﬂo .[Gm:*.lufl( E::j-l). ) u.+:+f( g +) ))f2(x‘y)dxdy'
Now
Of if Fy(u, 0)fy(u, ) 4290
Py (a,t+5,, nil,
= Uf f £, v)dudv | Uf Of G'::fl( (:m:’; , & (w g"j 1‘;")
Xf1(2) dxdy]=f ffl(x,y) dxdy[ WZGMTI 0( [ E:::f;m)

oo oo

(1]
n4+1, 0 (C )
A C T 3 M vaudo]=[ [ ,cx, 925z, 32382
0 o0

n ntl

which follows from (’5, 2).
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The change in the order of integration is justified as the integrals involved
are absolutely convergent. Regarding this change, we observe that the conditions
for absolute convergence of (5,2) are R(aj+kl+1)> 0, 7=1,2, sseeee ., m+1l:
R(ci—}—kg-i-l)) 0, 1=1,2, =eeene , #+1: where fl(x.y)=0(xk', yk'), for small x and
y, and f(x,9)=0 {exp (—2"), exp (—y™)}, R(sy,s,)>0 for large x and y.

Similarly the integral (5,3) will be absolutely cenvergent if R(a;+k3+1)>0,
F=1,2, e, mALls ROeAkA1)>0, i=1,2, e, n41, where fy(x,3)=0(z",
yk') for small x and y, and

f(x.3)=0{exp(=5"), exp (=y")}, R(sys)>0, for large x and y.

6.
THEOREM 6. If b
(6.1) F(-L, —g—)zG[f(ax, by); ::‘: d:‘]
then
@ [T Rl )
P g
z s B
[ Fraoutz. e e ]
? q
(6,3) 6[6[ F(u, p)g(_%’ _3_) d:&j‘u
e b
off freoae )5 G
and
wv  JTrune. 1) 4
co oo . bm
o [runntz. )4 )

provided the integrals involved are absolutely convergent.

PROOF. Multiplying both the sides of (6,1) by %% and integrating with

respect to @ and & from 0 to 1, we get
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@ [ eenta

1 il
=G[f [fax.by) g a.p) 2. “mi¥ "']
00

n+1*

Substituting in the left hand side a=% and b=—g—. and on the right hand
side ax=s and by=¢, we obtain

00 00 Xy

[ [ Fe o (4. ) Lag=o[ [ [rca0a( 5 §)-2ofts fme o]

pT‘IIlus the result (6,2) is proved. ’

To prove (6,3), multiplying both the sides of (6,1) by %%L’ integrating
with respect to « and & from 1 to oo, and substituting as in (6,2), the result
(6,3) is obtaind.

Instead of integrating from 1 to oo, if we integrate in the above from 0 to oo,
and changing the variables suitably the result (6,4) is obtained.

COROLLARY A. If we take g(a,b)=a""b"", then from (6,2), (6,3) and (6,4), we have

1 oo CO
(6,6) F(u, )™ oV dudy
Mg [;f (

" [ 10> i o7 2o

":}
l-ﬁ
'_"'—-\".s

g
fF(u, v) M1 N qudy
)0

=G[xMnyff(s,O “‘Tﬁ%: m+1° m]

n+ 1
and

68—y f [P0 N quay
e 5%

x N __dsdt  Gy.y
G[I y fff(s D) "1 NFI . d, ]
provided the integrals mvalved are absolutely convergent.

COROLLARY B. If we take

g(a, b)= ab

(@+1) (B°+1) °

in (6,4), we get
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oo

9 paf
0

["ﬁ 2 F(u y) dudv

d 2 P+
b

f(s, 1) . Tmsrs
_G[xy [ f I-xz)s(tz-l—yz) dsdt; c:: d:'],

ou

provided both sides exist.
=0, in

...... o A am+1=0, Cuyl

Setting 4,=0,7=1,2, . m; d,=0, k=1,2,
(6,2) to (6,9), we obtain the results due to Delerue [11,p.27—28]

7. Differential property.
Differentiating the equality (3,1) with respect to ¢ and & partially and then

putting @ and b equal to unity, we obtain
b

@D —pf FG.01=C [sfCr); c’"“’ b}
n-{-l' n

@2 4G Fe.1=6[y T M ]

and
Gyy1r bm
(7.3) 1 ?gzﬁIF (r. @] = [xy af:fay Sz, 3); +:, d, ]

provided both the sides exist and are continuous.

8. Integral property.
If we divide the equality (3,1) by @ and b and then integrate it with respect

to @ and b respectively between the limits 0 to 1, we obtain

X
CBY f F(a,9)-% =6] J Rlagyghs e Y]
cn+1' dn d
y
’ db _ db . “mil bm .
(8,2) jF(p.b) 5= sy G- ™ b i
q J n+ n
and
, b
(8,3) ij( p) -4 dadb —G[jjf( b) - drzdb : @ i1 dm]’
(VY| Cu-i-l' n
provided the integrals are convergent.
if we take the limits from 0 to oo,

Instead of taking the limits from 0 to 1,

we have
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Tns1 m
(8,4) fF(aq) ”f( N, d“]'

Cosls

T M m+1° bm
(8.5) ufF(p,b)“;—b=G[J Fonar s Pt Py

nyl* n
and

8,6) ffF( )-dade _G[fff( by-dedb Cm;-l' :,,,]

ll

provided the integrals are convergent.
Substracting (8,1), (8,2) and (8,3) from (8,4), (8,5) and (8,6) respectively,
we get

@D [Faotec[rande; v )
q o0 dm ; bm
(8,8) uf F(P,b)—dbb—=G[, Fx,0)92; o by
and '
(8,9) f f F(a,b) d"db —G[ f f f(a,b) dadb . C:.:- ::,].

' provided the integrals are convergent.

The author is extremely thankful to Dr. R.K. Saxena for his valuable guidance
during the preparation of this paper.
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