
AN IDENTITY IN COMBINATIONS 
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lf we have k(k능1) objects a!. a2' a .. then tbere cxist 
,‘ 

(1) E(k. n) =증( -lYlj)(k-j)" 

different permutations of the k objects takcn lI(n>O) at a time where repetitions-
are permitted and which conlains each of a!. 언 …. a, (rS;k) at Ieast once. 
This res비 t does llot appcar lo have becn explicilly stated or any rate does not 
secm well known. 

In this note wc shall establish (1) by using tbe wcII.known principle of incIusion 

and excIusion [4. pp. 233J and [6. pp.19J. In general notation foIIows [6J. 
Let S be a finilc set of n elemenls. When this terminology is used wc assume 

.. >0 and exclude tbe cmpty sct rþ. Let cacb a in S be assigncd a unique weight 

W (a) . Let P denote an k.sct of k propertics 

(2) p!' P 2• • .. …• P. 

conncctcd with tbe elcmenls of S and lct 

(3) {P;. P i .• ……. P,} ( r S:k) -‘ ., 
denote an r.subset of P. 

Lct 

(4) W(P,. P,. ….... P,) 
" '1 .~ 

cqual the sum of thc wcights of those elements of S that satisfy each of the-

properties p.:_. P;.. ……. P,. Now Iet ., 
(5) W ( r ) =ε W(Pj‘, P ,Ic-----, PIr) 

equaI the sum of tbe quantilies (4) over all of thc r.subsets of P. Let E(O) 

denote the sum of tbe weights of the elements of S that satisfy nonc of the 

properlies (2). Then 
(6) E(O)= W (O)-W (1 )+W(2) - ... +c -l)'W(k). 

Formula (6) is known as the sicvc formula. and proved by Hardy and Wrigth 

[4. pp. 233J and Ryser [6. pp.19J. 

In order to establish (1) wc Ict P,(l S; j S;r) be the number of ".tuplcs of 
l 

objects chosen from a!. a2' .... ..• a. which do not contain aj (viz (k- j)"). TheIÞ 

W(P
‘ 

. P ,_. • ...... P, )=(k-j)" -, 
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and 

W싸(j)(k_j)n 
Hence by (6) we obtain the following formula 

(7) E(k,’ n)=흘(-li(j)(k- j)"= {~I if 1";" <r. 
if n=r. 

Hence (7) is the number of n-tuples of k-objects. repetitions pcrmitted. which 

oContains a1_ a2' …. a/r";k) at least once. In (7). if r = k. then we derive the 

well.known formula 

(8) E(k. n)=흡( 1)j(?)(k -j)n = {$ ! ;t ;Erk, 

Formula (8) is also the number of ordered partions of a finite set of n objects 

into k disjoint non-empty subsets. 
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