
K‘'tmgpook Ma th. J 
Volume 21. Number 2 
Decembcr. 1981 

0)1 WEYL FRACTIOXAL CALCULUS AKD H-FUNCTION TRANSFORl I 

By R. K. Raina and C.L. ](oul 

1. Introduct ion 

The Weyl fractional derivative of a function g(Z) is defined as follows :­
Suppose g(z)EA. πhere A denotes a class of functions which are ever ywherc 

differentiable any numbcr of times and if it and all of its derivatives are O(x -r) 

for all r as r→∞ [4. p. 82] . Then for q <0. 

，、 q --
(1. 1) ，D∞g(z) =숙F삼.， ~(lt- z) -q-lg(lt)du. 

r ( -q ) J. 

For q르O. 

.n 
(1. 2) ，D싫(z)=쓴;「(zDL ‘ g (z)). 1z being a positive integer such that lI> q. 

az 
The H.function transform of a function f ( t) is defined as [2. p. l42] 

f∞ M . Nr _ .•• , (aj • a)l. P1 
(1. 3) J(P)= ' n-H': '~ï(pl)Î _' . 1 f (t)dl. 11>0. 

) 0 -- P.Q L V" I (b
i
• ß)l. QJ 

、，vhere

(1. 4) 
,\1_ Jví L(a •• α‘) 1, Pl r 

H二 Iz l . 1=걱슨-. I 8(s) zds. 
r ,Q L 1(bl, gj 1. Q」 -“ WJ L 

ω=:Y - I， 

is the well -kno、.vn H-function [3. p. 594] . 

In (1. 4). 
M N 

(1. 5) 8 (5 ) =띄「(b， RjS)，E「(1-al+alS))x

Q P 
x( 11 r (l -b;+ß;s) n: r(a;-α;s)) - ‘， 

i=M +1 ì=N. l 

an empty product is interpreted as unity; the integers M. N. P. Q satisfy 1드M 
드Q. 0드N<P; ai’ 

ßi arc all positive and the contour L is suitably chosen 5uch 

that no poles of the integrand coincide. 

lf 

(1. 6) 
ν Q N P 

λ=ε(ß，)- ~ (ß，) + ε::'(α，)- ~ (α). 
M + l N+l 

then thc integral in (1. 4) i5 ab50lutely convergent when 



2ì6 R. K . Railla and C. L. Koul 

(1. 7) Á> O, larg zl <+Àπ 
Thc conàitions of absoJute convcrgence of the integraJ in (1. 3) a re given in [2J . 

Bl' virtue of lhe reJations [3, p.600, (4.7)J 

( 1. 8) 씨;?[t |(J과c-t 
and 

(1 , 9) 
I.I r1 (1 -α， 1) 1 _, " . , - a 

H;'; II I:: .:. ' -[ =r(α)(1 +1) - (1 .3) reduces respectiveJy to 
!l' I(O, 1) J 

thc c1assical Laplace transform givcn by 

(1. 10) g(야 = L [f(t) Pl =fre-Plf (t)dt, 

and 

(1. 11) g(ρ)=p一앙(소)=r(α)Sα [f(I) ; þJ. 、v삐 is thc gcncralizcd 

Stieltjcs transform [1 , p.2331 given by 

’ … ( 1.12) Sa[f(t) ; pJ = J~-(p+ t) ' j (t )dl. 

Thc aim of lhc papor is lo cstablish a resuJt for thc H.function transform of 

(fμ) (q rcal) in the "Tcyl fracrjonal calculus as also LO cstabl ish a gcnerating 

rclα!ion for H.functlon wi th the hclp of generalixcd Taylor’ s formula [5J . 

T HEOREM. Suþþose l(p) , giνen by’ (1. 3), bc sκch Ihal f(þ)EA . 5 /1，낀，'Josc llu: 

co;;ditialls (1. G) aild (1. 7) for the H-fl，ωc!ion 'i. cld. Thcn 

(2. 1) ( -1)';D:장(p) = <þ[t깜); P]. lC7 ζII q T2al, 

where 

(2.2) 
q __ _ r∞ ’,+ 1. N í .. .I (α 편， αi) ' ， P' (-씨 

rþ [If(t); 찌 = I~'H ~ ， ’” ’ ， I ( þt) “ 1 끼 | 
” ι “ ” L 1(0, ll), (b，-감L βi\ ， Q J 

X t'f( t)dl, 
provideá tltat the vario l/,s inlegrals illvo[ved are abso!ute!y cOiwergent. 

