
SET-CONNECTED MAPPINGS 

By Jin Ho Kwak 

In lhis paper, wc defined ncwJy set-connected mappings and ohtain a charac­
terization and some propeπies about lhis mapping and find the reJation between 
this mapping and a continuous mapping or a connected mapping. Furthermore, 
wc shall find what conditions must bc pJaccd upon the spaccs in ordcr to bc able 
to conclude that a set-connected mapping is continuous. For any concepts which 
we do not define or elaborate upon, the reader is referred to Dugundji’ s book[3J. 

DEFINITION 1. [4J . A space is said to be connected betweeπ A and B if therc is 
no c1osed-open 않t F such that AζF and FnB=tþ. ClearJy, the connectedness 
bctwcen two sets is a symmetric relation. 

DEFINITION 2. Let X and Y be topological spaccs and f: X -Y be a mapping. 
If X is connected between A and B , thcn f ( X) is connected betwcen f(A ) and 
f ( B) with respect to reJative topoJogy. Then f is called a set-connected mapping 
of X 10 Y. 

LEMMA 1. [4J. lf a subspace of Ihe space is connecled belween A G1zd B, then 

so is lhe whole space. 

Now, we give a charactcrization of set-connected mappings. 

THEOREM 2. Lcl f: X • Y be a mapping. Then f is a sel-connecled mapping 

if and only if f -l(F ) is a c/osed.open subsel of X for any c/osed-open slibsel F 
of f (X ). 

PROOF. Only If; Let F be a c1osed-open suhset of f (X ). Suppose f-l (F ) is 
not c10sed in X. Let p bc a Jimit point of f - l(F) which does not belong 10 
f - l(F). Then X is connected betweenp andf-l(F). Conscquently, f (X) is connected 
belween f (P) and f[ f-l(F)J, which contradicts 10 F is c1oscd-opcn in f (X ) and 
f[ f-I( F )J CFζWf(p). SimilarJy, f -I(F ) is a 때en subset of X. 

If; Suppose f(X ) is not connected bctween f (A) and f(B ). Thcn therc exists a 
c1oscd-open subset F in f (X ) such lhat f(A)ζFCW f ( B). By hypothesis, f - I( F) 

is a c1osed-open subset of X and ACf- 1(F )CWB. Thcrcforc X is not connecled 
between A and B. 
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REMARK. Also. if [ is a set.connected. then [-I(F ) is a closed.o야n subset 
of X for any closcιopcn subset F of Y. 

COROLLARY 1. Lel [: X-Y be 0 sel'connecled mapping. J[ F is 0 closed.open 
subsel o[ [ (X ) (or Y ), IlIe“ each COllψ01lenl o[ [-I(F) is closed i1l X . 

COROLLARY 2. E very c01l1;"uous 1Il0ppi1lg is a sel.connecled. 

Following example sbows that thc converse of corollary 2 is not true. 

EXAMPLE 1. Le t [: E'-E' be dcfincd by [(x)=i, (x",O) and [(0)=1, where 
E' is a Euclidean 1-spacc. Thcn [is a sct.comiectcd mapping, (cf. lemma 3), 
bul [ is not continuous at O. 

REMARK. The set.connected mapping on a spacc to a O.dimensional spacc is 

a continuous. 

We may state the following Jemma 3 and Jemma 4 immediately. 

LHI~IA 3. Every nzapping [ Oll X 10 Y such Ihol [(X) is 0 connecled sel is a 
sel-con1!ected maþping. 

LHI~IA 4. Lel [: X -Y be a sel.comtecled mapping. J[ X is 0 connecled sel, 
IlIen [ ( X ) is a connecled sel. 

LDßIA 5. Lel [: X • Y be 0 sel'connecled ’'lIappmg aκd A be 0 subsel o[ X such 
tllol [ ( A) is a closed.open subsel o[ [ (X ). Then [IA : A- .Y is 0 sel.connecled. 

P ROOF. Let A be conncctcd between B 1 and B2• By Jemma 1, X is connccted 
between Bl and B'};' Thercforc [ (X ) is connected bctwccn [(B1) and [ (B2) . 

Since [ ( A ) is a closcιopcn subsct of [ ( X) , [(A) is connected between [(B1) 

and [(B2) . 

THEOREM 6. Lel [: X -Y be a sel.connτcled open surjeclion, ond assume IlIat 
eaclz [iber [-I(y) is cOltllecled. Then [or any closed.open subsel F o[ Y , F is 

co’'l1lecled (C01llPO,te'u) if and 0ηIy i[ [-I(F) is comzecled (componenl ). JIl parli 

cular, Y is conllecled i[ alld oltlv i[ X is cOllnecled. 

