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Abstract — The wake potential, total loss and the impedances for the sum of parasitic modes
in our designed cavity are computed. We see that the analytical calculations are agree well with
a numerical calculations by the computer codes URMEL and TBCIl. The instability phenomena
for our cavity is also calculated based on the Fokker-Planck equation for synchrotron motion.
We see that our calculations satisfy the stability criterion for the higher order modes. It was
found that strong Robinson instability does not occur in our case. We find that the threshold
with the potential well distortion(PWD) is 1.65X10" by the tracking calculation using the long
range wakefield for the longitudinal single bunch instabilities. We have also calculated the coupled

bunch instability growth rates for the 15 parasitic modes of the designed RF cavity.
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1. Introduction

The wake fields give rise to a parasitic energy
loss of the bunch, to an induced energy spread
of the electrons in the bunch, and to transverse
forces that tend to increase the effective beam
emittance. A. Chao [1] gives an elegant introdu-
ction to the basic physics of wake potentials in
cylindrically symmetric systems. K. Bane ef al
[2] give the most detailed presentation of the
calculation of the wake potentials in closed cavities.
Bane and Sands [3] review wakefield effects in
the diffraction limit for short bunches passing th-
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rough a cavity with beam tubes, and develop useful
analytic expressions. In this work, the wake po-
tential, total loss and the impedance for the sum
of parasitic modes in our designed cavity are co-
mputed by TBCI code [4] and analytical calcu
lations. The instability phenomena for our cavity
is also calculated based on the Fokker-Planck
equation [5] for synchrotron motion. We have
calculated the threshold current with the potential
well distortion(PWD) by the simulation method
using the wakefield and the coupled bunch ins-
tability growth rates for the 15 parasitic modes
of the designed RF cavity.
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2. Wake Fields and the Loss Factors

A test charge trails the driving charge at a di-
stance s. The longitudinal wake potential is defined
by the total voltage loss of the test particle as
[6-8]

Wiy ,s)=— 71 : dz[E\(rzt)lt=@+s)/c @

where z is a unit vector in the direction of
motion of both the driving and test charges which
are taken to be parallel to the z axis.

The driving charge is assumed to enter the
cavity structure at z, t=0 and to exit at z=L. The
test particle enters and leaves the cavity at z; and
z. If the line density of the charge distribution
is AM(s) per unit length, the longitudinal potentials

are

V=] ds M) Wis) (@)
The total energy loss to the wake fields is given
by

AU= [ ds Nss) Vi(s) ®)
The loss factor is now defined as

AU
ku:q—z (€Y

3. The Higher Order Modes and
Loss Factors

The wake potential W(t) is the potential seen
by a particle crossing the cavity at time t behind
a charge impulse of unit amplitude. The wake
potential can be obtained from the cavity modes

W(z) = 2Z(0n/4)(R/Q), cosw.T ()

The total potential at any time t within the
bunch due to all charges passing through the cavity
or system previous to time t is given by

k0= WeIG-vde ®)

For a Gaussian bunch, Eq.(6) becomes
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Fig. 1. The wake potentials from the sum over the
parasitic modes.

k(k):ﬁ f: W(e ¥ dg @)

The total loss per unit charge is obtained from
k(t) for the general and Gaussian cases as

_1 (- = 1 = - 12/202
K@—Q.ﬁmkWme V@%‘ﬁwkMe/ dt
®

Fig. 1 shows the wake potential from the sum
over the parasitic modes of 1,5,10 and 15 modes
in our cavity. The total loss and impedance for
the sum of parasitic modes are shown in Fig. 2
and Fig. 3, respectively. From the results with the
relative errors of 1.09% for the total loss and of
1.15% for the total impedances, we see that the
analytical calculations are agree well with a nu-

merical analysis by the computer code URMEL
[9l.

4. The Instability Due to the Cavity

The instability phenomina for our cavity is ca-
lculated based on the Fokker-Planck equation [5]
for the synchrotron motion. We calculate the in-
stability phenomena when mode coupling is neg-
lected. We take one azimuthal mode m and neglect
the coupling between different azimuthal modes
| m | +21 mée =

T, )a/"":i ZTTO% an;ﬂkw,

C)

Q—m+i
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Fig. 2. The loss factor for the sum of the parasitic
modes.
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Fig. 3 The impédénéé for the sum of the parasitic
modes.

where o is the incoherent synchretron angular

frequency, & scaling parameter. A resonator im-

pedance Z(w) is assumed as
Z(w)= K (10)
- iQ/o — w/w)

Where R is the shunt impedance, @ is the quality

factor and ®/2n is the resonant frequency of a
cavity. The matrix element M™ is given by

1 © Zp+tmv)
M=
VR RIm DI & ptmv.
- Golp +mv,) s , ,
— I+ 225 e ¥
N > expl — ob(p +mv.)?]
an
with
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Fig. 4. Coherent frequency vs. current for the dipole
mode.
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Fig. 5. Coherent frequency vs. current for the quad

rupole mode.

