
A NOTE ON GENERALIZED MEIJER FUNCTIONS OF TWO V ARIABLES 

By MANILAL SHAH 

In this nolc thc author evaluates two integrals involving gcncralizcd Meijer 

functions of two variables with Gauss's hypergcometric functions which are 

generalizations of thc results reccntly givcn by Pathak [(6)] . Some inleresling 

particular cascs and double.integral analogues of thc results are also oblainα1. 

1. Introduction. 

A generalization of Mcijer’s G-function [(4). p.2이. (1)] 

’” ’H I ~ ， ’ ... ioo nr(이-s) /!.r(1 -aj +s) 
(1.1) G ’ Ix l “시 =-'-← I x’ds 

P. q l- lb',J 2πj J -;.. ÍI r (1 -b,+s) Ú 1 
i-_+I /- _+1 

has been intrαluccd by Sharma [(7). pp. 26-40] in the form 

[A~'p.~] I ( a) : (야 Il 

(1샤1.2찌2잉) S펌돼덩버] 등설폐S이I(c~각b’ Dιt;7까) 
(E~k. J-I) I Ce): (f) I끼， I L，’μ E二k. ;-1) I Ce) : (f) I I 

where L !. ~ are suitablc contours and 

φ(s+1) 
jr셔+S+I) 

A B 

l lI「(l-al-s-t) lI「(bl+s+t)
-Þ+ I }_I 

W(s. 1) 
IE「(l-딩+s) E「@l-s) lEr(1-씌+t) Err4 - t) 

C D 1: • , 
nr(c;-s) nr(1 -d;+s) nr(e;- I) nr(1 - f ;+t) 

I-f+' ‘ J_~+J ’ i _ .t+J 1-1+1 

A.B.C etε . are positivc integers and salisfy the following inequalities : 

D> l. F> l. A> O. B>O. O<p< A. O<q<C. O<r< D. O<k< E. O<I<F. 
A+C< B+ D and A +E< B+F. 

The integral ( 1. 2) converges if 

r 2(p +q+r)> A+B+C+D. larg(x) 1< ψ+q+r-융(A+B+C+D) ] π， 

(1.3) ! 2(P+k + I)> A +B+E +F. larg(y)I <ψ+k+l-융(A+B+E+F)] π 
or 
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A+C<B+D. A+E<B+F. 
시.or else A +C=B+D. A+E=B+F 、.vith 1.<1 < 1. Iyl < 1. 

To economise space. (a) stands for thc set of A.paramctcrs 0[. 02' .•• …. ap : 

Op+!. .... OA with similar interpretation for (b). (c). (d). (e). ( f) and op(bq) for 

P(q) parameters al, -- ---, ap(bl- ----- , bq)· 

AgarwaI [(2). p.587J has also given an extcnsion of Meijer’s G-function in tWQ 

variables with sIight difference in thc paramcters in tbc form. 

The aim of this note is to evaIuate some finite integrals for the product of 

gcneraIized Meijer functions of two variables with Gauss’ s hypergeomctric func. 

tions which generaIize certain known results obtained by Pathak [(6)J and aJso 

discuss their doublc integral analogucs. Since the generaIized Meijer function of 

two variables is a very general function. several integrals involving the product 

of t,‘ o G.functions. Kampé de Fériet’s hypcrgcometric function which. in turn. 
yjelds Appell’ s functions [(1)J F[. Fzo F3 and F4• Whittakcr function of two 
variables eto.. with Gauss’ s hypergeomctric functions follow as particular cases 

of our findings. 

Wc shaJJ require the foJJowing formuJae and relations in the pr.잉ent ÌDvesti­

gatlOn. 
(a) Integral [(5).p. 없o. (12)J : 

f_!J-l r~ _,u.-l J.F ,..fa" l_\ r ( lJ ) r ( p.) •• ,F_ • ./a., 1.1 、( 1. 4) J .<"-1 (1 -.<)μ pF q( ~~ /x )d.<=슈원쓴몫Lp+1rq+l(ap， u l ) 
J \ bq, r- r(lJ+μ) 、b，. 1.1+μ 1-J 

0 

whcrc Rc (ν)>0. Re (μ)>0. p< q+l. if p=q+1. then lal < 1. 

