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INTEGRALS INVOLVIXG SPHEROIDAL WAVE FUNCTION AND THEIR 

APPLICATION IN BOUNDARY VALUE PROBLE~i OF HEAT CONDUCTION 

By A. S idd iq비 

1. Introduction 

The H -function of scvcral 、mriables has becn analogously defined and repre 

scmed by [12] . For convenience. and brevity. however. we . hall usc the conlra­
cted notation introduced by Srivaslava and Panda [12] lhroughcut the presem 

papcr. 

The known re.비ts ([7]. p. 16; [4]. p. 316. [1이. p. 33) required in lhe scquel 

may be recalled as follows 

(i) Spheroidal wave function can be expressed as: 
∞ 

S,,r” (c, x) = z;? d?’ (c)P:+/x). 
r=u. l 

(1.1) 

wherc the coefficicnts d~I/l (C) 얹tisfy thc rccursion formula [7. eq. 3. 1. 4] and 

tbc asterisk* ovcr thc summation sign indicates that the sum is takcn ovcr only 

evcn or odd values of r according as C1t - m) is cvcn or odd. 

( 1 / ~ 2 .. .11- 1 
(ii) J (1-x7 'PUCx)dx 

l 

깅…r(Þ+웅1/1) r(Þ-윤m) 

1'(1+웅(ν - m)) r( ~ -+Cυ+ m)) r(Þ一웅，，) r( 1 γÞ+융) 
provided that 2Re(þ)> I Re(1Il) 1. 

(i ii) Eo!Ca) =! (a + 1). E: ! (a) =E o [E;-I! (a) ] 

( 1. 2) 

( 1. 3) 

whcre E denotes lhc fini lc difference opcralor. A Iso. wc shall usc the follow’ tng 
notation throughou t lhc papel 

l' α + γ) (α)r-유뿜ι=α(α+ 1)---(α + r - 1) (1. 1) 

2. Finite integrals 

The main integrals to bc prO\'ed here arc the following: 
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Jl(P)=/ l(1-:2f- ls” (c, x)H[Zl(l-x2)OJ , , zr 

='1'’f흉rd?’'(c)[r(1+ ~샤 r(웅 -11l -괄r)r 1 

(,) ( ' ), 0, ì.~ 2 : (U' , u’ ) ;"' ;Cu '"', ν ) {1-ψ+τ111 . 이 ， .. .• (! r' 
H 

A +2, C+ 2: (B' , D'); ... ; (B (' ) , DC') )\1-þ+울(m+ r) : O' p .. . . (J1" 

l-p-÷,lt : 0l’ 상r) : ((a) : ri , ’， 0<κ(νιr 

( -þ- ~상(J“…m“t야+ r) : u까까l'’ ’ gιψr) : ((때(“ωc야) :ψψψ’’ , ψ ("j : ((d') : ii') : 

(2. 1) 

(r) . ,C'), 
;[b'"' : Ø'"'j _ \ 

:Z,’ “ " Z ! 
C' ) ιr) ， r I , [(d)"' : ò" ' j / 

providcd that (!j are positive numbcr5 such that 

Lli+Ui>O, !arg(Zi)! <웅(~i껴)π， 

Re(p)>O and Re [P +한，αi]>O， i = 1, " ' , r , 

‘vhcrc 

Êli =당 o?) ￡ 。，l)+딸ø\i) 딸 히’) 윤 q ?)+강1히， ) 
1=1 ‘ j=;, +1 1 J=I" 1 i= ν" + 1 "1 j=l ι i=i 1 

D m (:) ·(l> (μ (i) 
-장l“ +lδj >o, 1=], • T αl=aj /ζ , j= l. "', μ 

T hc 5crie5 on thc ri ght hand 5icle of (2. 1) is convergen t. 

JzCP서 l(1 x2)P펴’‘(c， x) 1tF핏 ; 씨 
H [ZI(1-강)"‘ ; --- , Zr(1-x2)6·]dx 

=겸，휠t월。낀c)[r(1+등r)r(~ ~ 1Jl -칸)r1 

1뜨 (6l) (It)Y 
u o, 2+2 (μ ν ) ..... ψ， ν(rJ) 

단 (ηi) P'! A+2, C + 2: (B' , D’ ) ; 없 D(r)) 
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C'), . ( . .,., 1 \ 
([(a) : 6 6 ] (1-p-ρ "+2'" σt Orj ] 

끼 C')， , ( \ 
[(c): 1ff' • .. ,; 1ff " ' ] : ~1- ρ -p'k+τ(m+r) : O'i' ... ; σ，). 