Z(p +mv,) iR 1 1

b+ mv, :29\/W[Mn p~1»]

(12)

where
plzp,\/l_'*l/TQz—mv{‘ipr/ZQ
p2=—p/1— 1A —mv.—ip,/2Q (13)
b=/

The coherent oscillation frequencies in unit of
synchrotron frequency for higher order mode im-
pedance of our rf cavity and storage ring para-
meters are calculated by this formalism. The re-
sults are shown in Fig. 4-6 for the dipole, qua
drupole and sextupole modes, respectively.

The solid curve and the dashed curve show the
real part and imaginary part of the coherent os-
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Fig. 6. Coherent frequency vs. current for the sex-
tupole mode.

cillation frequency, respectively. Three radial mo
des(k,1=0-2) are taken into account but the results

did not changed. In this case, strong Robinson
instability does not occurs. The stability criterion
when we use the Vlasov equation is given by

Lm | /< (14)

where T is the radiation damping time. We see

growth rate <

that our calculations satisfy the stability criterion
for the higher order modes. If we assume that the
coupling of [m=0, k=0] and [m=—1, k=0]
modes occurs when A equals —1 and then the
threshold current is determined by the stability
criterion for the monopole mode.
_ Bv[Er
 BPRAQ)

We calculated the threshold current of In=6.7
mA, which is less close to the value of SPEAR
scaling law [10].

(15)

th

The longitudinal single bunch collective motion
of an electron beam in a storage ring is described
by the Vlasov equation [11]

‘g—gzp—gqxﬂ‘qﬂ‘ V(q,0)) g”;y (16)

where ¥ =Y¥(p,4,8) is the distribution function
in the longitudinal phase space, p= (Ey—E)/Eoc.
the relative energy deviation, ¢= 2/o, the longitu-
dinal position, and 0= wd the phase of the syn-
chrotron motion. The charge of the bunch induces

=773k 3] %), A3 d A3 E, 1994

the longitudinal field V(q) with the longitudinal
wake function W(g) as

Va®)=1[" g OWG ~dd’ an
where f(g,0)= J’f ¥(p,q,0)dg and normalized as
[ radrag=1,
and the parameter I represents the beam in-
tensity as
Ne e
I= 2nv,e, (Tn) 18

with N the number of the particles in the bunch,
v, the synchrotron tune and E, the nominal beam
energy. To solve this problem as exactly as po-
ssible, the mode-coupling method and action angle
variables (JJ®) are introduced. Then Eq. (16) can
be rewritten by expansion of y around the sta-
tionary distribution, w=y,+y, as

oY, o¥: oY
o 0 g Vel —5

where o(/)=do/d0=pH/g3] is the angular fre
quency of the single-particle motion in the pote-

19)

itial well and ¥, can be expanded in terms of the
orthogonal modes as

¥, = Z(Cmcosmq>+5,,msin md)AL() exp(—ipd)
N 20)
where the function A,(J) taken the value 1/AJ.
in the strip around the n-th mesh point /=], with
the thickness AJ, and zero outside. After subs-
tituting (20) to (19), we multiply A.()AJ.cosm¢ or
A.(DAJ. sinmd on the both side, and integrate
them over J and ¢, then we obtain a linear equation

for Cvrm: ___HZ Cnm: _,E’Mnmn'm' Cn’m' (21)

with

o mZOJZ‘Y (]n)A]'l :
Mnmn'm' :mlﬁ)ﬁSnn'Smm’dFIAﬂ*o—‘ fj fj

cosmocosm'e’ X Fg(J,6) —q(,dNdodd’  (22)

where 8., is Kronecker’s delta and F'(gq)= W(g).
The system becomes unstable when the matrix
M has a negative or a complex eigenvalue.
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Fig. 7. The Green function wake potential as a fun-
ction of the bunch coordinates z in [m].
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Fig. 8. The bunch length due to the PWD by the si-
mulation method.

We used a tracking method [11] for simulating
the effect of the wakefield on the longitudinal
phase space of the beam. The deformation of the
equilibrium distribution in a bunch due to the
wakefield induced by itself is included in this
method. The long range wakefield as a function
of the bunch coordinates z for the ring with ca-
vities was calculated for the gaussian driving bu-
nch with 6,=1 mm as shown in Fig. 7.

For the simulations we take the synchrotron
tune of 0.0059, momentum spread of 7.15E-04,
energy 2 GeV, bunch length of 0.0078 m, 5 azi-
muthal space harmonics and 60 mesh points. Fig.
8 shows the bunch length(c/6.) due to the po-
tential well distortions (PWD) by the simulation
method using the wakefield of Fig. 7. From this
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Fig. 9. The rms energy spread due to the PWD by
the simulation method.

method applied to the current storage ring we find
that the threshold to be 1.65X10" which is 4.699
mA.