(b) Watson’ s theorem [(4). p.189. (6)J : 

{a. b. c \ 

(1. 5) 3F2녀(a+b+l)， 강 : ) 
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where Re(c)> -융. Re(a+b)> -1, Re(2C -a-b)> -l 

(c) WhippJe's theorem [(4), p.189. (7)J ; 

(1 6) ￡2@: ;;ri ff ; ) 
=--뜨(1뜨짝+1二η21-2< 
미c+융a+융-융f)r(한+.，! 、 、 ” ’ 



A Note on Generolized Meijer Functions ofTtoo Voriobles 2:01 

where Re(f)>O and Re(2c-f)> -1. 

(d) The multiplication formula for the Gamma function [(4), p.4, ( l1) J : 

( 1. 7) r (mz) = (2.π셔-한mm:r-융 E‘ r(z十-!::-)， m=2, 3, 4, . 
‘빼 、 7'" I 

(e) Kampé dc Fériet’ s function [(1), p. 15이 denoted in a slightly modified 

notat lOn as 
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2. The general integrals. 

The first integral to be evaluated is: 

; /a, β \ r“%1.(1-치서 
(2.1) !",, - l (l -x)P-\F t! 1 _-'- 1 H 1 :x lsl"~， ~'-~/; I 

~ ... , ... "',/ ~ ... 1\τa+τrß+τ flvi(l-%)서 

πr(윷a+-.;샘+승) 
λl쟁-1 r(울a+웅) r(융β+웅) 

없t상， ~+2À.] I .1 C.l., p), .1(λ p+융-한-철:)， (a); 

xs l(c감， ~_ r)l .1 (.1., p+융-한)， .1(.1., p+융-해 

앓， LJ X; : 생 

u/2잉 
(b) 

v/2깅 

where .1. is a positive intcger, Re(a+β')>- 1 and 

r2cp+q+r)> A +B +C+ D, 1하g(u) 1 <[p+q+r-융(A+B+C+D)]π， 

(i) )2CP+k+l)> A + B +E +F , larg(v)1 <[P+k+I-융(A+B+E+꺼]π， 
lRe(p+λd. ， +λf‘)>α (h1 = 1, 2, …, r; h:! = l, 2. …, 1), 

or 

(A+C<B + D, A +E <B+F , 
( ii) ~or else A +C= B+ D, A +E = B +F with lul < 1, Ivl < 1, 

lRe(p+À.d., +.1.，자)> 0， (111= 1, 2, …. r: h2=1. 2. …, 1). 

The symbol .1(끼， n) stands for m-parameters : 
n n+ 1 n+ m- 1 
m ’ m ’ "‘ 

The second integral to be evaluated is: 
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(2.2) 딸-1 (1 -%)P-얻F1(a. ;-a ; %) s[첩:껍] 야 

t r(β)21 - 2，0 

ιu(한+철) r(융-융a+쩌 

[캅성’ S+강] 4(ì.. p). 4(ì.. p-β+1). (a); 

(λ l l 1 ) .p+';-a +';- - ';-ß J "2""~ T "2"" - "2"" p ) . u 
걷zr 、l 
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( ' A I ~ 1 _ 1 、4~À.P+1-흥a-캉β). ( b) 

(c) ; (d ) 

( e) ; (f) 

p 

걷zr 

where λ is a po잉tive integer. Re(ß)> O and converges if 

2φ+q+r)> A+B+C+α larg(“) 1 <[p+q+r-융(A+B+C+D)]π-

(i) ) 2cp+k+I)> A+B+E +F. 1따g(o) 1 <[P+k+I-융(A+B+E+F) ] . 

Re(p+λd.，+ì."ι)> 0. Re(p-β+ì.dι +ì.I.)> -1. 
(h1 = 1. 2, .... T; h2= 1. 2, …. 1) 

or 

IA+C<B+D. A +E <B+F. 
lor else A +C=B+D. A+E =B+F with lu l <l. 101 <1. ( ii)) ì Rc(p+λdι+ì.J，니>0. Re(p β+Adh1+Afι)> -1. 

\ (h1=1. 2 ..... r ; h2=1. 2. …. 1). 

Pr。이 of (2.1) : 

S뼈ituting the value 이 s r상(1-씌 from ( 1. 2) in the integrand 이 @ ι 
lV%l (1-%) l J 

changing the order of in tegration. and then evaluating the z-integral by making 

use of ( 1. 4) . we obtain 
r‘ fHt.J' _ t . ... .. ", 1' _ ., r(p+ì.s+λJ)F(IJ+ì.s+À.t) (2. 3) 7~':πτ / /(/)(S+I)W(S. I) 

(강L，ι J"(2p+2μ+2ι) 

/a , β• p+ ì.s+À.t \ 
X3F2\한+융β+융. 2p+2값+2À.t ; r'v' d.찌1. 

