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WALSH FUNCTIONS AND GENERALIZED ALMOST CONVERGENCE
By Dr. Mursaleen and S. K. Gupta

1. Intreduction
The Rademacher functions are defined by
o B b g Tl
y@=1 (0<x<5 ) B D=1 (F-<a<1),

ko(x+ D =hyx), k(D=2 %), (=1, 2, 3, ).
The Walsh functions are then given by
o) =1, @, (x)=h,(x), hy(x), -, hn(x)
for n=2"+2"4.+4+2", where the integers #; are uniquely determined by
Hy <y
Let f(x) be an integrable function in the sense of Lebesque in [0,1] and he

periodic with period 1. Let the Walsh-Fourier series of f(x) be Elaﬂgbn(x). where
=

1.1) a,=[,f08, D

We shall now enumerate important properties and results concerning Walsh-
Functions which have been obtained by Fine [1] and which have played a
significant role in the theory of Walsh-Fourier series.

For each fixed x and for almost all £, the eguation

1.2 8, + 1D =g, ()8, holds,

for each fixed x.

1.9 [of G nar=[ @t
and

(1.4) [3 O3 G+ at=[, Fat04,@ at.
Let

f,_,@)‘—'ﬁgﬁk(a‘)df, k=0, 1, 2, wemne

Ji=k J, (0.
For k=1, we write k:2ﬂ+k1. where
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o<i'<2", n=0, 1, 2, -, we have also

.5 L =2" " (g10) - =2 b+ G)).
It is easy to see that

(1.6) 2" .(M=0, for y=0, 1,
and

Q.7 | J:(DI=M for all y and k.

Let Bk(x) denote the sequence {ka,6,(x)], where g, is Walsh-Fourier coeffi-
cient of a function of bounded variation.
The matrix A=(a,,) is said to be (e, F 3)1eg (see [3]) if and only if

(i) N(A)<lco and there exists a whole number >0 such that
sup }__k_‘,' |32 8,,,(8) a,;| <oo, 0<<i<loo, r<im<loo.
n

(ii) lim 328, (a,,=0 for each %, uniform in 7,
m n

(ifi) lim 328,,,()) $2a,,=1 uniform in 7.
m n

2. We shall prove the following theorem

THEOREM. If A€(c,Fz), e then for every JEBV [0, 1] and for every x=[0, 1]
lim 378, () Zla,, B(x)=0
m—ca n k

uniformly in i, if and only if

lim 375, () %‘aﬂk Jr#)=0
o0 N

uniformly in i for every t€[d, 11, 6>0.

PROOF OF THEOREM. We have by virtue of (1. 2) and (1.4)
%!bmn(i) Ean.{' Bk(x)

=£”1bmn(i) 'lk:"auk(kak ¢k(x))
=20, a1 1O 60 4 @)
by, (@) Zk‘a”k(kf S© G0 at)

= S0, () Zk','ank(kf fa+Dg® at)
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=58, .!_:.‘a,,:k[f(x'fi)],(t)];—.‘%'bm(i) ey foldf(x O JUD
=J—J» say.
By virtue of condition (ii) of Theorem S[3], J,—0 as n—eco uniformly ia 7.
Now, it is suffficient to show that
(2.1 1= ar 0K, (D0, as m-eo
unilormly in ¢, where
K, . :..‘;—..' b, _‘k:'a,m T,
Now by virtue of condition (i) of Theorem S[3] we have
(2.2) K, D<M, i=0, 1, 2,
It is casy to show that (21) is cquivalent to
(2.3) [} K, arc o

uniformly in 7.

») as m——c0

Henee by a theorem on the weak convergence of sequences in the Banach
space of all continuous function {4, p.134] and the fact that 1K" AD=M for
all #, 7 and /=[d,1], ¢.-0. Now, this completes the proof of theorem.

The author wishes to express his grateful thanks to Dr. Z. U. Ahmad flor
help and guidence from him,

REMARK. If we choose the matrix &=, =(I), our theorem reduced (o
Theorem 1 and for F—=F, it will become Theorem 2 of A, 1L Siddigi [2].
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