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AN APPLICATION OF THE FRACTIONAL DERIVATIVE 1 

By Shigeyoshi Owa 

1. Introduction 

T here are many definitions of thc fractional derivative. At first, ] . Liouvillc 

(2J defined the íractional dcrivative of order α. Thcn, T.]. Osler defined the 
fractional derivativc of order α in (5J. In 1974, B. Ross defined the Iractional 

dcrivativc of ordcr a in (8J . Moreover, K. Nishimoto defined the fractional 
derivativc aod integral 01 order a in (4J . And in 1978, M. Saigo defined the 

intcgral operators in (9J . Furthermore in 1978, S. Owa gave the following defi­

nitions for the fractional derivative of order α in (6J . 

DEFI'lITlO'l 1. The fract ional derivative of order α is defined by 

d f' • (OdC Daf(z ) 1 _' ~_ (~...1ι객L 
,"-' r (l -aj dz Jo (z_Oa 

whcre O<a<l. f(z ) is an analytic lunct ion in a simply connected region of thc 

z-plane containing thc origin, and the multiplicity of (z - O-a is removed by 

requiring Iμ(z-O to be real when (z-이>0. Moreover, 

f (z)=lim D~f(잉 
a---a -

and 

f' (z) = lim D앙(z). 
a • 1 -

DEFI'lITIO'l 2. Under the hypotheses of Definition 1, the fractional derivative 

of order (1I +a) is defined by 

where nENU (이 • 

D; +a f (z) =....1:.강Dπ(z)， 
dz' 

Let So denote the clas5 of functioDS 

∞ 

f(z) =ειz. 
11=1 “ . 

that are analytic and univalent in the unit di5k U. And let Sn(k) denolc the 
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class of funct ions 
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∞ 

f(z) =εκz" 
n=l ,. 

that are starlike of order k(O르k <1) with respect to the origin in thc unit dis l< 

U. Furthermore, let K o(k) denote the class of functions 

∞ 

f (z) =ε;atZn 

that are conv잉， of order k(O 듣k<l) in the unit disk U. Then, 、，ve havc 
’r 

Ko(k)ζSo(k)ζSO' 

2. A polynomiaI of degree at most n 

M. A. Malik showed the foIlowing lemmas in [3]. 

LEMMA 1. Jf f(z) is a polyηomial of degree at mosl n wilh If(z) 1 드 lan 

1. 1 드1 ， then 

If'(z) 1 든 11 (Izl 르 1). 

This result is best possible and equality holds for 

f(z)=αz” 

where 1α 1 = 1. 

LEMMA 2. Jf f ( z) is a polyηomial 01 deg ree at most η， with If(z ) 1 르1 0η 

! zl 든 1 ， and f(z) has 110 zero in Ihe disk ! z l < K , K르1， Iheη for Izl 든 1， 

If'( z) 1 르 n 一 
l+K' 

The result is best possible and equality holds for 
( z+ K \ 

f( z)=( ~~ '.~ ) 
\ l+ K I 

In 1979, N. K. Govil, Q. I. Rahman and G. Schmeisser showed the foIlowing 
lcmma in [1]. 

LCMMA 3. Jf the function f(z) is analylic and If(z) 1 르1 ùz IzI 든1 ， then 

드 (1-1α I) Iz l 2 + 1hz! + 1 씨 (1- lal) I/(z) 1 < ~..... I'~I/I"' I .~V"'I 1'''1 '\."'' . I~ I/ (zE U) , 

lal (1 • lal)Izl"+ 1hz! +(1- lal) 

where a= f(O) aηd h=f'(O). 

The exampìe 
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b ? 

0+ l.!.a 
1 (2) ~ h .-

1-τ능;z-az-

shows that the estimate is sharp. 

