THE STRUCTURE OF A CLASS OF REGULAR SEMIGROUPS, II

By R.]J.Warne

We describe the structure of regular semigroups whose idempotents form a
semigroup mod partial chains of left zero semigroups, partial chains of right zero
semigroups, and inverse semigroups. Refer to [6] for a related structure theorem

and a more complete bibliography.

If D is a semigroup, E(D) will denote the set of idempotents of D. If aED,
F(a) will denote the collection of inverses of @. Unless otherwise specified, we
follow the definitions and notation of [1]. In particular, # and & will denote
Green's relations.

Let W be a partial groupoid which is a union of a collection of pairwise disjoint
subsemigroups(T'; : JEA) where 4 is a semilattice. If €T, YET; and d<y (in
A) imply xy is defined (in W) and zyE€T; and, if §<d and zET, imply (xy)z
=x(yz). W is termed a (lower) partial chain of the semigroups (7;:d€A). If
2€T,, y€T; and y<J imply xy is defined (in W) and xy€T,, and {=J and
zGTf imply (x3)z2=x(yz), W is termed an (upper) partial chain of the semigroups
(T;:d€ ). Partial chains of left groups were employed in [7].

Let M and N be sets. A mapping 0 of a subset C of M into a subset F of N
will be termed a partial mapping of M into N. We let C=D(6) and F=R(60).
The set of all partial mappings of M into N is denoted by P(M, N). We are
now in a position to state our theorem.

Let X be an inverse semigroup with semilattice of idempotents ¥. Let I be a
(lower) partial chain of left zero semigroups (7, : y€Y), and let J be an (upper)
partial chain of right zero semigroups (J, : yEY). Let (r,s)—a(,s) be a mapping
of X* into P(Ix],I) and (7,5)—8, s be a mapping of X” into P(I%],]) subject
to the conditions

I. D(a'(r, s))=D(ﬁ(r, s))=]r"‘r><-[ss" ; Rca(r,s))=-r(rs)(rs)“ H R(ﬁ(f,s))':](rs)"n
I. If j€Jss pEI, €]y, and mEIgp, (f, (s, n((F:0)B (s, 1) * € M)A (51, gy
=0/, p((g, mag,g)))a(s, g and

(7, 0((q, m)ax s, )))Bs,19)(a M)Bu, gy =5, 0B @ MB(st, p)e
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Let (X, I, J. a, B) denote {(i, s, 7) :s€EX, i€l jEJs1s} under the mul-
tiplication
G, s, @ t, =0 J, Paend). st, (G, PBenD)-

THEOREM. S is a regular semigroup whose idempolents form a semigroup if and
only if S =(X, I, J, a, B) for some collection X, I, J, «, B.

PROOF. Let S be a regular semigroup such that E(S) is a semigroup. By [2,
theorem 3], A={(a,0)ES : F(a)=,(b)} is the smallest inverse semigroup con-
gruence on S. Let X=S/, Y=E(X), and ,=sA~". Hence, {A,:s€X} is the
collection of A-classes of S and 2AA,CA,. By [4:1, p.129, Ex. 1], E(S) is a
semilattice 2 of rectangular bands (Ej:dJ€Q). Utilizing (3, lemma 2.2,4], {A:
s€Y} is the collection of 2-classes of S containing idempotents. If ¢, fEE; (§€Q),
F(e)=SF()(F(e)NF(f))#p implies £ ()= (f) by [2, theorem 2] and, hence,
E;CA, for some s€Y. If hEA, F(W)=5(e), hEE(S) (h€.F (e))implies kEE(S) by
(5, lemma 1.3] and, hence, REE; Thus, E(S) is the scmilattice ¥ of rectan-
gular bands. (4, : s€Y). If s€Y, select and fix an #—class /I, of A, and select and
fix an #-classJ, of 4. For sEX, let u, denote a representative element of 2.
If e€l, fEI, andi<s, (ef, HEZL(A) and, hence, efEI, Let I=U(I,:s€Y)
and, if a,b€1, define @ob=ab (product in S) if abEI while @ob is undefined if
ab&I. Hence, the partial groupoid (7, ) is a (lower) partial chain of left zero
semigroups (I, : s€Y) (since no confusion will arise, we replace “=” by juxtaposi-
tion). Similarly, J=U(J,:s€Y) is an (upper) partial chain of right zero semi-
groups (J,:s€Y). Noting the proof of [6, lemma 5], it is easily seen that every
element of S may be uniquely expressed in the form x=iu_j where /€I, and

J€Js+s. Thus, if j€J,, and i€ly, we may define aq nEP(IXJ, I) and
B, EPUIX], J) satisfying I by the expression u,(jdu =(j, D), s trs(f, i)
B¢, s)» while, by applying the definitions of a(, s and B¢, to (u( jp))(u,(qm)uz)
_—.(u,(jp)u‘)((qm)ug). we obtain II. Furthermore, since (iu j)(pu,q)=i(u,(jpludq
=i((4, p) aw,p) uy(j. D) Be,oe Guide=(,s.j) defines an isomorphism of S

onto (X, I, J, &, B). We next show that T=(X, I, J, a, B) is a regular
semigroup such that E(T) is a semigroup. We utilize I to establish closure and
I to establish associativity. Utilizing I, E(™T)={(({, s, j) :s€Y, i€l, jEJ)
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and, hence, E(T) is a semigroup since ¥ is a semigroup. If (7, s, /)ET, k€I,
and n€Js, (G, s, Dk s~ n)(E, s,57) =(, s, 7) by utilizing [.

The theorem may be specialized to give a structure theorem for idempotent
semigroups. This topic will be treated separately [8].
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