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~ O. Introduction 

The (f. g. u. V. λ)-structures have been studied by many authors [2.5. 6J . It is 
well known that the hypersurface of an a!most contact manifold admits an 

( f. g. u. v. l )-structure [2. 6J . D. E. B1air. G. D. Ludden and K. Yano have studicd 

the hypersurface of an 여d녕imensional sphere in the case of f oh= hof and f'에 

= -hof . where " is the 않cond fundamental tensor of the hypersurface [1J . 

On the other hand. S. Yamaguchi [4J have studied the hypersurface of a Sa. 

sakian manifold and obtained a result in the casc of f o" = hof 

ln this present paper. we investigatc the hypersurfaces of ccrtain Sasakian 
manifold in the case of f oh= -hof. 

~ 1. Hypersurfaces in a Sasakian manifold 

Let fVI be (211+ 1)-dimensional almost contact metric manifold covered by a 
system of coordinate neighborho여s {Ù.X‘}. where herc and in the sequel indices 
K. 11. JJ. λ ... run ovcr the range {l. 2, .... 20+ l} 때d let (섣.Gμ. V.) be the 

외most metric structure. tbat is. 
(1.1) F: μFμ 1. = δ‘ A + VIv A • 

( 1. 2) VKF/=O. F{V'=O. 

(1.3) V2V2=1 and 

(1. 4) GrßF{F엉=G，μ-VλV" 

If fVI is a Sasakian manifold. then 

( 1. 5) VμV‘=F:. 'JμF{= -G여VK+ð'~‘V， 

and for the curvature tensor Rv，μ" of fVI we have 

( 1. 6) V댐 uμk=VuGμrV，μGνi 

• where wc dcnote by {찌 and Vμ the christoffel symbols form어 with the Rie­

mannian mctric of Gμ of fVI and the operator of covariant differentiation with 
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r앉야ct to {따} respectively. 

Let M be a 2n-dimensional differentiable manifold which is covered by a system 
of coordinate neighborho여s {U, 상}， where here and in the sequel the indicies " , i , j , 
k, …, run over the range {1, 2, 2n} and differentiably imbedded in S! as a 

hypersurface by the equations X ‘ =x'(Xh) 
We put 

B/, =ôiXK, Ôi=깊y-， 
and choose a unit C" of S! normal to M in such a way t hat 2n+ 1 vectors B t 
and C" give the positive orientation of S! as the following 

(1. 7) F{B/=ltB':+"iCK, 

(1. 8) F{d= -,,'‘B‘r 

(1. 9) V'=B.“ u‘+À.C' 

where 1.' is a tensor field of type (1, 0 , 씨 and vi are 1-forms of M , À. is a 
function on M and α’ =UjgJ'. vi=vjgi‘ for the induced Riemannian metric gji on 
M from that of S!. 

Then the hypersurface M admits an (/, g , “, V, 자-structure [6] , that is. 
li끼h= δ，h+2t，ul‘ +V.‘Uh 

fzhα’= -À.v'‘, fghJ=λuh， 

4‘ι‘ =À.Vh， Ih’까=-À.κj 

"‘u‘=1-22, pZUl=1-λ2 

μ'V‘ =0， v’κ‘ =0 

gijlh‘f/=ghl-1thttl- UhVl 

We denote 에씌 and 'Vi the christoffel symbols fon뼈 with gji and the 

-operator of cova떠lt differentiation withrespect to r 씨 respectively. Then the 
IJ 'J 

equations of Gauss and those of Weingarten are 

(1. 11) 'V jB/=hjp' and 'V;CK= -"/Bt respectively, where 신 is the second 

fundamental tensor and "j‘=h1lgll 
We havc from (1. 5) and (1. 7)~(1. 11) the following 
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h. :J:> h 
(1.12) 까f‘ =-hj{ι +까 u‘ -gjiV"+δjV‘’ 

(1. 13) 'VjUi= -hj,J: -Àgji’ 

(1. 14) 의uh=4h+λh/. 

(1. 15) '1 jÀ=κj-hjiv‘. 

Now we assume that thc hypersurface M of the Sasakian manifold fJ satisfics 

f;싸=-1，샤 and À(1 찌 is 잉most everywhere non-zero. 

The c∞00<삐lC 

(1. 16) f/hki= f/"ki" 

If we transvect (1.16) with v’'tI, then we have 

(1. 17) h씬‘녕=-1，‘tjVν. 

