A NOTE ON GENERALIZED MEIJER FUNCTIONS OF TWO VARIABLES

By MANILAL SHAH

In this note the author evaluates two integrals involving generalized Meijer
functions of two variables with Gauss's hypergeometric functions which are
generalizations of the results recently given by Pathak [(6)]. Some interesting
particular cases and double-integral analogues of the results are also obtained.

1. Introduction.
A generalization of Meijer's G-function [(4), p.207, (1)]
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has been introduced by Sharma [(7), pp.26—40] in the form
(42 8] |@:®
a2 s[]=5(cy, pl,)|@: @ ||/ [ +0w s D2 dsat
(e%. Fop)|@:n S

where L,, L, are suitable contours and
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A, B,C etc. are positive integers and satisfy the following inequalities:
D>1, F>1, A>0, B>0, 0<p<A, 0<g<C, 0<r<D, O<R<E, O<I<F,
A+4+C<B+D and A+E<B+F.
The integral (1.2) converges if

(2(p+q+7)>A+B+C+D, larg()| < [p+g+r— é(A+B+C+D)]:r.

-3 | o(p+-k+D>A+B+E+F, Iarg(y){<[p+k+l—%(A+B+E+F)]:r
or



200 Manilal Shah

[ A+C<B+D, A+E<B+F,
or else A+C=B+D, A+E=B+F with |x1 <1, |yl <l.

To economise space, (a) stands for the set of A-paramecters a;, @y, - @y
@p41, *, @, With similar interpretation for (b), (c), (d), (e), (f) and @,(8)) for
p(g) parameters @;, - Y ap(bl, ------ g bq).

Agarwal [(2), p.587] has also given an extension of Meijer’s G-function in two
variables with slight difference in the parameters in the form.

The aim of this note is to evaluate some finite integrals for the product of
generalized Meijer functions of two variables with Gauss's hypergeometric func-
tions which generalize certain known results obtained by Pathak [(6)] and also
discuss their double integral analogues. Since the generalized Meijer function of
two variables is a very general function, several integrals involving the product
of two G-functions, Kampé de Fériet's hypergeometric function which, in turn,
yields Appell's functions [(1)] F,, F, F, and F,, Whittaker function of two
variables etc., with Gauss's hypergeometric functions follow as particular cases
of our findings.

We shall require the following formulae and relations in the present investi-
gation.

(a) Integral [(5),p.850, (12)] :

1 ,
a0 Jeta-or-ofle)es= L p e ni(Ge 3, fe)

where Re (1)>0, Re (u)>0, p<{g+1, if p=¢-+1, then |a|<l.
(b) Watson's theorem [(4), p.189, (6)] :

a, b, c
(1.5 3F2( (a+b+1), 2¢’ )

_«/ET(H--?—)F( a+ lﬁ_g)r(c—i—-——z—a—%b)
- I(Fer)r(3erg)r(c+ 5 -ga)r(e+5-30)
where Re(c)> —%, Re(a+5)> —1, Re(2c—a—b)> —1.
(c) Whipple's theorem [(4), p.189, (7)] :

0 5 oy y )
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where Re(f)>0 and Re(2c—f)> —1.
(d) The multiplication formula for the Gamma function [(4), p.4, (11)] :

(e) Kampé de Fériet's function [(1), p.150] denoted in a slightly modified
notation as
x
N
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2. The general integrals.
The first integral to be evaluated is:
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where 4 is a positive integer, Re(a+8)>—1 and
2p+a+1)>A+B+C+D, larg@)| <[p+a+r-1(A+B+C+D)]x,

® 12Cp+k+l)>A+B+E+F. |arg(@)| <[p+A+1-L(A+B+E+P)]z,
Re(p+2dh'"{420fh,)>0| (h1=19 2- ] f=k2=1, 2- s I)-
or
A+C<B+D, A+E<B+F,
(ii) lor else A+C=B+D, A+E=B+F with x| <1, |v|<],
Re(o+2dy +Afi,)>0, (hy=1, 2, =, rihy=1, 2, *-, D.

