
ON A PROOF OF R. A. HUNT 

By C. J. Mozzochi 

Let 1εL1 (-π， π) . Let S. (x ;[) be the nth partial sum of the Fourier series for ι 
LetM:LP (-π• n)• class of cxtended real valued functions on (-π. π). 

M[(x)=sup (IS.(x;f) I : Inl 늘O} 

Let l denote the 2π-periodic extension of [ with domain ( - 4π. 4π). 

Let stx; f IUfl)=P v f4πζ갚휴!2 dl : Inl늘0 
-4.7 

Let M ‘ : LP(-π， π)→cl잃s of extended real valued functions on (-π. π). 

M‘ [ (x)=sup{ lS: (x; [: w~I)1 : Inl 능O} 

On page 237 in [2J Hunt states without proof “It follows that <*l II M* J1lpooS:: 

AplI[ lItl for all [EL(P,l), Ap ,,;const (P/(p -1))Bp' 1 <P<∞ 
The only proof (prod따ed later in this paper) of <*l that I know of is based 

on a de!icate Lorentz space extension (communicated to me by C. Preston) of the 
very non.elementary theorem of M . Riesz which states that the Hilbert transform 

is of type (p, p) for 1 <1><∞. 

In this paper (maintaining the use of his Lorentz space interpolation techniques 
together with only very elementary real variable techniques) I modify Hunt’s 
proof in such a way as to e!iminate <* l and the need for the theorem of M. 

Riesz to establish Theorem 1 in [2J . A similar modification w피 yield Theorem 2 
and Theorem 3. 

LEMMA 1. M[(x) ";E( 1IJ1lp+M* [(x)) [or almosl eveγy x in (-'" π) [or 
1 <1> <∞ where E>O is a conslanl independenl o[ [ in L‘(-π， π). 

An exhaustive proof of this Icmma is given in [3J . 

LEMMA 2. (Carleson-Hunt). Lel FC(-π， π) aηd lel 'XF be Ihe characlerislic 

[unclion o[ F. For every y>O and 1 <p<∞ we have 

m{xE( -π， π)IM* 'XF(X)>y}";B~ y-PmF. 

This is estab!ished in [2J. 

LEMMA 3. Let Fζ(-π， π) aηd let 'XF be I"e characteristic [unction o[ F. For 

every y>O and 1 <1> <∞ we have 
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”‘{xE(-π， rr)IMíéF(x)>y} ,;: (l+21r) (2EB야 y-Þ mF 

where E is of Lel1mμ. 1 and Bþ ’ s of Le’”’'110 2. 

PROOF. This follows from Lemma 1 and 1ιemma 2 in thc following way: 

MíéF(x)';:E (M‘ íéF(x) + (mF ) I/Þ) a. e. in (-π， π). 

”‘{x l(’nF) IfÞ>y}=IL y늘(mF)'/Þ 
\2π y <(…F)I/þ 

m{x 1 (mF) I/Þ> y}';:Zπ(1/mF)’IIF 

1/，…싸’시씨‘κ，{xμx치l(mF까) '/Þ’Þ>y} ，;:2t상πrB영: y-Þ싸’m 

(x치1 M‘ X F(x) +(mF) IfÞ> y}C{x 1M‘ íéF(x)> y/2} U {x 1 (mF) I/Þ> y/2) 

”‘(xlM‘ íéF(x) + (mF)I/þ> y}';: (1 +2π) (2Bþ)’y-씨F. Hence 

m{x IMíéF(x)> y}';: (1 +2,T)(2EBþ)Py -P mF. 

LEMMA 4. Lel FC(-π. π) and lel íéF be Ihe characlerislic function of F. Then 

11M써1혹。s링l짜때. 1 <P<∞ where B;=(1+2π)1φ(2EBp) 

PROOF. This is an immediate conscqucnce of Lemma 3 and the fact that 
(mF) '/P= 1IχFII;， and 11 MXF!I흉。=sup {[2MXF(y)] l/상 ly>O). 

LEMMA 5. For every si째le funclioη f in L(P, 1) for 1 <P<∞ 

11M.꺼 1;""';: Consl(p/þ-1) Jrp llJ맴l 

PROOF. This follows immcdiatcly from Lemma 4. For details sce the argument 

00 thc bottom of page 236 in [2] (replace M* by M in the argument). 

