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A NOTE ON SHARMA’S FORMULA 

By R. K. Sharma 

1. Sharma has proved the formula [1. p.l38. 여u. (5)1 

D l E ...L 1" ...L~ •• l l" ll~E . ~E _1_~_I_E. ， ，~ 「→ rz ， β+/1 +/2 +11 ; τ-11’ 흐+ 2 지; 2 fz, 2 + 2 f 2; L l1 
F I • | 

L웅(ß+/1+/2) ， 승(1+ß+/1 +/2); 1+/1; 1+/2; J 

(ß),. 
-~굵치갇江 (1) 

1n (1), the following notation due to Burchnall and Chaundy [3] has becn 

used to represent t he hypergeometric series of higher order and of two valiables 

F [@ (%) ; (Cr) % 이 ∞ ∞ [(a~] rn +n [(b.씨(c，싸〉” 
= L; L; γ 

(d ,) ; (eh) ; (fk) ; …-;;;o~ [(d，)]rn+n[(e，씨J .. [(f.)J n… n ! 

where (ap) and [(ap)] m+" τyill mean the sequence and t he product (al) .. +." 

(a와Hll respectîvely. 

1n the inve5tigation wc U5e the formuJa due to 끼Thipple [4, ρ 244. eq. (ill .11) ] 

_ rα 1+웅α， β• - n; - 서 (1+a ) 
4f쇠 二 7，숭τ(3) 
1_1 _ " _ 0 " _ L .. I (1 +a - ß). 
L-흐a'. l + a'一 ß， l + a+ l니 、
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(l +a) ，，(1 +a-β-r)，1 

(1+α-β)，，(1 +α -r)" . (4) 

2. The first formula t o be proved is 

1 1 , 1 1 1 , 1 
F r-ll

’ ß+"I+a2+1I ’τ"1' τ+τ띤; τ장 τ+흐진; 1, 11 
녁(β+ a'1+띤)， ~ (1 +β+α'l +a2); l + a!-rl; 1+α'2-T2; J 

(ß). _ r η;α1" 71; <<2' r 2; -1. -1 1 

혀후파주적1:rll- β -11; 1+"I- r l; 1 +α2β2，」
(5) 
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To provc (5) , we start with the left s ide of (5) 
1 1 1 1 1 1 

F 「-”， β+인+α2+n ;ταl' τ+τα1 ; τa2， τ+τα2 ; 1. 

L웅(;Hαl+링， 웅(1+ß+αl+a2) ; 1+αη 1+α2- 72 
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PROOF 

?4q s , (- ”)Fq(β÷al +연+1l)._.(승a1)p(웅+융αi)p(÷a싸(융 ÷융a'z}， 
= ε-:: L: 
p=O q냉 (움β+융a1+웅α?)%q (÷+frB+÷αlT÷씨þ+ q (l +αl-rl 

by(2) ( 1γa2 -r)qþl ql 

( -1l)þ+，cβ+a1+α2+씨J웅a1)p(웅+울α1)/+aZ)q 
(웅β+웅α1+융α2)þ+，(윤++ß+울a1+웅α2\+q 

(÷+fra2) q L (α1) ，(1 +울a1).(71)/ - þ)/ -1)' 

(lγ a1)ρ(1十갱qP! q! iO (융a1)，Cl + a 1-rl),(l +a 1 + þ) ,r l 

þ+q $'; n 

=ε-:: L: 
p~Oq=O 

(3) by 
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=L: ε: 
~~(β+α1+α2)2r+2s(l +α1 η)，(1+α'2-r2) S rJ 51 

1 1 1 +-;;-a , + 1": -;;-α +s 2 2 ~1 ’ 2 
_1 _ , _ 
2 “ l I " 

F 1-써r+ s， β+α1 +α2+n+r+ 5 ; 

L웅(β÷αl+a2+2r+강)， 융(l+ß+a1+a2+2γ +2s); l +a 1+ 2r; 

_1_ , _1_ a ... + 5: 1 2 ' 2 ~2 

1 +α'2 + 2s ’ 
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-1 F 「-n ， αl' η ， α2' 72; -1, 
Ll+β一η ，

(β)n 

갱김F쩍). (1) by 

we obtain This completes the proof of (5). lf we take a ,,=O in (5), 

11, 융κ 웅+ ~ a ; 11 (정R 
층(1+β+a)， l +a -rJ=갱과π 

(6) ” F2[- ,l , a , r , l ] 
] -β- 1l， l +a-r;J 

(6) is equivalent to the well-known formula 
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3. The second formu la to bo proved is 

F r-n, ß+αl+az+n; 공αl' 송+ ~αl' 1+αl-Pl-이; 융α2' 융+용α2’ 
L융(β+αl+a2) ' 웅(1+β+α1 +α'2); 1+α1 - .01 ' 1 +인-δ1; 1 +α2- .02' 1 +a2 

1+α'2 -PZ-δ2; 1, 11 (ß\ 
;; . 1 =τR후￡추()(?). 
v~ ， ~ “ “ 

F 「- ”; al, Pl, 이 a2’ 씬， δ2; 1, 1 1 
L1-ß-n; l +a1-p l' 1 +αl δ1; 1 +α2- .02' 1 + α2 δ。」

(8) 

PROOF. (8) can be proved in the same way as (5) by using (4) instead 01 

(3). On putting a 2=O in (8), we get 

Q L ...w . L •• _1 _ _ ..1 上 「
~ r- n, β+a+ ll’ 2 α， 조+2a， 1 +α- .0- δ ; 너 

5‘ 41 ‘ 
L고-(ß + ()() ， 웅(1+ ß+α) ， 1+a- p, 1+α-δJ 

(β)n _ rη， α.， P. δ1 1 

=τ따꾀J- 4Y3[1-g tl, l+α p, l+a-δ ;J 
(9) is equiva lent to the lormula due to Whipple [2, 

3F 2r()(, .0, δ ; x .1=(I-x)-0 
Ll + a-p, 1 +α-δ ;J 

rl~ _1_ .L_1_ .... 1 _ L ^， _ ~_)~. -4x ì 
3F21 τα. 2 + 2 α， 1 +α- .0-δ τ l 

끽 μ -x)" I 
ll+a-p, 1 +α-δJ 

(9) 

p.90 eq. (01 

(10) 
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