Tra빠ecting (1. 16)with ψ and taking account of (1.10), we have 

(μ%I+u%I)hl，=(u.ιl+u.ul)hIk， 

from which 

(l-A”h.jfR=h”“'"씨+"'j싸녕u‘’ 
(1-X2)hilVl=hljJuju-+hljUIulu‘. 

From (1. 17) thesc equations can be written as 

(1. 18) "ijμl=ßU‘ -a까， 

"‘lill=8u‘-aVj. 

whcrc a and β are defined by 

IzjiU'ι‘=a(1-À2) ， 

hjiu'v’=β(1-λ2). 

Moreover, from (1. 16) we can easily show that hi’=0, that is, the hypersurfacc 

M is minimal. 

Differcntiating thc sccond equation of (1. 18) covariantly along M , we obtain 

(1. 19) ('1 ,"ij) ι+h'j [f/+λhIk] = @얘)씨+β(-hμi-λgki)- ('Vka)V‘~a(f .. + Àhki)' 
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On the other hand , operating 와 to ( 1. 15) and laking account 01 (1, 13) and 

(1. 14) , we have 

(1. 20) 'V.VjÀ.=- ì.g'j-f)까. - Cf." +지나)h”-vh?k “-
lf wc subtract (1. ∞1) from the equalion obtained by interchanging tbe indicies 

k and i in ( 1. 19) , wc obtain 

( 1. 22)) ("1며)Ui- (\l껴')U，- [('Vp)v‘ -('Via) v.J -2af/ti=O, 

becausc 01 (1. 21) and (1.16) . 
Transvecting (1. 22) with U‘ and making usc 01 (1. 10) we get 

( 1. 23) 댐=난칸떠맹~)u.+(강a-μi얘싸 
Substituting (1. 23) into(1. 22), we find 

(1. 24) 난À." (강au"ui- 2Àau1싼:，-(까a)씨써+uJ('V，a)싸，} 
- {('V.a)씨- ('V • .a)v,} -2af , ‘ =0 

If we transvect (1.24) with v' we have 

(찌 'V，a=난v{uJ('V ja)u，+vJα~a)까} . 
Substituting (1. 25) into (1. 24) , wc obtain 

난F{깅앓av씬，u싸u까‘강값av씨씬‘*써u써，→(α야'V，a씨“까，+("17인야，aα)ψ“싱ψl상U씨’ 

-난;:z[{('V，a)씨+ ('V，a)녕v，}v‘ -{ ('V，a싸i+(재)씨}서-싸i=O， 
from which 

( 1. 26) λa(v，씬-Vi:싸)=a(1- À.2)f/ti. 

Transvccting (1. 26) with f ’J and using (1. 10) , we lind 

a(1-λ2) [-Õ/+ ’‘iUl+VKUl] = -A2aIUiUl+Uk써J. 
from which, wc have a=O if ,,>1. Thus, the cquations of (1. 18) can be writtcn 

as 

"i;U' =βu‘-
(1. 27) ‘ 

ιi/"=βUão 

~ 2. Certain hypersurface of a Sasakian manifold 

In this section we assumc that the tangcnt spa∞ 01 thc hypcrsurface M is 
invariant under thc curvature transformation of a Sasakian manifold M. The 

cquation 01 Codazzi arc "1 .h,,- "1 ι =0 
R-, ‘ l ’‘ 
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Gauss cquation is given by 

{2.1) 파μ.1x Bv' Bj B/ B:=R';;h -(h，싸，-hj.h .. ). 

Transvecting (2. 1) with .J, we havc 

ÎÍvμ1， B.v BjB‘λBhKY' =RIJμ.1x B:(V"-À C") B/B;'‘ 

=jFvμλ， Vμ'B，"B/B:=(VλGKlJ -V"G).)BtB/"BhK 

=v,g •• -v~ .. =R，j‘.v'-β(h •• u， -hki씨) 

hecausc of (1.6) , (1 . 9) and 페μAx B;BlμB，XCX=0， 

Thus, wc find 

(2.2) R,j
’
• V‘ =V‘g •• - v.g .,+ß(" .. u,-" .. u.). 

Diffcrcntiating the first equation of (1. 27) covariantly, we find 

(2.3) ("1. h'j)u' +11μ"1，，.') = ("1얘)v，+β(f .. + À" .. ) . 