(l-P-P'k- ~ \ (시 V) 1-p-p'k- 2111 : <T‘’ '.끼: (b': q,'); .. ,; (b"' . q,"') 

( -p-1 \ (r) ",(r ) -p-강(m+ r)-p’k; <Ti ..... 11,) : (d ’ : δ'); ... ; (d δ ) ; 

Z l' ... ; Z ,) (2. 2) 

where h. k are positive integers (either h or k maybe zero). 이 are pOsItlVε 

numbers such that ßi+익>0 and 

r 
l arg(Z끼 〈송(ßi+ <T)π， Re(P)>0, Re(P÷gσt α，)>0. 

i=l • .... r and ð.i • (]ι are gi ven in (2. 1). The result (2. 2) holds if μ드U (11=어 1 

and I h I < 1). none of ηl' η2' η3' 까 lS zero or a negatlve lntcgel 씨th th e 

remaining conditions as stated in (2.1) . The series on the r ìght hand sìcle 이 

(2.2) is convergen t. 

P ROOF OF (2. 1). To prove (2. 1). we first express the spheroi dal wave func­
tion Smn(C' x) in the series form (1. 1). and the terms 01 multiplc contour 

integrals form (12J , Now, changing thc ordcr of integratíon and summation, 

e\7aluating the ìnner integral 、，vith the help of (1. 2). and finaUy reinterpreting the 

multiple contourintegrals thus involved by the definition of H-function of several 

variables given by Srivastava and Panda [12]. 、，ve get thc desîrcd resul t. 

Regarding the înterchange of the order of integration and su mmation it is 

observed that x-integraI îs convergent if Rc(p)>O ; 값이+ε;=l @ l)> 0. ; 

1, " ', 1", The muItiple contour integral convergcs uader the conrútîo1l3 stated in 
∞ 

(2. 1). The series 1::'* d:’“ (c)P::: , .cx) 
r=O.l ’ " , 

converges absolutely and uniformly for a l1 lÏnite x ([7] ; 16-lï) . Hence thc 

interchange of order 01 integration and summation is justi fied ([1]. p. 504). 

PROOF OF 2.2. On multiplying both sidcs of (2. 1) by 

n , 
nrcS= i+δ) (h)"lnr(l) i十 δ) and applying the operarion cxp(E'E상 yi c1ds 

j-= l j.:::: l 
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cxp(E
k Eδ) [J，cp피(~r';- δ)h펜l「(ηj +δ)] 
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=썼eχP (E k Eð)효션찌 

H o, 2+ 2 · (i. ν); ... ; (μ('l ν(，)) 
((T)) 

A十2， C+2: (B ’ . D'); .. . ; (B('). D(')) 

Er(ij+δ)1/ 

n r(ηj+Ö‘) 
\vhere 

(,), • (, , . 1 \/ 
([(a) : κ - 、• 0' '] : ~ 1-p+τ”t • ol , · ; uJ, [1 -p-τ1JZ : /11; .’ .; (J, ) 

(T) = [ 、 ι 、
\ c'̂  ." • ,,"'; ... " c ..... (r) , . (~ 1 \ f 
\ [(c) : 찌 '''. (ψ)"'J :~I-p+흐(lII + r) : 이 ;"';(J， l . (-p 승("， +r) 

(2.3) 

of finite 

(,) • "(,) 、(b’. rf/); .. . ; (b'" : 1//' ') \ 

;(Jl' ... . (J,) : (d'. 0'); ... ; (i'): δ(” , Zl, , zJ 
Taking summation on both sides of (2.3) and using the definition 

diffcrence operator (1.3). we get 

Jl(1- x2)P+Yk-l 
∞ r 바 r(L+δ + P’ ) (hJ'+P' 
ε: J 1늑‘ 
γ~Ol 픽1(ηj +δ +p') pl ! 