The change in order of integration involved here is ea외ly justified by the 

application of de la Valléc Poussin’ s theorem [(3). p. 504]. under the conditions 

referred to earlier in (2. 1). 

Now applying ( 1. 5) in (2. 3). then by virtuc of ( 1.7). the expression becomes 
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(2.4) 갔1헬짧힘:Qt4) T5i;1r펠(s+l) 짜 1) 
( o+i \ '..::;_ 1 ~. 1 1 _ \ 

E I’(판!.. +S+I) ~r (，감츠프a-캘±f +s+ t )u'tI 

× “ ‘ “ i- dsdl 
il r싸융-1a+i 1 Fr“+융-융β+t 1 
:~ . l-옥-~ -+s+1 ) :~ . ' \ ~;: +s+I} 

where the contour L 1 is in thc s-plane and runs from -;00 to + ;00 with loops. 

if necessary to cnsurc that the p이cs of r(익-s). (j=I. 2 ..... r ) lie to the right 
and the poles of r (l -cj+s). (j=I. 2. …• q) r (aj+s+ t). (j=1. 2 ..... p) and 

/ 、 1 . . 11_ 1 、

r(-1밤+S+I). r(~+강-한-맺+~+S+I) ' {;= o. 1 ..... (À-1)} to the left 

of thc contour. 

Similarly the contour ~ is in thc I-planc and runs from -;00 to + ;00 with 
l∞ps. if necessary to ensure that thc poles 이 r(지-1). (j = 1. 2. .. .• 1) lie 10, 

the right and the poles of r (1 -ej+t). (j=1. 2. …. k). r(aj+s+t) . (j=I. 2. 
/‘ . 、 1_ , 1 1 _ 1 \ 

'. p) a때 r(량L+s+1 ). r(~+캉 -'2' a-강β+~+S+I)' {‘ =0.1 • ...• Cλ-1)} 
、. \ λ / 

to the left of the contour. 

Therefore. on interpreting (2.4) in vicw of (1.2). we obtain the vaJue of the 

integral (2. 1). 

The proof of int앵ral (2.2) is .imilar to (2. 1) exce야 using (1.6) in place of 

(1. 5) 

3. Partieular ea9CS. 

(a) on taking A=B=p=O in (2.1) , we gct 

(3.1) 딱ψ:<)"- 12F싫싫+융 : :<) 갖 ß[u상(1-:<)이잉] 
xdÉ)[퍼(1 _:<)Àj 없Jd:< 

-갱1-2p끼융a+융ß+융 

- 지끼융a+융) r(융β+융) 
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n캄’2~] I ð(λ， p) {~， p+융-한-뼈 ; 

X~ (C강 D二) 1 ð(l, p+융 한)， ð(λ p+융-쩌 
( k, l )l (C);(d) 

E - k, F-I/ I (e): (f) 

where l is a positive integer, Re(a+ß)> -1 and 

f2(p+r)> C+ D, larg(u) 1 <[q+r-융(C+D)]π. 

(i) ~ 2(k+I)>E+F， larg(.)1 <다+1-웅(E+꺼]π 

l Re(p+λd.， +l/，‘)>α ("1 = 1, 2, .•.• r: h2= 1. 2 ••..• 1) 

or 

(C<D, E <F. or else C= D, E =F with lul < 1. 1.1 < 1. 
ω) { 

lRe(p+M.‘ +l/，ι)> 0， ("1 = 1. 2 •...• r: ''2= 1. 2 ....• 1). 

‘ 걷2r 
v 
걷2r 

(b) ln (2.1) , setting A=P. E =k. 1=1. /1 = 0 and replacing A +C by A. B+ D by 

B. A +q by s together with appropriate changes in the parameters and then .•O 
..,tc. , we obtain the known result [(6) . p. 585. (l) l : 

~ I a , ß \ ‘ 

(3.2)감p- l(1-xr 

n+ 1 whcrc λ is a positivc integer, Re(a+β)> - 1: V(m， n)= l -숭 1-꾀 ...... . 

l ”+ m- 1 -‘ R 

η‘ 
(i) [ 2(r +s)> A +B, larg(u) 1 <[r+s-융(A+B)]π 

lRe(p+ lbj )> α (j= l , 2, .... r ) 

(A <B or else A=B with lul <1. (ü) { 
lRe(p+λbj)>α (j= 1. 2, …, r) . 