The symbol 4(m, n) stands for m-parameters:
M i m
The second integral to be evaluated is:
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where 4 is a positive integer, Re(8)>0 and converges if

(20+4+7)>A+B+C+D, larg@)| <[p+a+7—L(A+B+C+D)]r,

u
2%
v
24

@) )20-+k+D>A+B+E+F, larg@)| <[p-+k+I-L(A+B+E+R)],
Re(o+2d, +2£,)>0, Re(p—B+2d, +4f,)> -1,
(=1, 2, =, rihy=1, 2, =, D)
or
A+C<B+D, A+E<B+F,
iy | O €lse A+C=B+D, A+E=B+F with 4| <1, |2I<1,
Re(o+2d, +2£,)>0, Re(o—B+2d, +2f,)> -1,
(=1, 2, =, r 3My=1, 2, -, D).
Proof of (2.1):

— i
Substituting the value of S [:ﬁg_:;z] from (1.2) in the integrand of (2.1),

changing the order of integration, and then evaluating the x-integral by making
use of (1.4), we obtain

23) gy fots +ow e, n-LEATELTE LY
L L,

a, B, p+As+it
2
O+ 5B+5, 20+225+2
The change in order of integration involved here is easily justified by the

application of de la Vallée Poussin’s theorem [(3), p.504], under the conditions
referred to earlier in (2.1).

Now applying (1.5) in (2.3), then by virtue of (1.7), the expression becomes

: )usv' dsdt.
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where the contour L, is in the s-plane and runs from —i#oo to +ieo with loops,.
if necessary to ensure that the poles of I” (dj—s), (7=1, 2, =-,7) lie to the right
and the poles of 1"(1--c +s), (=1, 2, -, q) I‘(aj+s+r). (7=1, 2, «-, p) and

pti ++ ———af——— +i 4 b
F( —— -i—s-i—t) F(p 5 1 A +s+t)’ {{=0, 1, -, (A=1)} to the left.

of the contour.

Similarly the contour L, is in the #-plane and runs from —ioo to +ioo with
loops, if necessary to ensure that the poles of I'(f’-—t), (j=1, 2, -, D lie to.
the right and the poles of I'(1—e;+8), (j=1, 2, =, B, I'(aj+s+), (G=1, 2,

; 1z 5l 1 ;
v, ) and (L tstt), r( P*'z‘“v.r;‘fﬁﬂ i3 +,). (i=0,1,+, (A- 1)

to the left of the contour.
Therefore, on interpreting (2.4) in view of (1.2), we obtain the value of the
integral (2.1).
The proof of integral (2.2) is similar to (2.1) except using (1.6) in place of
(1.5).
3. Particular cases.
(a) On taking A=B=p=0in (2.1), we get

a, 8
3.1 f o=1(1—5)P= zpl( atlpsl : x) 6z flarta-o* 2]
Z

<G, ¢l 12| Ples
_m I (Jar 36+3)
- VA(Gary) 1(38+3)
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where A is a positive integer, Re(a+58)>—1 and
2(p+7)>C+D, larg(w)| <[g+r-1(C+D)]z,

W (2t +D>E+F, larg@) | <[k+1-L(E+P)]x
Re(p+ld,‘l+2fk’)>0, (h=1, 2, -, rihy=1, 2, »-, 1)
or
(i) {C(D. E<F, or else C=D, E=F with |21 <1, |v|<1,
Re(o+2d,, +2£,)>0, (=1, 2, =, 7ihy=1, 2, =, D.
(b) In (2.1), setting A=p, E=Fk, /=1, f;=0 and replacing A+C by A, B+D by
B, A+gq by s together with appropriate changes in the parameters and then v—0
etc., we obtain the known result [(6), p.585,(1)] :

L * a, B
(3‘2)0.["0 1(1——::)'” lel( 13+1 : x) GA B[uxl(l x)zl(a)]

w2 %r(La+L1o+])
VAT (3o+3) (7“7)

r,s+22 . V0. V(2 o+L-Fa-18). @
A BB 0 01 1), (et d-de)

where A is a positive integer, Re(a+8)>—1: V(m, n)=1—v-:'?, 1=, e,

xXG

1 ptm—1
m

>4

” {2(r-|—s)>A+B. larg(w)| <[r+s5—1(4+B)]=
Re(o-+28)>0, (=1, 2, ==, 7)
(A<P or she A=5 with [#]
Re(o+28)>0, (j=1, 2, +, 7).