S"'n(C, x) .H[Zl (1 -i)"' . .... Z ,(1-x2)a']dx 

=씬ξ。활l<n(c) [r(l十융r) r( ~ 승r_m)]-l 

H o, a+2 - (μ v') (μ(，) μ (，)) 
[(Q)) 

(r) n(r) A +2.C+2: (B'.D'): ... : (B"' . D"') 
l 

A
μ
·
 

이
/
 -
이
/
 

얘
 -
냉
 

g”u 

-
’”
v 

+ 
• 

十

1 

) 

1 

따l
 

• 

떠
 

v 

π
U
 

L 
u 

R
」R

J--

‘vhere 

('), . f. \ 
( [(α) θ ..... éI" ' ] : (1- p - P’k fr”z : 0l, , gy), 

(Q)=[ 、 / 
\rr_， .~r"， ~ ... (r),.(. 1 \ 
\ [(c): 1jI" • .... 1jI''''] : (I-P-p'k+τ(nz + r) : (J,; "', κ). 

( \ (,) . ,(') \ l-p-p’k→융m. (J" .... (J,) : (b'. rfO • .... (b'" : rþ"') \ 

( - p-웅(m+r)-p'k: (Jl' .... σι (d ’, δ'); .... (i') δ(f)) ; ZI Z ,/ 

(2.4) 
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Now changing thc order of intcgration and summation on thc lcft hand siJe 

of (2.4) which is justified [2. p. 173] . using the result (1. 4) and. finally. 

replacing S j 十 d‘ by ~; and η，十δ by η enable us to obtain thc valuc o[ the 
~ ] '] ' J 

in tegral (2. 2). 

3. An expansion formula 

In this section we derive the following expansìon formula 

(1 • // -1 F‘ 「5u ; h [ 1-x2)k1 H[Z1(l x2)Ol, ---, Z (l x2)o,j 
u ι I /1 .J ι 1 

9 

二점 !zC p) Smn(C' X). (3. 1) 

which is 、 alid undcr lhe same eonditions as given in (2.2) with p는1. ! {p) 

is the valuc of the intogral dcfined by (2.2). The series on lhe righl hand side 

01 (3. 1) is convcrgen l 

PROOF. From t he general lheory 01 Sturn-Liouville differential equalions. it 

follows that lhc funclion S",.(c. x) form the counlably infinite orthonormal set 

comple le in (• 1. 1) . Hence any arbitrary funetion f(x)ε( -1, 1) can bc rcprc­

sented as a linear combination of these functioins. 1. e. 
~， p-l _ rÞ 2, kl T-r，~ /. 2,0", '2,0" 

f(x) = (I -x")' 'JuI~"; h(l-x")'ï H[Zl(l-x") ‘; .. . • Z ,(I-x") ’] 
U 

∞ 

=ι~ A .. S .,’ (C. x). -1 <x<1 (3.2) 
1I =J 

(Following Churchil(3) (1963) p.57. Taylor(13). (1963) p. 111). On multiplying 

both sides 01 (3. 2) by S찌!/(c ， χ) ， întegrating w îLh respect to x over the 

intcrval (-1 . 1). and making U3e 01 the orthogonalily property 01 spheroidal 

wave functions [7. p. 22 eqS. (3. 1, 3. 2) , (3. 1. 33)] 
, 1 

NPl = AnJ [S이"써1 
l 

(3.3) 

because all other terms on lhe right hand side of (3.3) vanish except lor 1l' = n. 

Now, in order to avoid undcsirable consequences in application, 、，Ye shall normali:æ 

the f unct ions Sm.(C' x) by thc stipulation that 

}"싸(C. x)]2 dx = l, (η，) is even or odd 

fOT all values of c. 
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Hence, 

A.=J2( p) . (3. 4) 

Thus, by virtue of (3. 2) and (3. 4), the desired expansion formula (3.1) fo lIows 

RD IARKS. Regarding thc convcrgence of the series on the right hand sides 
of the re5ult5 (2. 1), (2. 2) and (3.1), it would be worth mentioning that the 

“ ’ ? ? 
ratio d;'μ/d~'" is -c"/4r. [6. p. 17) and the rat io of gammas involving r, P' is 

bnunded for large values of r (even or odd) and P’ by virtue of the fairl y well 
known rcsul t [cf. , [허 : p. 47] 

r ( r + a) .. a-p 
→*ξ÷응←=r- - [1+ 0(r -')]. 
f’ (r+ β) 

Ilence the series on the right hand side of (2. 1), (2.2) and (3.1) are uniformly 
and absolutely convcrgent by M-test. 