THEOREM 1. 11 

I (z) =끌akzι 

and 1/(2) 1 든 1 ill t1ze 1l11it disk U. then lor 0<α <1 al1d zEU, 

lDrf(Z)l 트 뭔값 
0 1ld 

ID; " [ ( z) 1 르 1l(1l +α) 

r (2 α)Iz l“ 

PROO I'. Let consider a polynomial 

rr2- α) a π G(z) "~ ... <, z" DU I (z) . 
’‘ z 

Then, 、，ve have 

IG(z) 1 든 I/ (z)1 듣l 

for zEU. Using the Schwarz lemma, we have 

I D;/(z) 1든원잖 (2εU) 
Furthermore, by Lemma 1, 

IG’ (2) 1 트’‘ (zεU). 
l-lcnce, we have 

I D;+U1(z) 1르」낀프) - (2 EU). 

COROLLARY 1. 11 

r (2- a )l z l“ 

f(z)=iaezk 
1'= 1 .• 

2C" 

and I/(z) 1 드1 ;11 the lmft disk U, then D~/(z) ;s ;"cluded in the disk wfth cel,!er z 

at tιe Ortg2π a1!d radius n!r(2- α). 

THEORElVI 2. 11 

I (z) =당aιl 
k=l ‘ 
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alld If (z) 1 등l 찌 Ihe Ullit disk U, Iheι1 for 0<"'<1 alld zE U, 

l Zl'-a(씨 z l +lal l) 
ID~/(z) 1 듣 r; 0 ““- 1 1 - :，、

aild 

. 
} O 
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-
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PROOF. Lct 

rf2 - α ) G(z)=샤뜸으LzUD;/(z) 

Thcn, a polynomial G(z) is analytic and 1 GCz) I 든1 in the unit disk U. Therefore, 
we have 

IZ I (1" zl + la , l) 
IGCz) 1 르 1 __ 1 \ 

that is, 

a _ ~ ~ .ZI' -UClll z l + I ~ ， I) 
I D;/Cz) 1 든 n ro ‘ι ~‘、 (zEU ) 

with the aid of Lemma 3. 

Moreover. using Lemma 1, 'wc havc 

IG'(z)1 든 11. 

IIence, we have 
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THEOREM 3. L.t 

’ -I(z) =ε a.z‘ 
k= l .. 

alld I/(z) 1 든 1 ill 111. Im;t d;sk U. [1 G’ (z) has 110 zero ;lI th. disk Izl <K(K르1)， 

Ih.“ f or 0<"'<1 alZd zεU， 

I D! +af(z) 1 든 11τ{꾀넣2..+띄깐챔ε!l..}， 
(2- ",) lzl 띠 

where 

G(z) =으딴LzaD3f(상· 

P ROOF'. Using the hypothesis of the theorem and Lcmma 1. 
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i G’ (z)1 든n 

for zEU. Therefore , G’ ( z)/1I is a polynomial of degree at most (n-l) , wilh 

lσ(z)/IZI 든 1 in the unit disk U, and has no zero in the d isk Izl <K(K르 1) 

Hence, wi th thc aid of Lemma 2 and Thcorem 1, wc havc the theorem. 

3. On thc speeial c1ass of a polynomial 

B. Pilat showed the following lemma in [7J . 

LEMMA 4. A lleCe55ary and 5lt[[icie1l1 c01ldilio lZ [or 

n 
[ (Z) = la1lz ε::， Iak l z슨So 

k=2 

.5 

’ la,l - .L::k la.1 =0. 
k=2 

And, by some results were shown by H. Silverman in [lOJ, 、~C have imme• 

diately the folJowing lemmas. 