If wc subtract (2.3) from the equation obtain여 by interchanging the indiccs k 

and i in (2.3) , we obtain 

(2.4) -2fklhuMl= (?ka)Ul- (?,a)Uk+2gfkl 

Transvecting (2.4) with v‘ we have 

?얘=난후{(2ßÃ+2때)U.+(맹)써}， or 

(2 잉 7얘=난칸(2ß.H썼싸 by virtue 0아f (1ι1. 
Substituting (2.5) inπto (2.4),’ ‘we f“11l<띠 d 1 

- f/h"샤=난1잊어+rr)(잔Vi-UiV.)+ßf ... 

Transvecting the abovc equation with f ,', we obtain 

-(-←-(f이W씬'/+나+씨+V까'/V')써U

“…
1η')h샤h’ih'아따1，까깐l”￠lfh =납칸@에+#.떼때2)써)씨À

2써+까써써u씬세‘，J +뻐β비[ -g/“센‘ 
from 、w야hiκch 1 

(2.6) (1 -À2)(1.야hih+ßg/i) =β여+ 1) (UjUi+VjV,). 

We here assume that the sectional curvature K(X) with respect .(0 thc scction 

• • spann어 by u' and v' is constant at every point X of M. Then thc sectional cur-

vaturc K(X) with rcspcct to the section spanned by 강 and 앙 is given by 

κ(X) 
Rkjih ukviti"" - I ‘ -YjY ui“ 

1-#, 
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becausc of (2.2) 

Thus. β=Oor β= -1 by virtue of (2. 5). 
Casc 1. ß=O. 

From (2.6)we obtain Jz;j=O. Hence we havc 

vp‘À.= -À.g j ; from (1. 13) and (1. 15) . By Obata's theorem [3]. “ M is complcte 

orientable hypcrsurface in 1i'f. then M is isometric with a sphere S 2n(1) 

Care 2. β=- 1. 

In this casc wc have from (2.6) 

(2.7) hi셔i=δ/ 

";'=0. (2.7) and V야;j=O show that Mμ is a product NXN' of N and N' both 
of the samc dimension n. Thus. we cover N by a system of coordinate neighbor­
hoods {V: 화 and N' by a system of c∞며inate ncighborhoods {W: y'} and 
conscqucntly NXN' by {V X W : l}. Then the metrvc tensor g has components 
of the form 

/g，샤(y.) 0 \ 
(2.8) g’‘= (ocó .... J 

,/ ~ .. ) 

,- \ 0 g,,ci)1 

and ,,;h thosc of the form 
‘ ‘ ‘ ” 
l r 

o 
4 

b x va 
n 
u 

( 
= ‘ --I 밍

 

2 ( 

Thus. from (1 .16). we see that f;' has components of thc form 

(0 t.\ (2. 10) t;^ = ( ‘ l 
If: 0 I 

Since Vi= (1 -ß)uj=2αl’ we have 

Vp‘À.= -hjkft -2À.gj;. 
Conscquently. wc have 

(2. 11) V,V,).= -2À.g'b 

and 

(2.12) V,V,À= -2À.g" 

becausc of (2. 9) and (2. 10). 

a, b, C, ... ... run over 1, 2 ......• n 

r. s. t • ...... run over .. +1 . n+2. .. ..... 2 .. 
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The submanifold N and N' being both complcte. the theorem of Obala [3). (앙2.11) ) 

a뼈n며d (찌2김12앙)μsh뼈o얘wtl빼ha빠1피lat따tNμan뼈 a없rπe i뼈some빼Ir떠따ri따ic 10 S썩nC낫T쉰). T끼h뼈lUS떠l퍼s M'In션'In’ l잉s isomct 

10 앙(끓)xsnC숭). Hence we havc t뼈lowing 

THEOREM Let M be a C01>.ψlete orie’Itable hyþersur[ace o[ a Sasakian 1IIan’fold 

M wh‘ch satis[ies [0/'= -1z0[. ).(1 _).2) being al11l0st evorywhere non-zeγo mld tlze 

tangent sþace o[ M being invarim’”…11t Zt1l…’nder the cα!l1’lrva 

the seκcμt“i“01za씨a이/ curv띠la찌a이l1/ro K(X) with resþoat 10 Ihe seclio1l sþanned by uh and v
h 

is 

coustant at every po‘1It .t o[ M. then M ’ i s i somelric ωilh a ψhere S2’ (1) or M a 

product o[ S’유~.". ) and S’( 파) 
\‘/캉/ •••• ~ \‘/효/ 
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