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A NOTE ON SPACES BY EMBEDDINGS IN ßX 

By Young 800 JO and Sang Lg Lee 

1. Introduction 

In [3]. Raymond F . Gittings defined the following terminologies ; a C0l1ν 

pletely regular space X is P . embedded in βX， Gi K ).emhedded in β'X. stricl! Y 

P . cm bedded in ßX, strictly Ga(K)-embedded in ßX and strongJy Pιembedded 

in 19X by imposing certain conditions on a space X in terms of the 、‘ ay lt IS 

embedded in its Stone.Cech compactification ßX. 

ln this paper we define ,l Af-spaces as a generalization of ,QLI-spaces and wM 
k 

spaces and obtain some characteriza tions of w"M-spaces and strictl y Pk-embedd-

ed "paces in ßX. AIl completely r egular spaces are assumed T 1 and the set of 

posi tive integers is denoted by N. 

2. PreJi minaries and definitions 

lf A is a subset of a space X , the closure A in X is denoted by Cl,A. If W 

is a co lIection of subsets of a space X and xεX， 、，ve define St\. , l',() as 
foll。、，\'S :

St\ x, W) = St(x, W) = U (UEW : xEU] , 
' -1 St"(x, W) = U (UEW : unsr '(x，í'/);'Ó찌 fo1' IJ르2 

If W and r are covers 0 1' a spacc X , we wri te W <γ if for every Uε? 

there exists Vεr such that UCV. If (í'/.> is a sequence of covcrs of X such 

that zr n -:- l <7/
11 

for cvery llE Jll . then the sequence (7/,) is called a rcfining 

sequencc. 

DEFI 'IITION 2. 1 [3J . A completely regular space X is said to be slric!ly P .. 

cmbedded in βX if thcrc exists a refin ing sequence (!if.> of covers of X ;,y scts 

opcn in βX sllch that 
∞ ι 

(a) nStκ(x， !if .)C X [or each xEX and 
n= l 

(b) for each xEX and llE N , there exists ’‘( X )E N 

such lhat CListk(x, g )ζStk(x， g ). 
(, ) 
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b 
DEFI"lITJON 2.2. A space X is called a w"J'vf -space if there exis ts a refinin g 

sequcnce ('1/
11
> of open covers of X such that if xnεs얀(x， 2:'’‘), then the 

sequence <x,Z> has a cluster point in X 

In lhis ca5e, lhc sequence (2:'"> will be callcd ,/M-sequence. In other paper. 

u} .. M-space is calleù wJ-sþ.αce and w'!}vf -space is callccì wAI-sþace. 

EXAMPLE 2 3 (A uy2M-sFace IhICh ls not a ?U3jf-space). LcL re= [0， ω]， S= 

[0 , Q] and T= [0, Q] with the order topology wherc ω is the first in fini te 

ordinal and Q is the first uncoonlable ordinal. lf wc pot X =RxSxT- { (ω， Q， 

[1)], then the space X is a '/.'ll-space but it is not a w
3

J'vf-space. 

3. l\Iain rcsults 

The following lemmas 、rv i1l be used throughout the remaindcr 0 1' paper. 

LEMMA 3.1 (3] . Let <iiJ,,> be a sequelZce %pen coìlecti01ts 0/ s1Zbsets 0/ ßX. 

I f we pαI 2:' ,, = wnx : BE!i!“) /or eαch nEN, then St
k
(x,2:'") = St

k
(x, iiJ,,)nx 

[01 ιαciz IiEN. 

LEMMA 3.2[3]. Let (7/,) áe a scqueμcc 0/ oþeη covers 0/ x. 1/ we put !i!η= (B 

open in ßX : BnXE2:',,) for eαclz nglV, tkC?Z SLk(x, 2n) =Stk( x, jg’‘)nX for 

each xEX. 

LEMMA 3. 3 [3] . Le! (2:' μ> be α sequeμce of opca coucrs of X ZOttli 27n+ l <2?” 
for each nEN. 1 f 10e þ l't !i!’‘= (B oþen 써 ßX :Bn XE?I,) . thα !i!n十 1 <!i!“ 
for each 1l. 

