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We describe the structure of rcgular semigroups who똥 idcmpolcnts form a 

semigroup mod partial chains of left zero semigrou뼈， partial chains of right zcrO 

semigroups, and invcrsc semigroups. Rcfcr to [6J for a related structure theorcm 

and a more complete bibliography. 

lf D is a scmigroup, E (D ) will denote lhe set of idcmpotents of D. If aED, 

J(a) will dcnote thc collcclion of invcrscs of a. Unlcss otherwisc specified, wc 

follow lhc dcfinitions and notation of [IJ. In partic비ar， .91' and !if' will denolc 

Green’ s relations. 

Let W bc a parlial groupoid which is a union of a collection of pa i r、，vise disjoint 

subsemigroups(Tö : ðEA) wherc A is a scmilatticc. If %ETr, yETö' and δ:5;r ( in 

A) imply "y is dcfincd (in W) and :<yET õ’ and, if ç:5;ð and zET. imply (:<y)z 

= %(yz) . W is tcrmcd a (lowcr) paπial chain of the semigroups (Tö : ðEA ). If 

xETr, yεTö' and r:5;δ imply :<y is dcfincd (in W ) and xyETr, and S능ð and 
zET . imply (xy)z =x(yz), W is termed an (uppcr) partial chain of thc scmigroups 

(Tö : δEA). Par tial chains of left groups were cmployed in [7J. 

Let M and N be scts. A mapping ø of a subset C of M into a subset F of N 

will be tcrmed a partial mapping of M into N. Wc Ict C= D (Ø) and F = R(Ø). 

The set of all parti외 mappings of M into N is denoted by P (M , N). We are 

nQW in a position to slate Qur theorem 

Le t X bc an inversc scmigroup with semilatticc of idcmpotcnts Y. Let 1 be a 

(lowcr) partial chain of left zero scmigroups (1, : yEY), and let J be an (uppcr) 

parti~1 chain of right zero semigroups CJ, : yEY) . Let (r, s)→a(μ) be a mapping 

of X ‘ into P(l XJ , I ) and ( r , s)~β(".) bc a mapping of X2 into P(1Xι J) subject 
to the conditions 

1. D(a(".))= D(β(" .))=J，-"X I，，- ， ; R(a(, •• ))=I (,,)(,,)- , ; R(β(r ， 1))= J (rs)-Irl 

n. If j EJ."" PE1u-' , qEJ,"I, and IIlE I . g-" (j， p)a(ι I)( (j， p)β(.，1) • q, IIl)a(" ,.)> 

=(j, p((q, m)a {l, .)))a(.,I.) and 

(j, p((q, m)a{l ， .)))β(.， I.)(q， IIl)β(1，.) =((ιp)β( •. 1) q, m)β("，.) . 
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Let (X. 1. !. lX. β) denotc {(i. s. j): sEX. iEI ‘r' . jE! r "} under thc mul­

tipIication 

(i. s. j) (P. t. q)= (i(( j. p)lX(,.,)), st. (j. p)β(，. t)q). 

THEOREM. S ‘'5 a regu/ar semigrouþ μhose idempotetlts fMm a semigroup if and 

only if S 르(X. 1. !, lX. β) for so",e colleclioll X. 1. !. lX. ß. 

PROOF. Let S bc a regular semigroup such that E (S) is a scmigroup. By [2. 

theorcm 3J. λ= {(a， b)ES : ..P(a)="p(b)} is thc smallcst invcrse scmigroup con. 
gruencc on S. Let X = SIλ• Y = E (X ). and λ=sÀ- 1 • Hcncc. {ζ : sEX} is thc 
collcction of À-classcs of S aod 갱ζÀ". By [4 : 1. p.I29. Ex. l J. E( S ) is a 

scmilatticc Q of rcctaogular bands (Eð : oED). Utilizing [3, Icmma 2. 2.4 J, {λ : 
sEY} is the collcction of }.-classes of S cootaining idcmpotents. If e, fE Eð (ö E D) • 

..P(e)=..P(f)(..P(e) n ..p( f )) ;ttþ implies ..P(e)=..P(η by [2. theorcm 2J and. hencc. 

E6CÀ, for some sEY. lf hEÀ,. "p(h )=..P(e). hEE( S ) (hE..P(e))implics hEE(S ) by 
[5. lemma 1. 3J and. heocc. hEEð. Thus. E (S ) is the scmilattice Y of r，∞tan ­

gular bands. (λ， : sEY). If sEY. select and fix an 9'- class 1, of λ and sclect and 
fix an ,Si'-class ! , of À, . For sEX. let u, denote a represcntative elcmcnt of À,. 

If eEI,. fEI ,. and I~s. (efJ) E 9'(À,) and. hcoce. efEI,. Lc t 1= UCI, : sEY) 
and. if a. bEI. define aob=ab (product in S) if abEI whilc aob is undefined if 
abfll. Hcnce. the partial groupoid (l. o) is a (lowcr) partial chain of 10ft zerO 
scmigroups (l, : sEY) (sincc 00 confusion will arise. wc replacc " 0 " by juxtaposi­
tion)_ Similarly. ! = UCJ, : sEY) is an (upper) partial chaill of right zcro semi­
groups CJ, : sEY). Noting thc proof of [6. lemma 5J. it is casj]y 않en that cvcry 
element of S may be uniquely cxpressed in the form :r = i;α:si whcrc i EI u-t and 

jE!r'" Thus. if jE!r" and iEI..-" wc may definc lX(,.,)EP(l X!. I) and 

β(r. ，) EP(lX!. J) satisfying 1 by the expression u，(ji)와= (j. i ) lX(,.,) u,,(j. i ) 

β(，. ，) . while. by applying the definitions of lX('.') and β(r. ') to (u,(jP))(u,(q’'11 )", ) 

= (u,(jP)u,)((qm)ug ) . we obtain n. Furthermore. sincc (iu，j) (pu，q)= i(u，(jP)I，이q 

= i((j. p) lX(μ)) u,/ j. p) β('.M. (iu，j)φ= (i. s. j) defincs an isomorphism of S 

ooto (X. 1. !. lX. ß) . We next show that T = (X. 1. !. lX. β) is a regular 

semigroup such that E (T ) is a semigroup. We utilize 1 to cstablish closure and 

1I to cstablish associativity. Utilizing 1. E(T )= {Ci. s. j ) : sEY. iEI ,. jE!,}. 
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and , hcnce, E(T) is a semigroup since Y isa scmigroup. If U, s, j)ET, kElr ." 

and nEJ ,...‘ , (i, s, j)(k, s-I , n)(i, s , j) =(i, s, j) by ulilizing 1 , 

Thc thcorem may be specialized 10 give a structure theorem for idempotent 

semigroups. This topic will be treatcd separatcJy [8J . 

University of Alabama in Birmingham 
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