PROOF. ünly if; Supposc [-I (F ) is not connected in X . Then thcre arc opcn 
subsets A and B of X such that [ - I(F) nAnB=ø, r1(F)CAUB and 

r1(F) nA측ø"，r1(F)nB. Sincc [-I(y) is connected, either rl(y)ζA or 
[-I(y)ζB for cvcry yE F . Therefore F n [ ( A)n[(B)=ø , Fζ[(A)U[(B) ,and F n 

[ (A )",ø",Fn[(B). Sincc [ is opcn mapping, [(A) and [(B) arc opcn subscts of 
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Y. Hence F is not connected. 
lf; Since f [f-l(F )J = F is closcd.o야n in y , by Icmma 5 flf-1 ( F ) is a sct­

conncctcd mapping and f - l(F) is a connected sct. Hcnce by Icmma 4, 

flr1 (F ) [f - l(F)J = F is a conneclcd set. 

THEOREM 7. úl f : X • Y be a set'connected lIIaPPing and the compO>lellts of Y 

be open sets. The’‘ for eacll pEY. f[ f-l (p )J is colllai’U!d onυ one conψollcnl . 1 n fact , _ 

f[f- l(p)J is contained Ihe comþone’'lt containing p 

PROOF. Let C(p) denotc the componcnt conlaining p and xEf- 1 얘). Then X is 
connected bctwccn f -l(p) and x. Thereforc Y is connecled belwecn p and f (x ). 

Sincc C(P) is a closed-opcn subsel of y , f ( :c ) is contained in C(p). Hcnce 

f[f피짜J CC(p) . 

THEOREM 8. úl X be a loþological sþoce and x has a cOlznecled neigilbo,'hood 

for each xEX. If 0 sequence of poinls Pn of X cOlzverge 10 p, then Ihere e%lsl 

some no such tllat X is connected betwcer.‘ p and Pn for each n능no' 

PROOF. lf P and p. are containcd a connected set, thcn X is connected bctwcen 
p and Pn' Hence we obtain the result casily. 

COROLLARY 3. If a sequence of points p. 01 0 locally c01mec!ed space converge 

10 P. then Ihcre e%lsts some no such Ihat X is cOn1lecled be!ψee’‘ p and Pn lor each 

n늘"0’ 

EXAMPLE 2. In above theorem 8, the hypothesis of ‘ x has a conncctcd 

neighborhood for each :cEX. ' is csscntial : in ordinal spacc [0, ω]. 、i\'here 띠 IS 

thc first infinite ordinal number, the scquencc 0, 1, 2, … .... 1l. “ .... is convergc to 

ω" but [0, ωJ is not conncctcd between ω and n for cach IlE [0, ω [ . 

In order to say tbc following , wc notc that a Hausdorff space in which the 
closure of every opcn scts is opcn is called an extremally disconnectcd space. [5J 

THEOREM 9. Lel f: X-,Y be a se!-conηected mappil'g and Y be an ex!relllally 

discomzccted space. Then G(f) is closed … X XY 

P ROOF. Supposc f(:c)~y. Thcn thcrc exists a closcd-opcn ncighborho여 V of y 

not containing f (x ), thereforc f - l(V ) is closcd-opcn in X and xe/- 1(V ). 

Taking U=X-f- 1(V ) is a neighborho여 of :c, then f (U)n v =q,. By 1ιemma 1 

of [2]. G(f) is clo똥d. 

ln [2J, it was shown that any mapping on a first countable space into a coun-
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tably COm야ct space having a closed graph is continuous. Combining this with 

theorem 9. we havc thc result 

THEOREM 10. Lel f : X • Y be a sel'con7wcled mapping. X be a firsl counlable 

space and let Y be al! e%tremally disconnecled cou l!lably co.η，pact space. T hen f is 

continuous. 

THEOREM 11. Lel f: X • Y be a sel.connecled mapp…'g. lf % Iws a connecled 

’,eighborhood βr eoch %EX ol!d Y is al! e%lremally disconnecled space. Iheη f is 

continuous. 

PROOF. Lct xEX bc given. It is sufficient to show that f (U) =f(x). for a 
conncctcd ncighborho여 U of %. Suppose that therc exist x' in U such that f ( x') 

~f(%) . Then thcrc is a closed'open subset V of Y such that f(x)EV and f (x') 

ev. Then f- 1(V)nU is a nonempty clnsed'opcn proper subset of a subspace U. 

which contradicts. 

Finally. the following examplc shows that the conccpts: “ set.connected mapping" 

and “ connected mapping" arc independen t. 

EXAMPLE 3. The mapping f defincd in cxample 1 is a set.connected but not a 

. conncctcd. Next. lct X = [0. 1J - (-b- I IIEZ야 be a subs맹ce of et. whcre Z+ 
L n 

is a set of all p뼈%에itive int마t때e탱ge없rs a때n찌d 1따e앙t Y감={O떼0이}씨씨U이{냥「승i | ”EgZ+너} be a s빽맹c않e 、Wl‘，\'1…rt따ít 
discrcte topo이logy. 

f 1 1 \ + Dcfíne g: X~Y by g(%)=강감 for any XE(강감· τ). (nEZ T
) and g(O) =0. 

Then g is a connccted mapping qut not a set.connectcd . 

Kyungpook University 
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