Let (1 denote any simple function witb domain (-π， rr) and range in {O, 1, …, 

N}. We say (1 is an Nth order simple function. 

Let T"f(x)= S"Cx)(x ; f ) for xE( -tr, π). 
Clearly, T" is linear for every Nth order simple function, and for 1 <P<∞ 

IIT" f ll poo';:Cpllfl l;1 for every simplc function f in L (p, 1) and for each Nth order 
simple function (1 whcre Cp=Const (PlP-1)Bp 

LEMMA 6. Let fEL( p, 1) 1 <p<∞. Lel (1 be any Nlh order si"ψle funclion. 

Tlzere exists a s씩uence of s‘’nple fu，κlions {f.}ζL(p， 1) such Ihal 111.11 P1- lIl1lp1 

and T" Cf- f. )(x)-O for xE( -π， rr) . 
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PROOF. This is an immediate consequence of thc Lebesgue dominated conver­

gence theorem and (2.4) in [1] . 

Lnl"1A 7. For 1 <p <∞ 111' afll toos:Cμη ;, for every 1 in Lφ. 1) aηd for each 

Nlh order sim.ψle funclion a . 

PR.∞F. Fix 1 EL(P. 1). Let {f.} bc the sequence of Lemma 6. Then IT af .(x) I 

- 1 T al ( x) I for x in ( -π. rr) . Hence by Fatou’s 1emrna wc have (Tango)S!쁘 

(T al.) '*(1) and I,T afllpooS: \j믿Jl1'a f.셔 1_ The result now follo、‘ 5 from Lcmma 5. 

LD1."!A 8. 11M/1I:a，s:C~' 11/ 11;1 lor all f in L ( P.1 ) 1 <P<∞· 

PROOF. Fix 10 in L ( p. 1). Clearly there exi5ls an Ntb order 5imple function ao 
such that I T a，ωlo(x) I = M Nf o(x) for all xE(-π， π) . Hence 11M NloIlp∞S:C' Jlfollp1 . 

But Mκlo(x)→Mlo(x) for cach x in (-π， π); 50 lhat by Fatou’ s lemma (Mlo)" * 

(t) S:l!띤(M，y/o)**(t) and the result follows. 

THEOREM 1. IlMfJl pS:K p II/ lIp 1 < p <∞. 

PROOF. Thi5 i5 an immediatc con5equcnce of Lemma 8 and the interpolalion 

theorem found in [1]. 

To estab!isb <융) wc use the following Lorentz space generalization of M. 윈C5ι 

theorem 

μt h(x)파，앞 dl for x in (-π rr) 

LEMMA 9. lIh ll pooS: Apll f ll ;1 for 1 <P<∞. 

PROOF. By (1 . 8) in [1] it is 5ufficient to show(:) II h llpooS:Ap ll끼 1 p' Since the­

Hilbert tran5form is of type (P. p) it is of weak type (P. p) . Hence y [λh (y)] ，φ 

S:A싸fllp for a!1 y>O. Hencc s~~y [λ.cy)] I/P S:A씨IlIp ; 50 that by ( 1. 7) in [1] ,)0 

(: )fOUOW5 

PROOF of <*). 
Let r: /(x)=S~(%)(X; 1; ω-1) for x in (- π. π). It is sufficient to e5labli5l> 
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Lemma 6 for T~. Clearly, for any Nth order s히m빼1 
N 1I r찌예 .-'ntf'(t) ? lI T! fl l ，∞Sε j니 • 1T」Hf스 dtll_. But by Lemma 9 we have that the right side 

‘ μ -，π ι-‘ . 
is majorized by (N +1)Ap IIfllp l' Let {지，}CL(ψ. 1) be a sequence of simple functions 

such that I따 -끼μ→O. By ( 1. 7) in [1] 다 f. com’crges in measure to 겸 ι 
Hence there exists a sequence {!，씨 such that almost everywhere T* (f - f. ‘ ) (x )‘ O. 

REMARK 1. If f in L log L log log L. tben thc Fourier series for f converges 

almost cverywhere to f . This is due to L. Carleson. and it is based on Lemma 
3. The proof is presented in detai! for the Walsh orthogonal system on page 563 

-567 in [5] . It is easy to see that L 1그L log L log log L 그LP for l<p. 

Yale University 
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