LE"i.\lA 5. A [.tIl cliolZ 

∞ 

[ (2)=la,lz ε l a ，， 1 2“ 
n=2 

i5 iJ. Ihe class K o(k) (0르k<l) ， i[ olld only if 

∞ 

εn(n - k) l a.1 르 l a ， I (l -k). 
n=2 

LE 'vl'vlA 6. A [lInclio lZ 

∞ 

[ (2)= l a1lz→ε~Ian l z" 
n =~ 

i5 ;11 Ihe cl055 S o(k) (0르k<l)， il alZd 01lJy il 

냉
 

” ” ” “ 딛
 

a 

레
 

” ∞
 E、

섭
 LEMMA 7. 11 Ihe '"“'lcHon 

∞ 

I(z) = lol lz- l:::J o. lz' 
n=:.:: 

is in the clαss So(O) , Ihe1l lor ZfU, 
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la , Ilzl (2-lz l) 
르 I/(z) 1 ~ 

1α ， 1 1.1(2+lz l) 

2 

Furrhermore, )1 . K. Govil. Q. I. Rahman and G. Schmeisser showed the follow. 

ing Icmma in [IJ . 

LE~IMA s. [/ 
3 ‘ 

/(z) =ζabZK 
k=l “ 

belollgs 10 I"e class 50 ' tllell 

THEOREM 4. l/ 

I/'(z) 1 드 3+ξ흑11lax I/ (z) 
I~ï~~l , ,, ... - .... r - 2 +、/ 2 i;í-';, 

f(z)=1a11z zElaμ l 
k=2 .• 

belollgs 10 the closs 5，α Ih ... /or O<a < l olld zEU. 

la ,ll zI 1
-

aO-lz l) . _Q. _.- a1 |1 z | l a(l +! zl) 
l 뉴，，~ ~'\르 ID;/(z) 1 드 ‘ 

-;f. J , - " , - 1‘ ( 2-a) 

PROOF. Si nce / (z) is in the c1ass 50' using Lcmma 4, 、，ve have 

| 「(2-a)zaDff(Z) l 든 la ， llz l +될「잉엽n:α.L lakllzl k 

‘ ” 듣 ' o ， l l z l +lz l "εk싸! 
‘ k=2 

= la,ll zI0+ 121). 

In the same way, we have 

I r (2-이z"D:/(z) 1 르 la1 1 :2 1(1 - lz l). 

Thesc inequalities complcte the proof of the thcorem. 

COROLLARY 2. Ullder Ihe hyþotheses 0/ Theorc iIl 4, D~/(2) is inc/llded ;n the 

disk lO;th cellter al the origill olld radills 2Ial l/r(2 α) . 

THEOREM 5. If 

f (z)= |al lz - la2lz2-la3l z3 

belongs 10 Ihe class K o(O) , then /or O<a<l , 
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PROOF. Let 
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n ~ 10,1 
x ID;[(2) 1 rro ~_' !; i~.l ' -z" ,,-.., r C2-a) 

+a _ ~ ~ .a， 1 13+2α +(2+a)、/캉} x. JD;' -[(2) 1 드 l Iz l=1 ' -Z .. ,,-.... , - (2γ‘/흐)r(2-a) 

G( z ) =F(2 α)2aD~f(z) 

=1al|z- lA2|z2- lA31z3. 

211 

Then, by means of Lemma 5, 
3 3 

E: k l A. 1 듣E: k‘ la.1 듣 l a， l. 
k=2 ‘ k=2 

Hence, G(z) is in the cJass So(O)CSo with Lemma 6. And, by Lemma 7, we 

have 
max IG(z) I=la,l, 
lzl=1 ‘ 

that is, 

n ~ ~ 1 a, 1 

a~ 1 D;[(z) 1 =，누5스-， 1',I:;;j - ,- ,-" F (2- aJ 

Furthermore, by means of Lemma 8, 

that is, 

(3+ 2'/효) 10 ， 1 , IG’(z)1 든 n←「슨 ，. 
I';j:;;î'- 2+ "/2 , 

l+a" " _ 1 a ， 1 13 + 2a十 (2+a)、1 2 )
rr:'a~ ID; ' -[(z) 1 드 j 

1 ';Î~ï ' -Z .. ,,- ..... - (2 -!-ι zJr(2-aJ 
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