In Fig. 9, we plot the average rms energy sp-
read(c./6.0) due to the PWD as function of current
by the simulation method using the long range
wakefield of Fig. 7.

We find that the threshold with the potential
well distortion (PWD) is 1.65X10" which is the
value between (.88 mA for without SPEAR and
6.24 mA for with SPEAR scaling. The first unstable
mode appears at this current by the tracking ca-
Iculation.

The results of the coupled bunch calculations
is given in Table 1 for the first few fastest-growing
longitudinal modes. Calculations were done for all
the higher order modes of a single rf cell, with
the resonant shunt impedances enhanced by a
factor of three because of the presence of three
cell. The dipole and quadrupole synchrotron mode
oscillations are unstable and not Landau damped
by the small synchrotron frequency spread of the
bunch for the longitudinal modes. Modes with
synchrotron mode numbers higher than a=2 lo-
ngitudinary are all effectively Landau damped by
the synchrotron frequency spread in the beam.

The bunch lengthening and momentum spread
due to the microwave instability are shown in Fig.
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Table 1. Growth time and tune shifts for the fastest growing longitudinal coupled bunch modes

Energy(GeV) Synchrotron mode Coherent growth Tune shift Landau damping
no. (a) time(msec)
2 1 0.25 1.27E-3 undamped
2 3.60 5.3E-3 "
3 88.0 1.39E-3 damped
4 509 8.15E-4 i
15 0.12
E 1.0 - g 008 B
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Fig. 10. Bunch lengthening due to the microwave in-

stability.
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Fig. 11. Momentum spread due to microwave insta-

bility.

10 and Fig. 11. The influence of the longitudinal
microwave instability is determined by the effe-
ctive broadband impedance(Z/n) assumed for the
ring. The broadband impedance is made up of
contributions from the vacuum chamber and the
rf cavities. We take the momentum spread of
7.15E-04, rf voltage of 1.5 MV and Z/n of 2.023
ohms as longitudinal bunch parameters.

The calculated maximum growth rates due to
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Fig. 12. Longitudinal coupled bunch instability for si-
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Fig. 13. Longitudinal coupled bunch instability for mu-
1ti bunch.

the longitudinal coupled bunch instability for si
ngle and multibunch are shown in Fig. 12 and Fig.

13, respectively.

In calculations of the growth rate by the com-
puter code ZAP [12], we have used total number
of bunches of 282, the average beam current of
100 mA, bunch length of 0.0078 m at 2 GeV and
ring radius 26.853. We calculated total 15 modes
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Table 2. Higher order modes causing beam instabi-

lities
Freq.(MHz) Mode type R/Q(ohm) Q-value
499.113 T™M010 58.899 35716
843.999 T™MO011 5.565 30279
1114.140 TM020 0.014 34027
1463.590 TM021 0.193 32396

including fundamental one in the longitudinal case
of our designed RF cavity with the length of 40
cm, diameter 46.035 cm, peak voltage 1.5 MV and
frequency 499.113 MHz. After the calculation of
the coupled bunch oscillation growth rate for each
modes, we have choose the worst cases of TM011
(843.99 MHz) mode for longitudinal case. Table
2 summerizes the higher order modes to be
troublesome except for the fundamental mode
among 15 modes. We have calculated the coupled
bunch instability growth rates for the parasitic
modes of the designed RF cavity. The growth rates
are small enough compared to the radiation da-
mpling times of 4.5 ms longitudinally.

5. Conclusions

We have calculated the total loss, wake potential
and the impedances for the sum of higher order
modes in our designed model cavity. We see that
the analytical calculations are agree well with a
numerical calculation by the computer code UR-
MEL and TBCL The instability phenomena is also
calculated based on the Fokker-Planck equation
for synchrotron motion. It was found that strong
Robinsor: instability does not occurs in our case.
We calculated the threshold current of 6.7 mA for
the modes coupling, which is less but close to the
value of SPEAR scaling law and the design value.

We find that the threshold with the potential

well distortion (PWD) by the simulation method
using the long range wakefield is 1.65X 10" which
is the value between 0.88 mA for without SPEAR
and 6.24 mA for with SPEAR scaling. The first
unstable mode appears at this current by the tra-
cking calculation for the longitudinal single bunch
instabilities.

We have calculated the coupled bunch instability
growth rates for the 15 parasitic modes of the
designed RF cavity. The growth rates are small
enough compared to the radiation dampling times
of 4.5 ms longitudinally. Since the radiation da-
mping times are of the order of 10 ms, synchrotron
radiation times are much longer than the insta-
bility growth times.

This work was supported in part by the Basic
Science Research Institude Program, Ministry of
Eduaction, 1994, Project No. BSRI-94-2401.
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