WELL-CHAINED UNIFORMITIES
by Norman Levine

1. Introduction

DEFINITION 1.1. A uniform space (X, %) is well-chained and & is a well-
chained uniformity iff ¥ and y in X and U in & implies that there exist By oy X,
in X such that ¥;=x, ¥ =y and (s, #4+1€U for 1<i<n—1. z,, -, z, is called
a U-chain from z to .

The following two theorems appear in several texts on topology (see [1], [2]):

THEOREM 1.2. (X, &) is a well-chained uniform space if (X, F (%)) isa
connected topological space.

THEOREM 1.3. (X, 7 (%)) is a connected space if (X,%) is compact and well-
chained.

In §4, we show that a completely regular space (X, . ) is connected iff (X,
Z) is well-chained for every uniformity & which generates .9~. Several corollaries
are given.

In §2, we show that a space (X, %) is well-chained iff XxX is the only
equivalence relation in . Other characterizations of well-chained are obtained.

In §3, we show that a dense subspace ¥ of a uniform space X is well-chained
iff the uniform space X is well-chained.

In §5, we show that the uniformly continuous image of a well-chained space
is well-chained; we show that a product space is well-chained iff each factor
space is well-chained.

In §6, we show that a uniform space (X,%) is well-chained if its hyperspace
is well-chained; we show that a certain subspace of the hyperspace is well-chained
if the space (X, %) is well-chained.

Finally, in §7, we show that a certain function space is well-chained.

2. Characterizations of well-chained uniformities.

LEMMA 2.1. Let X be a set and ACVCXXX where A is the diagonal . and
V=V-LThen U{V" : n>1}is an equivalence relation, V" being V"1V,
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THEOREM 2.2. A space (X, %) is well-chained iff XXX is the only equivalence
relation in .

PROOF. A. Suppose that (X, #) is well-chained and that E€#/, E being an
equivalence relation. We will show that XXXCE; let (x, y) €EXXX. There
exist then an E-chain x;, w , %, from z to y. Then (x,y)EE""!=E.

B. Let XXX be the only equivalence relation in & and suppose that (x, »)
€XXX and that UEZ. Let VCU, VEZ, V=V~! and E=U{V": n>1}.

By lemma 2.1, E is an equivalence relation and hence E=XXX. Thus (x,y)EE
and hence (x, y)EV" for some # Hence there exists a V-chain from x to y. This
V-chain is also a U-chain.

COROLLARY 2.3. A space (X, %) is well-chained iff XxX=U{U":n=>1} for
each UEZ.

PROOF. A. Let (X, ) be well-chained and suppose UEZ. Let VCU, V=V"1,
VeZ and E=U{V":n>1). By lemma 2.1, E is an equivalence relation in &
and by theorem 2.2, E=XXX. It follows then that XX X=U{U" : n>1}.

B. Let XXX=U{U" : n=>1} for each UEZ. To show that (X, &) is well-
chained, by theorem 2.2, it suffices to show that XXX is the only equivalence
relation in . Let EEZ, E being an equivalence relation. Then E=U{E" : n>1}
=X X,

COROLLARY 2.4. (X, %) is well-chained iff ¢7#A#X, USZ implies that U [A]
NE A#¢.

PROOF. A. Let (X, Z) be well-chained and suppose that ¢=A4#X, UEZ and
that U [4] ¥ A=¢. There exists a VEZ, V=V"! and Vo-VCU. It is easy to see
that VANV [FA]=¢. Let E=V[AI XV [A] UV [FA XV [¥A]. Then E is an
equivalence relation and E#£ XXX as the reader can easily check. By theorem
2.2, we arrive at a contradiction by showing that EEZ ; assert VCE. Let (x,5)
€V. We may assume that xEA. Then y€V [4] and (x, y)E V [4] XV [4] CE.

B. Let U[AINF A+ for all UEZ and all §#A4A#X. We show that (X, Z) is
well-chained. Let EE#, E being an equivalence relation. By theorem 2.2, it
suffices to show that E=XXX. Suppose E#XXX. Let (x, y)EE and let
A=E|[x]. Then ¢#A#X and EEZ. But E[A]NFA=ANEF A=¢, a contradiction.

COROLLARY 2.5. A space (X,%) is not well-chained iff there exist disjaint._ non
empty open sets Oy and O, such that X =0,U0, and (0,X0)U(0,x0,)EZ.
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PROOF. A. Suppose X=0,U0,, (0, %X0)U(0,%X0,)EZ, O, being disjoint, non-
empty open sets. Then (0,X0,)U(0,X0,) is an equivalence relation in & which is
different from XXX and by theorem 2.2, (X, %) is not well-chained.

B. Suppose (X, &) is not well-chained. By corollary 2.4, there exists ¢=#A#X
and a UEZ such that U[A]N&FA=¢. It is easy to see that A is both open and
closed. It suffices then to show that AXA U FAXFADUNUL. Suppose (z, y)EU
QUL but (x,3)EAXAUFAXF A). We may assume that xEF A and yEF A.
Then yeU [A]NF A, a contradiction.