PROOF. Casc 1 ‘ For q < O, we havc in view of ( 1. 1) and (1. 3) , 

(2.3) ( -1)앙 !C끼=~←(~I (u-þ)-q- ，( ∞HM， N1 (1μ) 
!' (-q)Jpl'"' n ‘ QI 

「a，， at)l 에 ] ‘ If(t)dl ldι. 
(bi, β，)，，~. . . J 
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Inverting the order 01 integrations (which is justi lied unàer the condi tions 

imposed with the theorem) , we get 

0 _ (1 _ _ r∞ , r∞ q-l __ M.N I ~ . , h 
(2, 4) (-1)~D감(p) =τ닐-s-] ;'f(t) I ι (u-p) , -H;，'~I("I) 

「αt α써 ] ι Idu Idl. 
(b" βι)l ， QJ J 

Since 

(2, 5) 따-P) q l1tkHg-;[arth | @: $:1펴dα 

=￠-q…) H짧￡1[aph | @rZltr(껍:)rn 
,vhere 

lt> 0, Re[k + h(aa 1)씨 <q <O (;=1, "', N) , larg al <윤Aπ， 2>0 (λ being 

given by (1.6)) , -((2.5) can be easily established), (2.4) reduces t。

q 7';" r∞ , •• M + l.N r . .. h , (a" α，)I. P' (0, h) l 
(2. 6) (- 1)'pD:'l(p) =10-þ -" H;~l~'~'+ l/ (þt)''/ ‘ /f( t)dl. 

JO" .- P+I. Q+l 'r'~ I(q. h) , (b
j
, β‘) I. QJ 

By using (3, p. 596. eqns. (2.4) and (2.2)]. the result (2.1) is arrived at for 

q <ü. 

Case 1I: For q> O. by uti lising (1.2) and Case 1. we can write 

(2. 7) (- O:D단〔ψ) =( -1) ’‘ d" 
Y - dþ" 

/ α 、

( ['.1 (a .. -q’, α， 1. (-ψ• h) l \ 
U∞H”+l Ar j hl \ ‘ i n 3 - l q/ ) 1.I ;'H;셔 ~~ ll (þt) 1 “ 걱 If f (t )dl 1. q' =q - n. 
\" V • T 끼 1(0， ι) ， (bj-q' 우， ßi) l ,Q J ) 

Dillerentiating under the sign 01 integral (valid under the conditions stated 

with thc theorem) . using [6. p. 131, (4. 1)] and [3, p. 596. (2, 4) and (2. 2)]. we 

find (-l ) ' pD:"lCÞ) =rþ [t'f(t) ;p], for q는0， where rþ[ - ;pJ is given by (2. 2). 

This establishes the theorem for a l1 real values 01 q. 

3. Particular cases 

1. On choosing parameters suitably as in (1. 8), (2. 1) reduces t o a result clue 

to authors [5 p.189J. 
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2. Similarly on choosing parameters as indicated in ( 1. 9), replacing p by 1/ P. 
then the following known result [1. p. 213] emerges from (2. 1). 、ralid for all 

real q: 

(3.1) (- n'pD싫(p)=r(α+ q)So+ ， [앙(1); pl. 

where g(p) is given by ( 1. 11) . 

3. Because of the general nature of the H -fu nctions, a number of other rcsu1ts 

can be derived from the main theorem on specialising parameters of the H­

function in (2. 1). These are omitted here lor lack 01 space. 

4. The gener ating relation 

A generalization of the well-known Taylor’ s formula was recently given by 

t he authors in the theory of Weyl fractional calculus in the following form [5, 
p. 189] ‘ 

Let J(tlεA. Then, 

co ....cn+ T/ 

(4 1) f(P+h ，E∞cX 깐삶패r싫+η J(p), 

where c is a real number such that O<c::다. η is arbitrary and is valid for all 1 

on the circle 11/ p 1 = 1. 

In this section we use this result to establish a generating relation lor H 

function by taking J(t) suitably. 

We take 

(4.2) 
J
η1
」A
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in (4. 1) and use (2. 5) etc. to get the generating relation: 

, U N r μ (a;， αJ ， ol 
(4.3) (p +t) -H~'~ Î z(ρ+ 1)'1 ‘ “ r 1 

r . .., L I (b;, ßi) l.Q J 

심 ∞• c(- t/þ 、 α + 1/ TTM+1. N r .b l (ai • α) !.p' (I -a, b) l 
= p μ →상---:..:......r.←「τ-H^. -. . 1 zÞ 1 . 

n= ∞ r(cn+ η+ 1) •• P + l.Q+ 'l"" I (cn +η a+ 1. b), 이， 한)，‘바 

valid for II/P l = 1, b>O and c being a real numbcr such that O<c':::;l and η 

arbi trary. 
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