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§0. Introduction

The (f, g, u, v, A)-structures have been studied by many authors [2,5,6]. It is
well known that the hypersurface of an almost contact manifold admits an
(f, g, u, v, A)-structure [2,6]. D.E. Blair, G.D. Ludden and K. Yano have studied
the hypersurface of an odd-dimensional sphere in the case of foh=hof and fol
=—heof, where k is the second fundamental tensor of the hypersurface [1].

On the other hand, S. Yamaguchi [4] have studied the hypersurface of a Sa-
sakian manifold and obtained a result in the case of foh=hof

In this present paper, we investigate the hypersurfaces of certain Sasakian
manifold in the case of foh=—hef.

§1. Hypersurfaces in a Sasakian manifold

Let M be (2n+1)-dimensional almost contact metric manifold covered by a
system of coordinate neighborhoods {7, X*}, where here and in the sequel indices
K, #, v, A= run over the range {1, 2, =, 2041} and let (F}, G,; V) be the
almost metric structure, that is,

(.1) F'Flr=-024+v V%

(1.2) V Ff=0, F{fv*'=o,

(1.3) V*¥,=1 and

(1.9 G FF =6V,

If M is a Sasakian manifold, then

K_ K £__ K K

.5) V,V'=F,, V F==C,V 14, Vz
and for the curvature tensor R, of M we have

(1.6) V‘R pMK=VyGM_VﬂGUZ
, where we denote by { ;‘1} and V, the christoffel symbols formed with the Rie-
mannian metric of G,; of M and the operator of covariant differentiation with



214 Un Kyu Kim

respect to {sz} respectively.
Let M be a 2n-dimensional differentiable manifold which is covered by a system

of coordinate neighborhoods {U, x"}. where here and in the sequel the indicies &, #, 7,
k, +-, run over the range {1, 2, -, 2x} and differentiably imbedded in # as a

hypersurface by the equations X*=X*(X")
We put
d
Bl:‘ =3,-X‘. ai= axl' .
and choose a unit C* of #7 normal to M in such a way that 2nz+1 vectors Bf
and C* give the positive orientation of M as the following
(L.7) FEBr=f!Bf+ul",
(1.8) FfC'=—u'Bf
(1.9) V*=Bfo'+aC*
where £ is a tensor field of type (1,1), #; and v; are 1-forms of M, A is a
function on M and #'=ug”", v£=ngj‘ for the induced Riemannian metric g; on
M from that of M.
Then the hypersurface M admits an (f, g, %, v, 2)-structure [6], that is,
fg'j.f]‘”= "5,-k+tliuk+v,-vh
f,—"u": = fihui=iu.,
fhi“:':j-”n- f;"i=_z"k
wu=1-2% oy=1-2°
uiv,-=0. v'-ut-zo

fef
gifnfi =8u—uy—vy,

We denote by [f;} and V; the christoffel symbols formed with g and the

h

operator of covariant differentiation withrespect to { ji

equations of Gauss and those of Weingarten are

} respectively. Then the

fL.1D) V,-B{:hﬁc‘ and VJC‘-—- —hjiB,-‘ respectively, where h;; is the second

fundamental tensor and h;= ﬂg"‘
We have from (1.5) and (1.7)~(1.11) the following
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(1.12) V,f, ,-"= —hﬁu"'+hj"u,-—gﬁv"+§ j"v,-.
(1.13) Vu=—hyf{-2g;
(114 Vp'=f+ant,
(1.15) VA=u—ho's
Now we assume that the hypersurface M of the Sasakian manifold M satisfies
flni=—nls] and 2(1—-2%) is almost everywhere non-zero.
The condition f;'h/=—n"f;’ is equivalent to
(1.16) flhy=r"hyy
If we transvect (1.16) with v'.zc". then we have
(1.17D h,-jaiuj =—h,-jvizrf.
Transvecting (1.16)with f;/ and taking account of (1.10), we have
( o'+ v"u')h = u,u!—{— v,-v’)h ,k.
from which
(1- Zz)h,-Juj = h,jufuj u+ h,ju'vi v
A-Dho'= R
From (1.17) these equations can be written as
(1.18) hiju’. =Bu;—av;,
h,-jvj =pu;—av,
where e and A are defined by
halui=a1 -2,
hiy'=B(1-22).
Moreover, from (1.16) we can easily show that h,-‘zO. that is, the hypersurface
M is minimal.
Differentiating the second equation of (1.18) covariantly along M, we obtain

(1.19) (Vih) O +hy [f 4201 =V Bu+B(—h} fr;—2g,) — (V000 —a(f i+ Ahyy).
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On the other hand, operating V, to (1.15) and taking account of (1.13) and
(1.14), we have

(1.20) V,V,A=—2gy—f hy— F '+ A by~ "V b
If we subtract (1.20) from the equation obtained by interchanging the indicies

k and 7 in (1.19), we obtain

1.22)) (VBui—Bu— [(Vedv,— (V,a) 1] —2af,;=0,
because of (1.21) and (1.16)._
Transvecting (1.22) with #' and making use of (1.10) we get

(1.23) V,‘B=Ti—i?{ui(v‘-ﬁ)u,,+(21a—siv,a)v*}.