THEOREM 3. 4. A caηzp!ete!y regular space X t.s striclly Pk-embedded ù z. /3X for 

aily kεN if and only if tlzere is a seqαCllce <W’‘> 0/ open covers of X sα!isfy 

ttlg 
。;

(a) P x= nSt“ (x ,2:' ’‘) is a compαct subse! of X for each xεX. 

(b) The family (Stk(x, 7/ n) : nEN) is a neighbo:시'wod base for the 5e! P" 

PROOF_ Let (!i! ">be a re[ining sequence of covers of X by sets open in βX 

satisfying (a) and (b) of Definition 2. 1. If we put 2:',,= (BnX : BE!i! n) fO! 

∞ . ∞ ‘ 

each nEN, then by Lemma 3.1, Px=η맨tκ(x， .9J，)렐Flastκ (x， !i! n) is compact 

subset of X and the family ISt
k
(x,7/,.): nEN) is a neighborhood base for the 
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set Pxo 

ConverseJr. SUpp05C (Z!"> is a refining sequence of 애cn covers of X satisfy. 

ing (a) and (b) . If wc put .91,,= {B opcn in ßX : BnXEíY"l for cach n르N. 

lhcn by Lemma 3.3. (.91"> is a refining scqucDce of covers o[ X by sets open 

in ßX and by Lemma 3.2. Cl ", 5t"(.< • .91 n(，))ζStι(x • .91") for somc n(x)EN and 
∞ 

hencc 낌F(x，8’‘)ζX. Thus X is strictJ y Pk
• embedded in ßX. 

THEOREM 3.5. 1 f X ;s sl1';ctly P k-elllbedded ;" ßX for any f'EN. then X is 

tUkkf shace-

PROOF. lf X is strictJy P .-embedded in βX. t hen tbere exists a refining 

scquence (2("> of 얘en covcrs of X satisfying (a) and (b) of Theorem 3. 4. It 

is easy to show that (Z!"> is a ,lM-sequencc. 

T HEOREM 3. 6. A comþ[elely regttlar sþace X is slrictly P .-emõedded in ßX f or 

aily kEN if alld o11ly if X is a ,lM-sþace Izaving w'M-seqllellce (2(.) salisf ying 

∞ - ∞ ‘ 

n CI,.St’‘( x. Z! .. )= n 5앉t"(“x’ a캉/’.) 
fl = l ’”’ rt = l 

PROOF. Let (.91.> be a refining scqucnce o[ covers of X by sets open in ,BX 

salisfy ing (a) and (b) of Definition 2. 1. If we put 7/,, = {B nX : B드.91"l [or 

each nEN. then by Theorem 3.5. (Z!n> is a wkM-sequencc and 
∞ . ∞ . 
끼 Cl,g,St‘ (x, 2?”) =n St‘(.<, Z!,,) . 

11=‘ n:= J 
ConverscJy, let (2(.) be a refining sequcDce of open covers of X such that 

∞ . ∞ • ∞ . 
n Cl •• StK(x， ~_)= n St‘ ( x,7/ .. ) . Let U be an opcn sct in X containing nStK(x, 

11= 1 ~~ n= 1 n=l 
2(") and let W be an open set in ßX such that wnx=u. Considcr thc 5et H . 

=C1ßßt'(x. ~，.) -W. It follows that 5t"(x，~ ，，)cU for SQmc nEN_ Thus by 

Theorem 3.4, X is strictly Pεembedded. 

THEOREM 3. 7. A comþ!elely regttlar sþace X is slη ctly Pιenzbedded i11 βX fo r 

a11Y kEN if alld 0ηly if tllere exisls a rc/l’tt;ttg sequence of covers of X by sels 
∞ . ∞ 

ope1t tn gx sttClt tltat JlFlaxSt“ (x,.91 .)꾀Ft‘(x . .91 n)ζX 
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T he proof of Theorem 3. 7 is anaJogous to the proof of T h eorem 3. 6. 
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