4. Particular ca5es 

On specializing the parameters of the H -funct ion of 5everal variables of (Sriva-

5tava and Panda) in the results (2.1), (2.2) and (3.1) , we deduce various 

known re5ults given earlier by Gupta and Sharma [잉 , Singh and Verma ( [11]. 

p.325-32). 

5‘ Prohlem of hcat absorption insidc thc spherc 

In this section, the problem of determining 01 a function Ø(r, x) which 

represents the temperaturc insidc the non~homogeneous sphere r< a is considercd. 

T he temperature on the surface 'r=a i5 a prescribed function, say f (x) , of 

sphericaI coordinate ‘x ’ only ( -1드X드1) . Therefore, the fundamental equation 
of heat conduction is 

o 

k r효+응 량1 +--1" ~μ(l - x?)꽉1 +þc, Q(r , x )=O (5‘ 1) 
，:，\ ~::: r dr J ’ ,'L Ox l' ' dx ) ' 1 ‘ or ν ι ‘ " .. , 

、、 here x=cosO and Q( r , x) is the sink of heat absorption, and 1(, Þ and c, arc 
respcclively, the conductivity, density and specific heat of the material of the 
sphre. 

Let Q(r , x)= -품rF2 x2+칸늪]ø 

、\'hich is linearly dependcnt on the temperature function rþ(r, x). Thus, the 

equation (5. 1) becomes 
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ò-rþ -'-~ 
‘ ~ r 
or 

뽑T쉰[(1-X2)잖-2.옳-c22-관]9=0 
Cnder lhe ’boundary condition 

f) ,.. ? '" 

이(a， X) = (l - X.Y-'H[Zl(l -X")“‘, " ', Z ,(l -X.Y'J. -1드x~l 

the solulion of (5.2) is given by 

ψ(r， x)=홉ft(P)$mn(C， x)(승r 

(5.2) 

(5 '3) 

”’hcre α= 융+÷ι;깐:' ] j(P) is the 、 alue of the integral defined oy 

(2. 1), and the conditions 01' validity are the samc as givcn in (2. 1). 

PROOF. To s이IC rhe partial differcntial cquation (5. 2), we use the ‘generalizc 

Leganφe transform‘ recently dcvcloped and de[ined by Gupta [8] as : 
. 1 

J"μC)=} F(x) $，싸c， x)dx, 
- 1 

with the inversion formula 

∞ J _.(c)$….(c, x) 
F(.t) =ζ→Lτ 

11 =니 A ' 111;’ 

(5, 4) 

(5, 5) 

where N ’”’‘ is thc nor ì1lalization factor of 51씨(C， x) given by Flammer [7. 0. 22, 
cqu. (3. 1. 33)] . It is convenient in applications to normalize the function 

Smll(C, x) such that N mn = 1. 

Kow, applying the trans[orm (5.4) to cquation (5. 2), 、ve obtain 
..,2:r ... -:r 

7ZA4+2f걷맏--a, (c) @=0. 
õr'" (J T 

whcre 

í'J '깐(θιμ써7π샤찌’J씨x서) $ζ%짜，.싸”ι(“cι.시.11서lο) 
l 1,(/1), when γ =a 

wh ich is bJunded in the rcgion OS;r드a. 

α， ;j arc the roOlS of lhc in“ic:al cquation obtaincd after 

(5. 6) , thus 

a=웅 ÷ι다꾀괴간r 

=÷공ι파m} 

(5. 6) 

(5.7) 

(5. 8) 

substi tu l-ing r = e‘ m 

(5. 9) 
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Since the solut ion corresponding tO thc I"oot β is inadm issible the solu tion of 

cquation (5. 6) is g iven by 

rp=A ，(c)rα. (5. 10) 

ln order to determine the coefficient A,(c). we usc the equation (5. 8) and get 

A，(c)= J I(p)laα. 

llcncc substitu l ing the value of A,( c) in (5.10) , we gct 

rp = J 1(P) (쥬r 
FinalJy, using thc invcrsion Iormula (5. 5) with the imp l"oved convension 

N 1II1l= 1. we get thc dcsircd solution (5. 3). 
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