3. Subspaces.

THEOREM 3.1. Let (¥, 77) be a dense subspace of (X, &). Then (XY, 77) is
well-chained iff (X, %) is well-chained.

PROOF. A. Let (¥, 7°) be well-chained and let @,b be in X and U in & with
U=U-L. Then ¥NUlal #¢#YNU[b] since ¥ is dense in X. Take c€¥NU [a]
and d€YNU [b] and let V=YXY NU. There exists a V-chain y,, -, », from ¢
to d and hence a4, y,, *, ¥, b is a U-chain from a to &.

B. Let (X, Z) be well-chained, @, & in ¥ and V€% . Then V=¥YX¥Y N U for
some UEZ: let WEZ and W o W « WCU, W=W~), Now there exists a W-chain
%, *, %, from a to b. Choose y,EW [x]NY for each i. Then a, y,, == ¥, b is
a V-chain from a to &

4. Connectedness.

THEOREM 4.1. Let (X, ) be a completely regular topological space. Then
(X, 9) is connected iff (X, %) is well-chained for every  such that & =5 (¥).

PROOF. A. If (X, ) is connected, then (X, &) is well-chained for all Z
for which & =7 (#). This is the statement of theorem 1.2.

B. Suppose (X, 5 ) is disconnected; then there exist non-empty disjoint open
sets O0; and O, such that X=0,U0, Let E=(0,%X0,)U(0,X0,) and let 7" be the
uniformity for X consisting of all supersets of E. Let Z be any uniformity for
X such that 9 =9 (). Then Z\VZ generates . ; but by corollary 2.5,
Z /7 is not well-chained since EEZ V7.

COROLLARY 4.2. Let (X, Z) be a fine uniform space. Then (X,5 (¥)) is
connected iff (X, %) is well-chained.

PROOF. This follows from the fact that a subuniformity of a well-chained
uniformity is well-chained.
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COROLLARY 4.3. Let (X, &) be a uniformity with the property that UE¥ iff
U is a neighborhood of the diagonal. Then (X, F (%)) is connected iff (X, %)
is well-chained.

FROOF, Z is a fine uniformity.

COROLLARY 4.4. Let (X, ) be paracompact and regular. If % consists of all
neighborhoods of the diagonal, then (i) Z is a uniformity for 7 and (ii) (X, 7))
is connected iff (X, &) is well-chained.

PROOF. (i) is well known and (ii) follows from corollary 4. 3.

5. Transfers of well-chained uniformities and produet spaces.

THEOREM 5.1. Let f: (X, Z)—(¥, 77) be a uniformly continuous surjection.
If (X, &) is well-chained, then (Y, 7") is well-chained.

PROOF. Let E be an equivalence relation in ¥ and suppose that EEZ".
By theorem 2.2, it suffices to show that E=¥XY. Now (fxf)~! E€ Z and
(fxf)~! E is an equivalence relation in X and since (X, %) is well-chained, it
follows that (fXf)~! E=XxX. Then E=¥ Y.

THEOREM 5.2. Let f:(X,Z)—(Y, #°) be a uniformly conlinuous surjection and
suppose that ¥ is the weak uniformily, that is, ¥ has {(f*Xf)"'V:VEZ} as
base. If (Y, ¥°) is well-chained, then (X, %) is well-chained.

PROOF. Let @, b be in X and suppose VEZ?". We show that there is an
(f*f)~! V-chain from @ to b. There exists a V-chain y;, - , 3, from f(a) to
f(b). Let z;=a, x,=b and f(x)=y; for 2<i<n—1. Then (x, x£+1)e(f><f)‘1 4
for 1<i<n—1,

LEMMA 5.3. Let (X, &) be a uniform space and x,, +--- . %, be a U-chain from
xtoy. Then x|, =, X, Zyyl, =, %, is a U-chain from x to y where x;=y
Jor n+-1<i<m. In other words, a U-chain from x to y can be eniended io any
finile length.

THEOREM 5.4. Suppose (X, Z)=%x{(X,, &, ) :a€EA). Then (X, %) is well-
chained iff (X, %,b) is well-chained for each aEA.

PROOF: A. If (X, ZJ is well-chained, then (X, o) is well-chained for each
aEA by theorem 5. 1. '
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B. Suppose that (X, #,) is well-chained for each a€A, x and y in X and
U=(P, XP,)"'U, NN(P, XP,)~'U,. Then x(ax), y(a,) are in X, andU,E

> 1 - 1 1 -z ------ ”' I
Z . There exists then a U“. chain x, °, %, % , X! from z(e;) to y(az.)

for 1<i<k. By lemma 5.3, we may assume that #,=n,=--=n,=n. Let x,=x, z,
=y. For 2<i<n-1, let x;: A—U{x,: ¢EA} as follows: xi(aj):xiJ for 1<j<k
and z(a)EX, arbitrary when a#a,, -, @, It is easy to see that x;, -, x, is
a U-chain from x to ».

