A NOTE ON SPACES BY EMBEDDINGS IN X
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1. Introduction

In (3], Raymond F. Gittings defined the following terminclogies; a com-
pletely regular space X is P-embedded in SX, G;(K)-embedded in SX, strictly
P,-embedded in X, strictly G;(K)-embedded in X and strongly Pjembedded
in SX by imposing certain conditions on a space X in terms of the way it is
embedded in its Stone-Cech compactification SX.

In this paper we define wkM-spaces as a generalization of wd-spaces and wil-
spaces and obtain some characterizations of wkM-spaces and strictly P,-embedd-

ed spaces in SX. All completely regular spaces are assumed 7', and the set of
positive integers is denoted by N.

2. Preliminaries and definitions

If A is a subset of a space X, the closure 4 in X is denoted by CLA. If Z
is a collection of subsets of a space X and x&EX, we deline Stk(x, Z) as
follows:

St'(x, #)=St(x, 2)=U [UEZ : 2EV),

ste.)=Uwer Unst" x#)#4) for k=2,

If % and % are covers of a space X, we write Z <7~ if for every UES%”
there exists VE&¥" such that UCV. If ﬂ> is a sequence of covers of X such
that 7, <7, for every #EN, then the sequence (% > is called a refining
sefquence.

DEFINITION 2.1 [3]. A completely regular space X is said to be siriclly P,-
embedded in SX if there exists a refining sequence (& ,» of covers of X by seis
open in BX such that

(a) ﬂSt (%, % ,)CX for each x&X and

(b) for each x&X and #EN, there exists n(X)EN

such that ClﬁzSt (x, ﬂ,l(x))CSt (x, F ).
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DEFINITION 2.2, A space X is called a wkM-space if there exists a refining
sequence <#,> of open covers of X such that if =# nE-EStk(x, #,), then the

sequence (x> has a cluster point in X.

In this case, the sequence (% > will be called wkM-sequence. In other paper,
w1 M-space is called wd-spece and %2M-space is called wM-space.

EXAMPLE 2.3 (A ng-space which is not a i -space). Let R=[0,w], S§=
[0,0] and T=1[0, 2] with the order topology where w is the first infinite
ordinal and Q is the first uncountable ordinal. If we put X=RXSXT- {(w, 2,
@)}, then the space X is a wg‘M-Spacc but it is not a ngvspace.

3. Main results

The following lemmas will be used throughout the remainder of paper.

LEMMA 3.1(3]. Let (Z ) be a sequence of open collections of subsets of 5X.
If we pul % ={BNX: BE,%’H} for each nEN, then Stf"(x, Z/n)=Stk(x, FINX
Jor each FEN.

LEMMA 8.2[3]. Let <& ,> be a sequence of open covers of X. If we pul % .= B
open in BX : BNXEY ,} for each nEN, then Stk(x, z/ﬂ):Stk(x, FINX Jor
each x&X.

LEMMA 8.3(3). Let <, be a sequence of open covers of X with %, <#,
for each w&EN. If we put F =B open in [X :BNXEZ ), then F ,  <F,

for each #n.

T n+1

THEOREM 3.4, A completely regular space X is stricily P,embedded in SX for
any FEN if aud only if there is a sequence <Zfﬂ> of open covers of X satisfy-
ing:

o

(a) Px:ﬂ:SLk(x, Z ) is a compact subset of X jor each x&X;

n=1

(b) The family {Stk(x, Z,)nEN) is a neighborkood base for the set P,

PROOF. Let (& >be a refining sequence of covers of X by sets open in SX
satisfying (a) and (b) of Definition 2.1. If we put %', ={BNX : B&#,} for

each nEN, then by Lemma 3.1, szr‘]?tk(x, F ﬂ):ﬂl(llﬂxStk(x, &) is compact
r= #=

subset of X and the family (St¥ex, 7 o) s #EN] is a neighborhood base for the
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set:. P,

Conversely, suppose (% . 18 a refining sequence of open covers of X satis{y-
ing (a) and (b). If we put & ={B open in 3X : BNXEZ ) for each nEN,
then by Lemma 3.3, (&,) is a refining sequence of covers of X by sets open
in X and by Lemma 3.2, Cl 5 xStk(x, &?R(x))CStk(x, Z ) for some n(x)EN and
hence fj_LStk(x, # )CX. Thus X is strictly P,embedded in 5X.

THEOREM 3.5. If X is stricily P embedded in 8X for any REN, then X is

p
w M-space.

PROOF. If X is strictly P,embedded in X, then there exists a refining
sequence (%> of open covers of X satisfying (a) and (b) of Theorem 3.4. It

is easy to show that (%) isa w M-sequence.

THEOREM 3.6. A completely regular space X is sirictly P -embedded in 5X for
ainy REN if and only if X is a w* M -space having wkM-sequence {# ,» salisfying

A CL.ste. 7 =0 Sthcz. 7
N ClgSt2,)=N st'@x7,).

PROOF. Let (& , be a refining sequence of covers of X by sets open in SX
satisfying (a) and (b) of Definition 2.1. If we put % ,={BNX:BEF,} for
each €N, then by Theorem 3.5, (%> is a wkM-sequence and

oo (sla]
n ¢l a7 )= n Stz 7).
n= =
Conversely, let (#,) be a refining sequence of open covers of X such that

ﬂ Cl St (=% ,)= ﬂ st (x,%,). Let U be an open set in X conta mmcr ﬂSL (x;
’l—

7/ o) and let W be an open set in X such that WNX=U. Consider the ﬂet H,

:C]ﬁ_xSt (x, %, )—W. It follows that st (%, )CU for some nEN. Thus by

Theorem 3.4, X is strictly P, -embedded.

THEOREM 3.7. A completely regular space X is stricily Py embedded in SX for
any REN if and only if there exists a refining sequence of covers of X by sels
oo [ele]
open in SXsuch that ﬂlclngtk(x, F iu):[']lStj;’(x. Z ﬁ)CX s
n= n=
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The proof of Theorem 3.7 is analogous to the proof of Theorem 3.6.
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