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A TABLE OF ELEMENTARY EXTENDED GROUP
By Sang Moon Kim

Introduction

P az+b az+b :
Let E be a group of transformations d ot — +d Then E contains a

normal subgroup G of index two which consists of all the Mébius transformations

contained in E. If there is a sequence of distinct elements {4}, A.€E (or A,€G6),

and a point / contained in the extended complex plane C such that lim A.(2)
n—oo

={, then we call ¢ is a limit point of the group £ (or G).

Let R be the set of non-limit point of E (or G) then we call R the region of
discontinuity of E (or G). If Risnot empty then we call E (or G) an extended
group (or Kleinian group).

An extended group (or Kleinian group) with at most two limit points is called
an elementary extended group (or elementary Kleinian group).

Ford [1], gives a complete table of an elementary Kleinian group, this paper
gives a table of elementary extended group.

1. Groups with one limit point

Let G be a Kleinian group with one limit point. Then it is conjugate to one
of the following groups which we represent in terms of its generators.

(1) z+1

@) z+1, —z

@) z+1, z+p

(4) z+1, z+p, —z

(5) z+1, z+4, iz

(©) z+1, z+exp(%m'), exp(%m’)z

(7) z+i, z+exp(%m‘), exp(%m‘)z,

where p denotes a complex number with non-zero imaginary part and |[p|>1.
One can find this classification in Ford [1].

Let E be an extended group with one limit point. Then it contains a Kleinian
group G which has one of the above forms and G has index 2 in E. Hence E
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can be written as
E=GUGU,
az =eilz+4b, 0<6<2x.
Let T be an element in G, then
T(2)=K™z+d;
if K™=1, then T(z)=z+d, and we call d the period of the parabolic element
T. Let D be the set of periods of all parabolic elements contained in G. Let T1
and T, be two elements in G and let U be an anti-analytic element in E, then
(® U UTUT, UTU, and TUTyU-!

are contained in G.From the above fact we conclude
(9) ebDCD, ¢if b+bED, —K b+bED
K"=K, ¢fK"€D and K Kb+ K bED
where m and » are integers.

Let E=GUGU and G be generated by z+1. Then by the condition ¢i¢ DCD,
we .conclude 6=0 or f=r. Let =0 and B(z)=z+a then BGB-1=G and BUB-!
=z—d-+b+ta.

Considering BEB-1, we know that there are two cases 6=0 or b=-é— and hence
there are two non-conjugate groups;

(+1, 2) and (241, 2+-1).

In case 6= we have —b-+6ED by (9) and hence b must be a real number.

Conjugating by an element of type z+a we obtain #=0. Hence the group E is
generated by

(z+1, —2).

Now G is generated by (2), by calculation similar to the above we have two

groups;

(a+1, 2+p, —2) and (2+1, z+p, —-z-{-%).

Let G be generated by (4), (6), (6) or (7), G contains a doubly periodic
subgroup, and if we know the parallelograms generated by the subgroup then
by the condition DD, we can determine @ and b.

Let p=0 be a period of a parabolic element in G; if there is no period ¢ of a
parabolic element in G such that

ng==p,
where #>2 is an integer, then we say p is a minimal period. If p is a minimal
period then so is -p, hence we consider these two to be the same minimal periods,
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s0 that there are four minimal periods for a given D. Let us denote the four
minimal periods by /,p,¢q and 7.

Let G be generated by z+1 and suppose D satisfies (11),

(11) 1<|pl=|qI<Ir|, where p,q and r are not imaginary.
Then ¢DCD implies 8=0 or 8=z. If =0 then conjugating by B(z)=z-+a,

we have 5=0 or b= % Hence we have two groups

(z+1, z+p, 2) and (z+1, z-+p, 2-!-%)-

If 6=z, then by e®b--beD, we have —b+bED, and hence b must be a real.
We have two cases 6=0 or b=%, but by a conjugation with B(z)=z+a we
can take =0 always. Hence E is generated by

(z+1, a+p. —2).

Since the proof is similar in each case, we give only results. Consider the
following classifications of minimal periods;

(10) 1<IpI<IgI <]l

an 1<pl=1q1<I7|

12) 1=pI<lgl=Ir|, p=ca

a3) 1=pI<lgl=17|, p=€2/6 zi

(1) 1<pI<lgl=Irl, p=¢

(15) 1< |pI<I|b|=r], p=si, s%0 is real.

Let G be generated by (3) and let E=G U GU. We give a table of anti-
analytic generators of E corresponding to the above table of minimal periods.
Periods, U

(10) do not exist

(11) 2z, z+12, -2

(12) eiaz, eia+tnz

1 o Bians g

(13) 2+-%-, eidz(where O=—&-22i, k=0, L1005

4~ itz (where 0=—%2qi, #=0, 1, 2,3.)

(15) z, 2+%—z.

Let G be generated by (4), then we have the following table of U.
Periods, .

(10) do not exist

14) z+
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11) 2, z+7

(12) 3, a+-5-(1+eia)

(19) 2, 2+-%, ez, eiazt(1+ei), 0=- or Za

(9) 2, 2+, izt -(1+9)
1 ) (N
(15) z, 2+T' 2+-§-s¢.
Let G be generated by (5), then U takes two terms: z and :'2—1—-—12-, £z+—‘,12-

(1+2).
Let G be generated by (6), then U takes the two terms z and el/37 z,
Let G be generatde by (7), then U is z.

2. Groups with two limit points

Now we consider groups with two limit points; these can be classified into
four kinds of groups, see Ford [1]. As before, we represent them by generators:

(16) Kz

(17) Kz, Kz

(18) Kz, K/z

(19) Kz, K/2, Kz, Ki/2,

where |K|21 and K,=exp(27i/k) and k is a positive integer.

Let E=G U GW then W has two forms such that
W=U=reifz and W=V =(reit/z)

Now ctzmsiczier the following elements of E;

20 U =p2z

1) UT™UT?=p K"K'z where T"=K"z.

(22) V =elitz

@) VIV =k "

Let G be generated by (16). By (20) and (21) we have

24) p2=K' and KR"K"=K’

where /, m, n and s are integers.

Set K=|K|eia, by (124) we have a=0. Let S=Me—1/2i0 where M>0, then
SUS-1=Vz and SGS =G. Hence we can set 6=0. Consiering T'U we can take
V=1 or V2=K. Hence we have two groups.

(Kz, 2) and (Kz, K '2), K>0.
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Let us consider V, let S=V1/2¢iaz then we have
SGS™'=G and SVS™'=cit/z.
By (23) we know that K is positive and real, and by (22) We conclude 6=0
or . Hence we have the following two groups;
(Kz, 1/2) and (Kz, —1/2).
Repeating similar calculations we have the following results.
Let G be (171)/;2 then W takes the following forms;
2, K" 2 1/z and —1/2, where K>0.
z, 1/2, —1/2 and ev/k/z, where K= |K| eri/k
Let G be 1(/128), thePﬂW takes the forms;
2z, —z, K"z, —K 2z where K>0.
Let G be as in (19), then W takes the forms;
Veitz, where V=1 or V=K
and 6=0, 0=z or O=n/k and K=|K| eri/k or K=real.

For the classifications of extended groups with no limit point, one can refer
to Ford [1], he gives there a simple classification.
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