(c) Substituting p= A =m, B=n, q=k=C=E =I. r =l = l , D=F =P+1, d1:=/1 =0 
.and replacing 끼， 1-딩， 1 -까， 1-깐 and 1-지 by 딩， 까• dj • 이. and d/ respectively 
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in (2.1). the s.function reduces to Kampé de Fériet’ s function (1. 8) thus we 

Qbtain 

(3. 밍 ;p-l(1-x)P-양 (/ β : %) F'" J"상(1-%)끼d% JX V- :A.)" ~'l\융a+융β+융 } ••. pL녕(1-%)씨 

1_ . 11 _ 1 \ 
π 21-2p r(←+융β+융) 'rI: 끼략L) E r( P+흥-장-강β+i) 
자(환+융) r(융β+융) Er(략츄프) Er(략첼프) 

XF"+강 II쩌.p). A싸+융-←-융ß). 째 : b/ I옳] 
.+깅 p l A(λ p+융-한). A(λ p+융-해. C,,: dp ; 씨옳」 

、vhere À is a positive integer, Re(a+β)> -1, Re(p)>ü and m+l<n+p+1. {m+l 
=n+p+1 : then lul < 1. Iv l < 1} or if m+l+1> n+p. then larg(v)1 , larg(u)1 < 
{m+l-n-p)융· 

4. The double-integral analogues. 

Following the method of the prcccding section we can easily obtain the double­

integral analogucs for gcneralized Meijer functions of two variables s[웹仁쇄] 
τvith Gauss’s hypergeometric functions : 
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wherc λ. μ are αlSitive integers. Re(a+ß)> -1. Rc(r+δ)>- 1 and 

f2(þ+q+r)> A+B+C+D. \arg(u) \ <[p+q+r-융(A+B+C+D)]π， 

(i) ~ 2(P+k+ I)>A+B+E+F. \argω \ <[P+k+I-융(A+B+E+ F).lπ 
Re(p+ M.)>O. ( h1 = 1. 2. . ... r) 

‘ Re(u+μ:1.)>0. ('7= 1. 2. …. 1) 
。r

(A +C<B+ D. A+E<B+F. 
(ii) ! or cl양 A +C=B+D. A+E=B+F with \u\ < 1. \v\ <1. 

IRe (p+M.)>O. ( h1=1. 2 •...• r) 
lRc(u+μf셔〉 α ('7=1. 2. ...• 1) . 

κ2) JJFlu-xf-앙-l(l_y)"-ð ~lr’캅:..) 

× ?F ,F , 1-r • J R”닝(1 - :r)끼d:rdy 
- " ò "/ -Lvý'(1 -y)"J 

π2rcS)r(，δ)zZ-2p-2d 

ιr짜 r(한+혈) r(융-융a+융β) r(융r+원) r(융-한+융δ) 
[ p, o1 | (a) : (b) 1 

A-ι Bj I ;I(λ -p+1). il(λ -p+β). (c) : I u 

xS I (~+2À.. _ r __ ~ I (d). il(λ -p-람+철+융). il( À. -p+한+혈)향 
\ C-q. D-r+2JJ I , . … I il(μ• -u+ l) . il(fJ. -u+δ). (e) : ~강 

Et훨’ F-;+2μ， I (:f). 싸，-(1-한+감+융) . il(μ• -0'+융r+섣) ‘ 

valid for À. μ positive integers. Re(ß)>α Re(δ)>0 and 

r2(p +q+r)> [A+B+C+ D]. \arg(u)\ <[p+q+r-융(A+B+C+α]π， 

(i) 4KP+k+l)> [A+ B+E+Fl , |a영(v)\ < [P+k+l-융(A+B+E+F)]π 
I Rc(p+Mh)> O. Re(p-β+λdh)> -I. (h1=1. 2 •.. .• r) 
RC(o+ pfhJ > 0, Rc(u-6+μ1.)> -1. (h2=1. 2. . ..• 1) 

or 

(A +C<B+D. A+E <B+F. 
lor elsc A+C=B+D. A+E =B+ F with 1씨 <1. \v\ <1. 

(ii) < 1 Re(p+λdhl)〉 0. Re(p-β+λdh)>- I. (h1= 1. 2. . ... r). 
'Rc(u+μ，1.)> 0. Re(u -δ+μfι)> -1. (h2= 1. 2. … .1) . 

Thesc rcsults providc us with doublc.int영ral analogucs of our earlier rcsults 
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(2.1) and (2.2) respectivcly. 
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