(c) Substituting p=A=m, B=n, g=k=C=E=l, r=I=1, D=F=p+1, d,=f,=0

and replacing b l—¢; 1-d, 1—¢; and 1—)‘} by ¢ b d,. b’ and d; respectively

and
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in (2.1), the s-function reduces to Kampé de Fériet’s function (1.8) thus we

obtain

., B m, 1 xl -
e b . 5| F™ Jur'@ )
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where 2 is a positive integer, Re(a+£)>—1, Re(p)>0and m+I<ntp+1, {m+1
=n+p+1;then (| <1, |9|<1} or if m+I/+1>n+p, then |arg(v)|, larg(w)| <

(m+I—n —p)%.

4. The double-integral analogues.

Following the method of the preceding section we can easily obtain the double-
2
integral analogues for generalized Meijer functions of two variables S[“" El —x) ]

1~y
with Gauss's hypergeometric functions:

@ p
CBY f f T lel( p At =x)
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L0 -
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where 4,z are positive integers, Re(a+8)>—1, Re(r+d)> -1 and
J2Cp+q+r)>A+B+C+D. larg(w)| <[p+q+7- L (A4+B+C+D)]z,
)

2(p+k+D>A+B+E+F, larg(®)| <[p+k+i-—é~(A+B+E+F)]zr

Re(p+2d,)>0, (=1, 2, =, 1)
Re(o+uf,)>0, (hp=1, 2, =, D)
or
A+C<B+D, A+E<B+F,
e else A+C=B+D, A+E=B+F with |u]| <], || <],
[Re(p%—ldh))o. k=1, 2, =, 1)
Re(o+pf,)>0, (hy=1, 2, -, D).

11
@2 [fra-ar Tt a— ™ oy (* 8
00 ! “al(l )l B
EEE =%
X2F](T 3 T :y) S[ﬁj‘“(l—y)”]d’dy
2 (B (3)22——%

-V 1(3a+38) I(g-ar3h) M(3r+39) I(5-37+39)

([ b 0] (@) : (B
A-p, B A, —p+1), AR, —p+B), ()

C—q, D-r+ Ay, —o+1), Ay, —o+0), ()

valid for A, p positive integers, Re(8)>0, Re(d)>0 and
[ 20p+g+7)> [A+B+C+D), larg@)| <[p+q+7—5(A+B+C+D)]z,

) ) 2(p+k+D> [A4+B+E-+F], larg(v)| <[p+k+1—-%~(A +B+E+F)]r:

|Re(0+2d,)>0, Re(o—pB+2d),)>—1, (h=1, 2,-, 1)
‘Re(o-+uf, )>0, Re(o—0+uf,)>~1, (hy=1, 2, =, 1)
or
(A4+C<B+D, A+E<B+F,
i Jor else A+C=B+D, A+E=B+F with || <1, |2]1<1,
\lRe(p+ld,,,)>0, Re(o—B+2d,)> -1, (=1, 2, -, 1),
Re(o+pf, )>0, Re(o—d+uf,)> -1, (=1, 2, = ,D).

o (q+21. » ﬂ) D, 4(3,_ —p—-%-a-’r%ﬁ-{-%). A(Z. —p+-%-rx+%5)

L(’;“tz;' F—ll+2,u) &£ A(ﬂ- -0-%r+%5+%)- A(u. -a+—é~r+%b‘)

These results provide us with double-integral analogues of our earlier results
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(2.1) and (2.2) respectively.
P.M.B.G. Science College,
Sanyogitaganj, Indore (M.P.),
India
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