6. Hyperspaces

DEFINITION 6.1. For a set X, define H(X)={A: ACX, A#¢}. For ACUC
XXX, let HU)={(A, B): A€H(X), BEH(X), ACU|(B], BCU[A]}.

DEFINITION 6.2 Let (X, Z) be a uniform space. Then H(Z') is the uniformity
for H(X) generated by {H(U) : UEZ’} as base. (H(X), H(Z)) is the hyperspace
determined by (X, Z).

THEOREM 6.3. (X, Z) is well-chained if (H(X), H(Z)) is well-chained.

PROOF. Let x,y be in X and U=U~1 be in &. Then {z}, {3} arc in H(X) and
HWU)EH(#). There exist then A, =« » A, in H(X), a H{U)-chain from {x}
to {3}. Now {2}=A,CU[A,] :let ;=2 and x,EA, such that (x,, z,)EU. But

A,CU [A] ; choose x5 in Ay such that (x, x,)EU. Continuing, we have x,E4;
and (x;, %, )€U for 1<i<n—1. It follows that x;, -, x,is a U-chain from
xz to y.

The converse of theorem 6.3 is false as seen by

EXAMPLE 6.4. Let (X,#%) be the space of reals with the usual uniformity Z.
Then (X, #) is well-chained, but (H(X), H(%)) is not well-chained since there
is no H(V,)-chain from {#} to X where V,={(x, ») ! |x—y| <1}

DEFINITION 6.5. Let A€H(X), (X, %) being a uniform space. Then A4 is
totally bounded iff for cach UEZ/, there exist a; in A such that ACU [a,, -, al.
We define T(X)={A: A€H(X) and A is totally bounded}.

THEOREM 6.6. If (X, Z) is weli-chained, then (T(X), T(X)XT(X)NH(Z))
2s well-chained.

We first prove some lemmas.

LEMMA 6.7. Let (X, %) be well-chained, A€H(X), U=U"'€ ¥ and xEX.
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Then ihere exists an H(U)-chain from A to AU{x}.

PROOF. Let a€A. Then there exists a U-chain x;, «- ,» %, fromato x. Then
(A, AU{x,DEHU), (AU{z,}, AU{x)EHU), -+ » (AU{x,-1}, AU{z})E
H(U). Note that AU{x} is totally bounded when A is totally bounded.

LEMMA 6.8. Suppose that (X, Z) is well-chained and that x and y are in X.
Let U=U"l€¥. Then {x} and {y} are H(U)-chained.

PROOF. Let x;, e , %, be a U-chain from x to y. Then {x,}, =, {z,} is an
H(U)-chain from {x} to {y}. Note that {x}ET(X).
LEMMA 6.9. Let (X, %) be well-chained, A={a,, ++ » a,}. Then A and {a;}

are H(U)-chained where U=U-'€¥.
PROOF. By lemma 6.7, {a;, = » @;} and {a;, -+ , @i+1} are H(U)-chained.

Proof of theorem 6.6., Let A and B be in T(X) and U=U"'€%. By definition
6.5, there exist points ¢; and b; such that ACU (e, -, a,] and BCU[b,, -, b,,]
with @; in A and &; in B. It follows then that (4, {a;, = » a,}) and (B, {b), *-- -
b,)) are in H(U). By lemma 6.9, {a}, - , a,} and {@;} arc H(U)-chained and
{by, +eeeer , b,} and {4} are H(U)-chained. By lemma 6.8, {a;} and {2} are
H(U)-chained. It is clear that all chains may be taken in T(X). Thus (T'(X),
T(X)XT(X)NH(Z)) is well-chained.

COROLLARY 6.10. Let (X, &) be a totally bounded uniform space. Then
(X,%) is well-chained iff (H(X), H(X)XH(X)NH(Z)) is well-chained.

PROOF. This follows from theorem 6.3 and the fact that H(X)=T(X) when
(X ,#%) is totally bounded.

7. Funetion spaces.

Let X#¢, (¥, #7) a uniform space and ¢=5F CY*. For VEZ", let W(V)
={(f, &) : (f(x), g(x))EV for all z€X and f and g in F}. Let ¥ _(F) be
the uniformity for & with {W(V) : VEZ"} as base.

THEOREM 7.1. Let (Y, 77) be a subspace of the reals with the usual uniformity
and suppose that X#¢. Suppose that F is a non-empty subsei of the bounded
Sfunctions in Y with the property that f, g in F implies that .%_ (f+g) is in F.
Then (5, %, (F)) is well-chained.

PROOF. Let f and g be in ¥ and suppose VE#". Then there exists an &>0
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such that V,.CV, V.={(y, »») :3.€Y and |y,—y,| <e}.

Let M=sup{|f(x)—g(x)| : *€X} and choose # so that M/2"<e.

Let flzf- f2=f1+(g-f)/2". and fi+1=fi+(g_f)/2”-

Then fa_,=gand (f;, f;,DEW(V,) for 1<i<2". It is clear that f,€5 for
each 7.

The Ohio State University.
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