Substituting (1.23) into(1.22), we find

1.24) -117{22.&0,::,-— 2Ry, — (V j00) wupy+u'( Vv,
—{(Vi@v;— (Vi) —2af,,=0

If we transvect (1.24) with ' we have

.25) Va=—or (v @ud V).

Substituting (1.25) into (1.24), we obtain

-F_I—F-{zlau,u,-—zlaviu*-— 4% J,a)ujv,-u,+(vjd)ui vt}

- T_liﬁ-[{(v,a)aju,-t— V@0 vbo,— AV @ u i (7,000} 0, |~ 22£,=0,
from which
1.26) Aa(au—vu)=a(l—22fy
Transvecting (1.26) with /7 and using (1.10), we find
a(1-2D) (-3 +ugd +v0') = = (v’ +ugd],
from which, we have a=0 if n>>1. Thus, the equations of (1.18) can be written

as
J —
hju' = Bu,,

hl-,m". _—"ﬁul-.
§2. Certain hypersurface of a Sasakian manifold

.27

In this section we assume that the tangent space of the hypersurface M is
invariant under the curvature transformation of a Sasakian manifold 7. The

equation of Codazzi arc Vihii—V iy =0.
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Gauss equation is given by :
R *BEB*BE=R,..— (hylt;i—hhe)
@10 R, B Bj By By =Ryjip= pyftji= Rjulteid
Transvecting (2.1) with ui, we have
= 2
R, B B!'BBv/=R,, B (V"-2 C") BBy
=R, V"B, “B]B)f = (V:6,,~V G3) BB/Bf
=0,8 1~ V48 ki = Rjin ”j-ﬁ(hkk“i"‘h‘“h)
because of (1.6), (1.9) and ‘ﬁupls Bk”Bj”B;‘C‘=0,
Thus, we find
(2.2) Ry ? =084~ Vp8i-+Blydt—hyty).
Differentiating the first equation of (1.27) covariantly, we find
(2.3) (V, )t +hyy (V) = (V)04 B(f it Ay

If we subtract (2.3) from the equation obtained by interchanging the indices %
and 7 in (2.3), we obtain

@.4) —2f gl =V, B)v;— (V; B)vy+28f
Transvecting (2.4) with #' we have
Vk3=1—iﬁ{(2ﬁl+2ﬁ;"2)uk+(V,ﬂ)viu*}. or

(2.5) V,f=—j—zz (26A+26"u, by virtue of (1.23).

Substituting (2.5) into (2.4), we find

e’ jjhﬂh _,'l =_i_1_22‘1(ﬁ+ﬁz ) (uk:r‘-— u0p) +Bf e

Transvecting the above equation with £,*, we obtain

I3 . . l

— (=07 +upd +ophgh = —17_—27(ﬁ+32)12 (0,03 u,u;) +B[— gyt up;+op,),
from which

@.6) (=2 by +Bg) =BB+1) w0

We here assume that the sectional curvature «(x) with respect to the section

spanned by #" and " is constant at every point ¥ of M. Then the sectional cur-
vature x(x) with respect to the section spanned by #" and o" is given by
Rijin ukv’o'v"
£(2)= kith wtv'u

7 =1-§,

- ﬂjﬂ “I'B
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because of (2.2)

Thus, =0 or 8=-—1 by virtue of (2.5).

Case 1. 8=0.

From (2.6)we obtain /;;=0. Hence we have

VJ.ViZ= -Zgﬁ from (1.13) and (1.15). By Obata’s theorem [3], if M is complete
orientable hypersurface in #, then M is isometric with a sphere $%(1)

Care 2. f=-1.

In this case we have from (2.6)

@n hln'=d}
h{=0, (2.7) and V4h;=0 show that M* is a product NXN’ of N and N’ both
of the same dimension #. Thus, we cover N by a system of coordinate neighbor-
hoods {V :5°} and N’ by a system of coordinate neighborhoods {W : 3"} and
consequently NXN’ by {VXW :5"}. Then the metrvc tensor £ has components
of the form

el s (gcg(yir 23:'))
ts

and k" those of the form

AR
2.9) Rif=| ®
(2.9 &y ( 0 --J"')
Thus, from (1.16), we see that f,-" has components of the form
s
VAR
Since VA= (1-8u;=2u;, we have
Consequently, we have
(2.11) VVA=-22g,
and
(2.12) V,V,).=—2Zg,,‘
because of (2.9) and (2.10).

a, b, ¢, e run over 1, 2, seeees N
7, 8 &, reeee run over n+1, n42, s . on



An certain hypersurfaces with an (f, g.u.v, 2) structure in a Sasakian manifold 219
The submanifold N and N” being both complete, the theorem of Obata [3], (2.11)
and (2.12) show that N and N’ are isometric to S" (%) Thus M>* is isometric
1 nf 1 A
to s"(ﬁ)xs (747— . Hence we have the following

THEOREM Let M be a complete orientable hypersurface of a Sasakian manifold
M which satisfies foh=—hef, A(1—22) being almost everywhere non-zero and the
tangent space of M being invariant under the curvature transformation of M. If
the sectional curvature k(x) with respeat to the section spanned by u" and o is
constant at every point x of M, then M is isometric with a sphere Sz”(l) or M a

product of S"(—;/l—-z-) and S"(-—“/l—?—)
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