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AN ALTERNATIVE DERIVATION OF FELLER’ S NU~mER OF ARRIV ALS 
DISTRIBUTION IN A RENEW AL PROCESS WITH EXPONENTIAL 

INTERARRIV AL TIMES 

By Kern O. Kymn 

FeIler derived the distribution of the number of arrivaJs in a renewaJ process 
with common exponentiaJ interarrivaJ times [equation (4. 2), p.12.1]. Tbe dis­

tribution of the number of arrivaJs under the cited stochasric processes forms a 

Poisson process. FeJJer gave a number of exampJes and possibJe appJications. 
FeIler recognizcd the fact that his formuJation looked Jike a new derivation of 

the Poisson distribution [p.12. 1]. What FeJJer has sbown was indeed the r‘ela­
tionship between the exponential distribution and the Poisson distribution 

1 empbasize this point of view. Exarnined under this view, Fellet ’5 res띠t may 
be appJied to random sampling from a Poisson population utilizing an exponential 

density or for the purpose of running Monte Carlo experiments in querying 

problems as in the following simplified manner. 

Let T l' T, . ... be the random variables with the common exponential distrib­

ution exp{-xJ with thc parameter 1. Determine K in which 

T 1+Tz+" ' +T K<À<T 1+Tz+ "' +T K+l' 

Then the index K forms a Poisson variate with the parameter 7.. Simple! This 

process a relatively easy method to generate Poisson variates in a computer 

because the Poisson 、 ariates are essentially determined merely by summing the 
exponential variables. 

This simple relationship between the exponential distribution and the Poisson 

distriburion will be more firm1y appreciated if we supplement Feller’ s derivatioD 

에th a naive approach as in the following. 
21 Let the eχponenti al density represented by S(t)=Àe -, .• in wbich the random 

variates {T ,J. ; = 1, 2, .... k, ... are assumed to be independently distributed. 

We wish to fi nd the distribution 01 K where K is an index and a random 
k 

variable defined in r:: T; =C and T ,=O. Under the assumptions. we have 
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We get tk=6 rIlZg 
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1'_1=엔lZ，(1-zk) 

f1= ez1(1 -Z,). 

The Jacobian is 
(1 -Z?) -ZI o 0 ... ... 0 

Z , (1 -Z3) ZI(l-Z:J) -ZIZ 2 0 ...... 0 
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The Jacobian is obtained observing the result that the differentiation yields. 
åt. 
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81, 
경한=O(I -Z，) 
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?낭'-= -OZ， 
Uι ? 

iJt ‘ 

김감=0 (j=3, 4, "', k). 

Successive addition of the rows of J, starting from the bottom row yields 
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Therefore 

P(K칸)=Qce-Z1zt-ldZJz;-2dZ2 피Zk_ ldZ .-1!; dZ k 

=간늑rgee-Zlzt- idZl 

1 냐|e-Zt& lZkjxc+ *• 'CCZ ' e -Z'dZ.1 
Ck-ll ! lL' - - ljO μ l ' ---1) 

( J.C)" ~ - ÄC 
-ι휠L.e ." + P (K ;o.k + 1) . 

Hence 
/ν 、 k ‘ k 

P(K=k)=P(K라)-P(K는k+I)= -'쉰-) -e-ιν =P(핀Ti=C) . 

Therefore K is a Poisson variate with the parameter i\C. 
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