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AN APPLICATION OF THE FRACTIONAL DERIVATIVE I
By Shigeyoshi Owa

1. Imtroductien

There are many definitions of the fractional derivative. At first, J. Liouville
[2] defined the {ractional derivative of order a. Then, T.]J. Osler defined the
fractional derivative of order « in [5]. In 1974, B. Ross defined the fractional
derivative of order « in [8], Moreover, K. Nishimoto defined the fractional
derivative and integral of order &« in [4]. And in 1978, M. Saigo defined the
integral operators in [9]. Furthermore in 1978, S. Owa gave the following defi-
nitions for the fractional derivative of order « in [6].

DEFINITION 1. The fractional derivative of order « is defined by

Apr N 1 d_[=_fdL
sz(nﬁ)ﬁ rd—a) e, 0_(z—§)a ,

where 0<a <1, f(z) is an analytic function in a simply connected region of the
z-plane containing the origin, and the multiplicity of (z—{)™ is removed by
requiring In(z—{) to be real when (z—{)>0. Moreover,
A (24
z)=Ilim D_f(z
f(2 . _f(2)
and
F/(2)=lim Dif(z).
a—1
DEFINITION 2. Under the hypotheses of Definition 1, the fractional derivative
of order (#+a) is defined by

DI ) =-L_D%(2),

dz

where EN U {0}.

Let S, denote the class of functions
(=]
f@D=2az"
n=1

that are analytic and univalent in the unit disk U. And let S;(le) denote the
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class of functions
= #
fe=Xla,z
w=1
that are starlike of order 2(0=£<{1) with respect to the origin in the unit disk
U. Furthermore, let K,(%) denote the class of functions
i ]
=",z
=1
that are convex of order 2(0=%<1) in the unit disk U. Then, we have

KBTS (B)CSpr
2. A polynomial of degree at most n
M. A. Malik showed the following lemmas in [3].

LEMMA 1. If f(2) is a polynomial of degree af most n with |f(Z)|=1 on
2| =1, then

(2| =n Clal =10,
This result is best possible and equality holds for
f(@D=az"
where |a|=1.
LEMMA 2. If f(2) is a polynomial of degree at most n, with |f(2)|=1 on
2| =1, and f(2) has no zevo in the disk |z| <K, K=1, then for |z|=1,

7 4
Pl B

The result is best possible and equality holds for
_{z+ K \n
=)
In 1979, N. K. Govil, Q. I. Rahman and G. Schmeisser showed the following
lemma in [1].
LEMMA 3.  If the function f(2) is analytic and |f(2)|=1 in |z2| =1, then

_ (—laD|z*+|bz] +|al (1= |al)
A= lal(1— |al)|z|*+ bz] + (1= la])
where a=J(0) and b=j"(0).

(zE1),

The exampie
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fO=—""73—"7

shows that the estimate is sharp.

THEOREM 1. If

n
f@D=a,:"
=1 %

and |f(2)| =1 in the unit disk U, then for 0<a<1 and 2EU,

D)= nlz)t ¢
=2 = T@E-a)

and

IDlTaf(z)lS 71(”4‘&")
2 = —
re-a)lz\”

PROOF. Let consider a polynomial
6=LED 7pz ().
Then, we have

6@ =1f(@)|=1

for z&U. Using the Schwarz lemma, we have

a l—ex
D=l — e,

Furthermore, by Lemma 1,
|G (2)|=n (z€U).
Hence, we have

D =2t . oo,
‘ T re-o)zl®

COROLLARY 1. If
n k
(2= gla,&z

and |f(2)|=1 in the unil disk U, then D‘:f(:::) s included in the disk with center
at the origin and radius n/I'(2—a).

THEOREM 2. If

LA
f)="a,z
k=i *
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and |f(2)| =1 in the unit disk U, then for 0<a<1 and zEU,
121l 2] +14,)

1D f(a)] = T@=n(n+ [a;z])
and
Rl _ 1 9 a’(n'21+|al[)
1D, flaI= r(z—aleI“{ n(n+ az[) }
PROOF. Let

6(=LC-% ply(z).

Then, a polynomial G(z) is analytic and |G(2)|=1 in the unit disk U. Therefore,

we have

lz1{nl|z| +|a,|)
(n+la;z])

|G |=

that is,

2" "%l zl + |ey))

o =
|sz(2) l = I'C-ann+ |alz|)

(z€U)

with the aid of Lemma 3.
Moreover, using Lemma 1, we have

|G’ (2)| =n.
tlence, we have
. " 1 2 a(nlz]+]a])
1D} IS '+ I,

THEOREM 3. Let
* k
D= ay
k=1

and |f(2)| =1 in the unit disk U. If G'(z) has no zero in the disk |z| <K(K él);
then for 0<a<1 and z=U,

2 - n an—-1) a@n+3a—1)
I} s — (o), aCale-D )

where
6=LC-2 opefiy),

PROOF. Using the hypothesis of the theorem and Lemma 1,
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IG'(2)|=n
for z€U. Therefore, G’(z)/n is a polynomial of degree at most (#—1), with
|G’ (2)/n| =1 in the unit disk ¥, and has no zero in the disk |z| <K{(K=1).
Hence, with the aid of Lemma 2 and Theorem 1, we have the theorem.

3. On the special class of a polynomial

B. Pilat showed the following lemma in [7].

LEMMA 4. A mnecessary and sufficient condilion for
i k
fR=lalz— 7 |a,\z" €S,
k=2 &
is
2 1
Iall—i;):,'zzk;ak|=0.

And, by some results were shown by H. Silverman in [10], we have imme-
diately the following lemmas.

LEMMA 5. A function
oo
f(z)=!GIIz—Z)!a,,IZ“
n==zZ
is in the class Ky(k) (0=k<1), if and only if

E;n(rt—k) la |=la,|(A-k).

P
LEMMA 6. A function
f@=laylz- Zla,|2"
is in the class Sy(k) (O=k<1), if and only if
SR, |Sle] LB,
LEMMA 7. If the function
f@=lalz-la, "

is in the class S;(O), then for zeU,
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2-|z| |l2
Jalllzﬂg lz1) <17 = la, IzI;2+|z\) '

Furthermore, N.K. Govil, Q.I. Rahman and G. Schmeisser showed the follow-
ing lemma in [1].

LEMMA 8. If
=
f(B="la,
k=1
beiongs to the class S, , then

' 342/ 2 '
g»}tgc | (2] 5—2 o ﬁ” [f(2)].

THEOREM 4. If
L
f(z)=|allz—k2_2|ak‘zk
belongs to the class Sy, then for 0<a<1 and z€U,

Ialllzli_”(l—lz!) o la,l}z T a+1zD
= =D f(D]= =)

PROOF. Since f(z) is in the class Sy, using Lemma 4, we have

!uz 1= a) 2l 12

|r(2- a)a“D“f(z)"‘Ialllz]JrZ;

. 5.
=lallzl 421" Zklal
k=2
=la;||z|(A+]z]).
In the same way, we have
|F@-)2"Dif(D| =lay| lz] A-|2]).
These inegualities complete the proof of the theorem.
COROLLARY 2. Under the hypotheses of Theorein 4, fo(z) is included in the
disk with center at the origin and radius 2|a;|/I'(2—a).
THEOREM 5. If
2 3
fD=la\z—a,lz" —|a;]z

belongs to the class K,(0), then for 0<a<l,
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(24 . ,ﬁ:l
fﬁfl [D_f(2)] ST
and -
1+a, o, lg] B+2a+(2+a)v/ 2}
max 1D, @O\ =— e
PROOF. Let

G(2)=I(2-)2"Df(2)
=|a;|z— lAf_,]zE—- IA3lz3.
Then, by means of Lemma 5,

3 3 ,
Ek[ﬂk]§zk_[ﬂk[§Iall-
k=2 k=2

Hence, G(z) is in the class S;(O)CSO with Lemma 6. And, by Lemma 7, we

have
max |G(2)|=|q|,
1z|=1
that is,
la,l
a _ 1
Iglliﬁlclﬂzf(z)l#——rtz_w )
Furthermore, by means of Lemma 8,
, (3+2+/2) 4l
o |G (z)]é——%ﬁ———-%“/? 4
that is,
Lid la;| 3+2a+(2+a)/Z)

max 1D, S @l =—Grsre-o
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